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ON THE CONTINI70U8 DEFORMATION OF SURFACES. 
By David B. Mair, Christ's College, Cambridge. 

THE following is an attempt to shew how surfaces satis- 
fying certain conditions may be deformed by continuous 
deformation to coincidence with one another. Some properties 
of surfaces connected with their deformation are added. 

1. Continuous Deformation, A figure is said to be 
continuously deformed when it is deformed in such a way 
that any two points originally contiguous remain contiguous 
throughout the deformation. Two points on a surface are 
reckoned contiguous when an infinitely short line can be 
drawn joining them and lying wholly in- the surface : thus, 
if the surface is a plane two points in it are contiguous if the 
straight line joining them is infinitely short, for this straight 
line lies wholly in the surface. But two points that occupy 
the same position in space are not necessarily contiguous. 
Thus, if two sheets of a surface intersect along a line they 
are supposed to have no connection along that line, so that 
a curve which runs to the double line in one sheet and then 
goes into the other sheet is not a continuous line in the 
surface : and every point of the double line reck.on3 as two 
points, one in each sheet, which two points are not contiguous 
since no line joining them and lying in the surface is infinitely 
short. 
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2 Mr» MaiVj On the Continuous Deformation of Surfaces. 

Hence, on the one band, no tearing, cutting, or splitting 
of a surface is allowable : on the other hand double lines are 
of no account, and of two sheets meeting in such a line 
either may be deformed as if the other did not exist. For 
instance, a rectangular strip AC twisted in any manner may 
by continuous deformation have any number of whole twists 
removed. The stHp in fig. 1 has two whole twists. Let 
the part at F pass-through that at Q, and the strip takes the 
form of fig, 2. The part AC may then be straightened out 
by continuous physically possible deformation, and the 
operation has removed two twists. 

Again, in fig. 1 let P pass into ©, but not through, so 
that there is a double line (tig. 3). Now let the part between 
P and jTbe deformed to the left so as to pass bodily through 
the part between Q and T. The strip has now (tig. 4) no 
twist between A and D, This part may be straightened 
out, 80 that one twist has been removed. 

A half twist however, as in fig. 5, cannot be removed by 
f^ny continuous deformation if the ends Ay B are held fixed. 

Definition, Two figures are said to be deformed to one 
another when they are brought to such a position, that with 
every point of either there coincides one and only one point 
of the other. 

2. On the Kinds of Surfaces treated. The surface must 
be such that if any very small closed curve not meeting itself 
be drawn cutting out a piece of the surface, the piece cut out 
is continuously deformable to the piece of a plane bounded 
by a closed curve not meeting itself. The closed curve on 
the surface may consist in part of the boundary of the surface, 
or, in other words, the curve may be an unclosed one having 
both ends on the boundary. 

Let be any point in the surface. Draw a small curve 
on the surface, closed if lie in the interior or having both ends 
on the boundary if lie on the boundary, and cutting out a 
piece containing 0, This piece is continuously deformable to 
a piece of a plane. Let be the point in the plane corre- 
sponding to ; from 0' draw all radii which lie in the piece 
of the plane, and consider the corresponding lines in the 
surface. They must all pass through 0, and no two can 
meet at any other point, for then one point on the surface 
would correspond to two on the plane. To each of these 
Hues draw a tangent at 0, ending at 0. Since the defor- 
mation is continuous and a straight line from 0' may be 
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Mr. MaiVy On the Continuous Deformation of Surf aces. 3 

supposed to move continuously round 0\ and trace out that 
part of the piece of the plane which lies immediately about 0\ 
the corresponding line from on the surface moves con- 
tinuously and traces out a part of the surface, and the tangent 
to it moves continuously and traces out a cone whose 
generators all pass through the vertex and end there. 

For most positions of this cone is a plane, but at 
particular points it may be a cone of any kind, provided only 
that it can be completely described by a straight line from 
the vertex moving continuously. The angle of the surface 
at the point is the total angle traced oat by this straight 
line in one complete description of the cone, or is the length 
of the curve of intersection of the cone by a sphere of unit 
radius and centre 0. When lies in the interior of the 
surface the generator returns to its original position and 
generates a complete cone, and the curve on the unit sphere 
is closed ; but when lies on the boundary the generator 
must, to describe the cone completely, begin as tangent to one 
part of the boundary line and end as tangent to the other 
part, so that in general the first and last positions are not 
the same, the cone is not a closed surface and the curve on 
the sphere not a closed curve. 

In general the angle of the surface at a point In the 
interior is 27r, and at a point in the boundary tt. A point in 
the interior where the angle is not 27r, or on the boundary 
where the angle is not 7r, will be called a Singular Point. 

The form of the surface near the point is given by the 
tangent cone. At any point on this cone (except at the 
vertex) the system of tangent lines forms a plane unless the 
curve on the unit sphere has a cusp, in which case there are 
points at which the tangent lines form two half-planes, or 
unless the cone is not closed, in which case there are points 
(on the boundary) at which the tangent-lines form a half- 
plane. In all cases the angle at a point in the interior is 27r, 
and a point on the boundary tt, and infinitely near a singular 
point, no other singular point can occur, or singular points 
are isolated points. 

Convention for multiple points. A multiple point is one 
at which a small closed curve does not cut out a part of the 
above kind, e,g, the vertex of a complete quadric cone. A 
multiple point on a surface is excluded by the condition that 
a small piece containing it must be deformable to a plane, 
but with a certain convention such a point may be allowed. 

Let the tangent-cone be drawn to the surface at a multiple 
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4 Mr. Mair^ On tlie Continuous Deformation of Surfaces. 

point 0, the cone to be considered traced out by generators, 
infinite in one direction only and ending in the other at 0. 
Let a straight line coinciding originally with one generator 
trace out as much of the cone as is possible continuously, and 
let the corresponding part of the surface have no connection 
at the point with the rest of the surface. In the same way 
separate away other parts of the cone till each part so 
separated may be generated continuously. There fiinally 
remains a surface which satisfies the required condition, a 
surface which has several sheets to all of which a certain 
point in space belongs. The number of sheets is also given 
by the number of curves in which the cone is cut by a sphere 
with centre 0. If lies on the boundary one of these curves 
will be open ; may lie on the boundary on each of several 
sheets, then there will be an open curve corresponding to 
each. 

Surfaces having parts at an infinite distance. It is con- 
venient to treat surfaces with all parts at a finite distance. 
To bring to such form a surface with parts at infinity invert it 
with respect to a point not on the surface. This brings all parts 
at infinity to the origin and does not send any other part to 
infinity : it is also a continuous deformation since it is a con- 
formal deformation. The origin may now be a multiple point, 
and if so the different sheets must be separated. Or they may be 
separated before inverting ; thus, draw a cone with the origin 
for vertex through the line of intersection of the surface by 
the plane at infinity. Separate this cone as before into simple 
cones and let the part of the surface corresponding to each 
simple cone be supposed to have no connection at infinity with 
any other part. 

3. Unifacial and Bifacial Surfaces. As examples of 
connected surfaces* may be mentioned (1) a sphere, (2) an 
anchor-ring, (3) the part of a plane between two concentric 
circles, i.e. a flat ring, (4) the surface formed by cutting a 
flat ring across, twisting one end through two right angles, 
and rejoining the ends. 

In thesfe examples the last is in a certain way difl*erent 
from the rest, for while they have two distinct faces, which 
may be called positive and negative faces, on the last it is 
impossible to make such a distinction. This difference is 

♦ Definitions and propositions assumed may be found in Dr. Forsyth's Theory 
«/ Functions^ Chap. xiv. 
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Mr, Mair^ On the Continuous Deformation of Surfaces. 5 

essential and Is best defined by Dyck's* Indicator. This is a 
small disc with two radii drawn' on it at right angles. 
Suppose it placed on the surface with the first radius tangen- 
tial to a closed circuit, and let it move along the surface so 
that the disc always touches the surface and the first radius 
always touches the circuit. When the indicator returns to 
the point of departure the first radius must return to its 
original position and the second may coincide with its original 
position or lie in the opposite direction ; in the latter case the 
indicator has been turned over by passage round the circuit, 
or, since the same face of the disc remains all the time in 
contact with the surface, the disc has by gomg round the 
circuit passed from one side of the surface to the other. If a 
circuit can be found on a surface, by passage round which 
the indicator is turned over, the surface is called unifacial ; if 
no such circuit exists the surface is called bifacial. 

Points on opposite sides of a surface are not considered 
separate points, so that two points are connected if passage is 
possible from the first to either side of the surface at the 
second : for example, the twisted ring, given as last example 
of connected surfaces, is not divided by a cut along the middle 
line. 

(As a " bifacial surface" is more correctly two distinct sur- 
faces and not one connected surface, it might be better to 
speak of unifacial and bifacial " shells" : the former expression 
is used to avoid the introduction of new terms). 

4. Proposition: — The w — 1 cuts to reduce a surface of 
connectivity n to simple connection may be so drawn that 
both ends of each cut lie on the original boundary. 

Draw on the surface 8 of connectivity n the line AB of 
any not-dividing crosscut. If the ends do not both lie on the 
original boundary the cut must end on itself at B. Let the 
line instead of ending at B be continued back parallel to itself 
to near A and then along the original boundary to a point B'. 
A cut along AB leaves one connected piece 8^, every boundary 
line of which consists at least in part of original boundary. 

On the surface 8^ make in the same way a cross-cut which 
has both ends on the boundary of 8^. If the ends do not lie 
on the original boundary of /§, since each boundary line of ;8^^ 
consist* in part at least of the boundary of 8^ the ends of the cut 
may be deformed to lie on the original boundary. This cut 
being made, there remains a surface 8^, connected, and having 

♦ Math. Ann., toI. 32, p. 467. 
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6 Mr. Mair^ On the Continuous Deformation of Surf aces, 

every boundary line consisting in part at least of the original 
boundary of S* 

In this way successive cuts can be made, w - 1 in number, 
till the surface becomes simply connected, every cut having 
both ends on the original boundary of the surface S, 

Closed surface. It is assumed in the above that the sur- 
face 8 is bounded. If it is closed, draw first a small loopcut 
cutting out a small simply connected piece. Then the 
remainder of the surface may be reduced to simple connection 
by n ~ 1 crosscuts each of which has both ends on the loopcut. 

Deformation of Burfo/ces to a Standard Form. 

5. In the following it is assumed (I) that a simply con- 
nected surface can be drawn having as boundary any closed 
unicursal curve, and (2) that any two simply connected, 
surfaces may be deformed to coincidence. 

Propositions — Any surface may be continuously deformed 
to a spherical bowl with portions of the edge joined in pairs 
by strips, twisted or untwisted. 

Make the cuts A B^^ A^B^^.., which reduce the surface to 
aimple connection, all the ends of cuts lying on the original 
boundary. The surface has then one boundary line which 
consists of parts of the original boundary and edges of cuts 
arranged alternately : as a point moves round the boundary 
line every cut is passed over twice, once on each edge, and the 
point goes to a cut from a part of the original boundary, 
describes the cut completely before leaving it, since no other 
cut ends on this cut, and goes from the cut to a part of the 
original boundary. Hence if the simply connected surface be 
deformed to a spherical bowl, its boundary must be of the form 
shewn in tig. 6, where heavy lines indicate the edges of cuts : 
and the surface may be restored by uniting the cuts A^B ^ &c. 

The deformation may be continuously made as follows. 
Near each line A^B^ of a cross cut draw a line G^D^, near A^B^ 
in all its length but not meeting this line or any other line AB 
or CDy and ending on the original boundary near A^ and B^. 

If all the cuts A^B^ and C^D^ were made there would be 
n pieces (the surface being supposed originally of connectivity 
w), viz. the chief part or remainder of the surface, and n- 1 
strips A^B^D^C^t all pieces simply connected. Let a line 
coinciding with the boundary of the remainder of the surface 
be deformed to a circle. A^B^ and C^D^ are arcs of this circle. 
Let the curves A^C^ and B^D^ be deformed so as to lie near 
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Mr, MaiTj On the Continuous Deformation 0/ Surfaces. 7 

one another but not meeting, the points A^^ B^, 0^, D^ lying 
throughout at their proper positions on the curve which 
deforms to a circle : this is to be done with each of the n— 1 
pairs of curves AB, CD. Throughout the whole deformation 
the boundary of each of the n pieces remains a closed curve. 
Since a simply connected surface may be drawn with any 
closed curve as boundary, each of the simply connected pieces 
may be continuously deformed so that its boundary coincides 
all the time with the corresponding one of the above curves, 
and so that corresponding points of the boundary and the curve 
always coincide. Two points contiguous on the original sur- 
face but separated by a cut remain therefore infinitely near 
one another, and the deformation may be eiFected without any 
of the cuts being made. The remainder of the surface has a 
circle for boundary and may be made a spherical bowl with 
this circle for edge. Each of the strips has its breadth 
changed to its length and becomes a strip v^rhich may 
be supposed, except for twists, to lie on the plane of the circle. 
The surface has therefore been reduced to the required form 
by continuous deformation. 

Any number of whole twists and knot tings of a strip may 
be removed by passing one part of it through another, and 
any loopings of strips with one another may be removed by 
passing them through one another, so that the surface takes 
the form of tig. 7, which shows part of the edge of the bowl 
with strips. 

(A particular kind of continuous deformation might 
be considered, namely physically possible deformation: i» 
which no two points of the surface may occupy the same space 
so that the passage of one part of the surface through another 
is not allowable. By this deformation any surface, supposed 
physically possible to begin with, might be reduced to fig. 7, 
except for twistings, knottings, and loopings of the strips. Ir> 
this way so simple a surface as an annulus assumes an infinite 
number of distinct forms according to the number of twistings 
and knottings, and the general surface seems quite intractable)^ 

6. Proposition. — A surface with m boundary lines (m > 0) 
may be deformed to a sphere with m holes, across one of which 
there are strips so placed that the edges of the strips and of the 
hole form one boundary line : that is, ail boundary lines but 
one may be reduced to simple holes. 

The surface in fig. 7 may be deformed in such a way that 
the change of shape ^\& as if a strip were cut free at one end^ 
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8 Mr. Mair^ On the Continuous Deformation of Surf aces. 

moved round the boundary-curve to any convenient position 
and there reunited to the boundary-curve. For, let a simply 
connected piece containing the end of a strip be cut off, as by 
cross cuts AB^ CD. This piece may be deformed to the form 
of fig. 8, the points on the edges of cuts being held fixed. 
Or the deformation may be carried out without making the cut. 
For shortness this kind of deformation will be spoken of as 
passing the end of the strip along the boundary. 

Now if in fig. 7 there are more than one boundary line, 
the two edges of some strip belong to different boundary lines. 
Let EFOH be such a strip, and pass the end EF Yoxxui in one' 
direction, say EK. Since EKH is a closed curve, the end 
EF will come to near H. Undo knottings and twistings and 
loopings, and the strip must become totally without twists as 
in fig. 9, for if it had a half twist as in fig. 10 the points 
Oj H would lie on the same boundary line, contrary to 
hypothesis. 

Let cuts PQ^ R8 be made (fig. 9) cutting out a simply 
connected piece. Keeping the rest of the surface fixed deform 
this piece to fig. 11, so that points on the cut FQ are 
unmoved and points on opposite sides of R8 originally 
contiguous remain infinitely near one another. The defor- 
mation can be made without the cuts. The hole on which 8 
now lies may be. deformed to any convenient position ; for 
draw the line of a cross cut 8TUVT which begins at 8 ends 
on itself and cuts out a simply connected piece containing the 
hole (fig. 12). It may be deformed to fig. 13, points on 
Tf7Fr being held fixed. 

The surface is now a spherical surface with one simple 
hole, and another hole across which there are n — 2 strips and 
at which there are w - 1 boundary lines. If w - I is greater 
than 1, another simple hole may be formed in like manner, and 
so on until there remains only one boundary line in the region 
of the strips. 

There remains then a spherical surface In which there are 
m holes; and m- 1 of these are simple holes, and the last, 
which may be called the chief hole, has n — m strips across it 
from edge to edge in such manner that the edges of the hole 
and strips form one boundary line. 

7. Proposition : — The part of the surface in the region of 
the chief hole may be deformed, so that every strip unites 
diametrically opposite parts of the edge of the hole. And of 
the strips in this position not more than one is twisted. 

A twisted strip is to mean a strip which has a half-twist, 
i,^. so twisted that it cannot be straightened out. 
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Mr\ Mairy On the Continuous Deformation of Surfaces. 9 

A cut across a strip ABCD may leave the boundary one 
line or make it two. In the first case, since when the end 
AB is cut free -4, 5, (7, D lie on the same boundary line, 
the end AB may be passed round to near G. The strip must 
then be twistea (fig. 10) as otherwise there would be two 
boundary lines. In the second case there must be a strip 
PQ, jB/S whose two edges belong to the two diflFerent boundary 
lines which the cut makes, and AB^ CD lie one on each of 
these lines. The ends AB^ CD may therefore be moved 
round these two lines to near P and Q (figs. 14, 15). In 
fig. 14 a cut across PQR8 makes two boundary lines, one 
PBCQP and the other the rest of the boundary : the end R8 
may therefore be passed round to near AB or CD (figs. 14, 16). 
In fig. 15 the end PQ may be passed over B and G to 
near (7, in fiff. 16 CD may be passed over 8 and P to 
between P and jB: these give repetitions of fig. 10. Thus, 
all cases give one of the figures 10 and 14. 

In any further deformation of the surface no end of a 
strip is to be allowed to remain between A and 8 in fig. 14, 
or between F and H in fig. 10, but any end passing over 
A or F must pass on till it gets beyond 8 or H respectively ; 
this is possible because ADRQCBP8 in fig. 14, and FGEH'm 
fig. 10, form continuous lines. 

In a similar manner other strips or pairs of strips may be 
separated from the rest, till there only remain (1) pairs of 
untwisted strips as in fig.* 14, and (2) single twisted strips 
as in fig. 10. The four ends of a pair of strips may without 
altering the form q( the pair be passed over any number of 
single strips, and so all pairs be brought together and also all 
single strips (fig. 17). 

Let there be r single strips A^B^^ ^«^i) •••? ^r^r> *"^ ^ 
pairs of strips C^E^ and D^F^ C,E^ and Z>,F„ ..., CE^ and D^F^ 
(fig. 17). Pass the end Jj^ over A^ and B^ to lie between 
-k, and -B,, pass the end J5, over A^ and B^ to lie between 
A^ and J?g,.and so on, last of all B^^ passing over A^ and B^. 
Each strip is untwisted as it passes over the next, so that 
the only strip remaining twisted is A^B^ (fig. 18). Next 
pass A^ over B^A^B^A^A^B^ to lie between B^ and A^. This 
separates ofi^a pair of strips A^B^^ ^a^y I^ t^^s ^^7 separate 
off pairs of strips till only A^B^ or A^B^ and A^^B^^ are left. 
There then are a number of pairs of strips, and either one 
twisted strip or a twisted strip paired with a straight one. 

The case may arise in which fig. 17 contains no twisted 
strip. Hence, every surface is deformable to a spherical 
surface, having a certain number of simple holes and one chief 
VOL. XXVII. C 
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10 Mr, Mair^ On the Continuous Deformation ofSurfacea. 

hole, which has its edges joined hy (1) a number of pairs of 
untwisted strips, and (2) no other strip, or one twisted strip, 
or a pair of strips one of them twisted. 

The surface in the first case is obviously bifacial, one face 
consisting of the outside of the spherical surface and one side 
of each strip, the other of the inside of the spherical surface 
and the other side of each strip; the surfaces in the other 
cases are unifacial, for a circuit over the twisted strip turns 
the Indicator. If the connectivity is n and the number of 
boundary lines m^ the number of strips has been shewn to 
be n — 772 ; and any bifacial surface is deformable to a surface 
that has an even number of strips, so that for a bifacial 
surface n — mi^ even. Also a unifacial surface is deformable 
to a surface that has a twisted strip, so that for a unifacial 
surface n - tw is not less than 1. 

To continue the deformation let the pairs of untwisted 
strip be called a^iS^, a,/8„ ..., a,^/8,^, the single twisted strip 
^w+i'^jt+n ^^^ ^^® P^'^ ^^^ ^^ which is twisted a«^.i/8 and 
®«+i^«+3 5 ®^ ^^^^ ^^^ order of the ends round the chief hole is 

Pass the ends a, and a^ over /3./x^ol^I3^ to lie between a, and /8j. 
Next pass the ends a^ and ol^ over pfljx^P^^ and over ^jxjx^B^ 
to lie between a^ and /Sj. iNext pass a, and a^ over 0^OLjx^0^y 
yS^a^fltg/Sg, I3^ajaij^i to lie between a^ and /3p and so on. The 
last step is m tne three cases 

(1) a„^, and a^ go over ^«-,a,,_,a,,.3«,^3.../9,a,a,^,, 

(2) a«+i goes over fi,fl,fl^,At-r"^t^,^Ai and 

(3) a^, and a„„ go over fi,fl^(i,,.,0^^,..A^,(iA' 

The ends then lie round the circle in the required order : 

(1) a^a,...a„/S,/9,.../9,,a^, 

(2) afl,...a^a,,^,8^0,.,.^„0,,^,a,, or 

(3) a^a^. . .a,,a,,+ia,,+,^,i8,. • .^«/5«^.l/?2,+,a„ 

and by moving round the edge of the hole they come to the 
required position. The surface is then shewn by fig. 19, 
where the strip not completely drawn may be straight or 
twisted. When it is straight the number of strips is even, 
when twisted the number-jnay be odd or even. 

It has been shewn that any bounded surface is continuously 
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deformable to a spherical surface which has m — 1 simple 
holes, and one other hole across which there lie n — m strips 
joining diametrically opposite parts of the edge of the hole, 
and being either (1) all straight and even in number, or (2) 
all but one straight and odd or even in number: the former 
or the latter being the form of the surface according as it is 
bifacial or unifacial ; n being the connectivity of the surface 
and m the number of its boundary lines. 

These will be called the standard forms for bounded 
surfaces. 

Closed Surfaces. Take the standard form of surface, 
bifacial or unifacial, of connectivity w, and number of boun- 
daries 1. With a point in the axis of the chief hole as vertex 
and the boundary line as base describe a cone. Let this 
simply connected cone be added to the surface. There results 
a closed surface, bifacial or unifacial, of connectivity n. This 
will be taken as the standard form for closed surfaces. 

To deform a closed surface to the standard form, cut out a 
simply connected piece by a loop cut. The remainder of the 
surface is of connectivity n and has one boundary ; deform it 
to its standard form. The simply connected piece may be 
deformed to the conical piece of the standard form for closed 
surfaces, points of the original surface originally contiguous 
remaining infinitely near together ; so that the whole defor- 
mation may be carried out without any cut being made. 

8. Proposition: — The necessary and suflScient conditions 
that one surface may be continuously deformed to another are 

. (1) they must be of the same kind, both bifacial or both 
unifacial ; 

(2) they must have the same connectivity ; 

(3) they must have the same number of boundaries. 

If the first surface is deformed to the second, any circuit 
which turns the indicator on one of them does so on the other, 
and therefore they are both bifacial or both unifacial ; if any 
system of cross cuts reduce one of the surfaces to one simply 
connected piece, they reduce the other to one simply connected 
piece, therefore the number of crosscuts to reduce to simple 
connection are equal, that is, their connectivities are equal ; 
and each boundary line of one surface coincides with one and 
only one of the other surface, therefore the number of 
boundary lines are equal. The conditions are therefore 
necessary. 
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12 Mr. Mair^ On the Continuous Deformation of Surfaces. 

Again, if these conditions are satisfied, the standard forms 
of the surfaces have the sanae number of simple holes, the 
same number of strips across the chief hole, and either all 
the strips are straight on each, or one strip on each is twisted. 
The standard forms are identical, and the surfaces being both 
deformable to the same surface, are deformable to one another. 
Therefore the conditions are sufficient. 

9. OtJier forms of surfaces. Since any two surfaces 
satisfying these three conditions are deformable to one another, 
in considering the effect of cuts, the number of not-dividing 
cuts it is possible to make, the number of ways in which one 
surface may be deformed to another, or any such question, it 
is sufficient to consider any one form of the surface which 
happens to be convenient. Some of these forms may be 
mentioned. 

Let two circular holes be made in a spherical surface or 
plane, and joined by a tube which does not pass through itself 
or through the sphere or plane. The tube may then be called 
a "handle." 

Let a circular hole in a sphere or plane be closed so that 
every point of the circle is joined to the diametrically 
opposite point. Dyck denotes this region by a circle with 
two perpendicular diameters terminated by arrow heads 
(fig. 20). Let AB be two neighbouring points on the circle, 
A'B' the opposite points, and let the indicator make a circuit 
AAGA through this region. If the second radius of the 
Indicator lie along AB at the beginning of the circuit, after 
passage through this region it will lie along AB\ and after 
the complete circuit it will lie on the side of the circuit 
opposite to B. Such a circuit therefore turns the indicator, 
and the region may be called a " unifacial region." 

A tube may also close two holes so as to give a kind of 
unifacial region ; the tube will pass through itself or through 
the surface. 

Consider now a spherical surface on which are a handles, 
fi unifacial regions, and 7 holes. 

A cut from a hole through a unifacial region and ending 
on itself, diminishes by one the number of unifacial regions 
and leaves the number of holes unaltered. It may also be 
mentioned in connection with unifacial regions, that if any 
circuit has by any deformation the number of its passages 
through such a region altered, the number must be altered 
by an even number, for the new circuit turns the indicator 
or not according as the original circuit does so or not. 
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Again, a cut from a hole through a handle, ending on 
itself, diminishes the number of handles by one, and increases 
the number of holes by one. Thus /8 cuts of the 
first kind and a of the second leave a spherical surface 
with a + 7 simple holes : a -f 7 - 1 cuts joining these holes 
make the surface simply connected, and the original surface 
has therefore connectivity 2a + /3 + 7. And this surface is 
bifacial only if j8 = 0. 

Hence, a bifacial surface of connectivity n and having m 
boundary lines may be represented as a sphere with ^ (n - w) 
handles (for n — wi is even) and m simple holes. 

The surface again represents a unifacial surface of con- 
nectivity n and number of boundary lines m if 7 = 7W and 
2a + i8 = n — 7W. In particular (1) a sphere with w — m uni- 
facial regions and m simple holes, and (2) a sphere with one 
unifacial region,^ (w — wi — 1 ) handles and m holes, or two 
unifacial regions, | (n — w — 2) handles and m holes, according 
as n — m is odd or even, both represent the unifacial surface 
with connectivity n and number of boundary lines m. 

Hence, the conditions that for a bifacial surface n — w is 
zero or an even positive integer, and for a unifacial surface 
w- w is not less than l,.are the only conditions on m and w. 
For, data being given subject to these conditions, the surface 
may be constructed as above. 

Properties of Surfaces. 

10. A crosscut increases by 1, diminishes by 1, or leaves 
unaltered the number of boundary lines ; a loopcut increases 
the number by either 1 or 2. 

First, let a crosscut AB have its ends on two different 
boundary lines PQy RS^ and let the two edges of the cut be 
called -4,5j and A^B^, Then a point passing round the 
boundary line to which A^B^ belongs will after leaving A^B^ 
describe the line R8 to B^^ return along B^A^ and A^QPA^. 
The two boundary lines and the edges of the cut from one 
boundary line, so that the number of boundary lines is reduced 
by unity. 

Next let the cut have both ends on the boundary line PQ 
(fig. 21). The circuit ACBQA may or may not turn the 
indicator. 

In the latter case the indicator setting out from -4, along 
the boundary A^Q and having its second radius in the sur- 
face will upon arriving at A coincide with its former position 
and still lie in the surmce ; it must therefore arrive at A^ and 
not -4 J, and -4, and A^ belong to diflFerent boundary 
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lines. In the former case the second radius does not after one 
circuit return to its former position, but still lies in the sur- 
face ; so that the indicator must arrive at A^. It will then 
describe A^PBGA^^ so that the whole forms one boundary 
line. 

Lastly consider a loopcut. In the same way its two edges 
will form one or two boundary lines according as a circuit 
round it turns the indicator or not. 

There being no circuit with turning indicator on a bifacial 
surface, the number of boundary lines on it will be either 
increased or diminished by unity by a crosscut, and increased 
by two by a loopcut, 

11. A connected surface cannot be divided by (1) a cross- 
cut with ends on different boundaries, or (2) a crosscut such 
that the circuit composed of the line of the crosscut and either 
part of the boundary turns the indicator, or (3) a loopcut the 
circuit of which turns the indicator. 

For in each case the opposite edges of the cut belong to 
the same boundary line, therefore the parts adjacent to the 
edges are connected and the surface is not divided. 

12. On a bifacial surface n — w is zero or an even positive 
integer, on a unifacial surface n — m is a positive integer ; 
n being the connectivity of the surface and m the number of 
boundary lines. 

On the bifacial surface m — 1 crosscuts joining the m 
boundary lines may be made without dividing the surface, 
BO that n is not less than m. Any crosscut on the surface 
either increases or diminishes the number of boundary lines 
by unity. Therefore if w — 1 crosscuts be made the number 
of boundary lines added or subtracted differs from n — J by 
an even number. And if these cuts be made so as to reduce 
the surface to simple connection there remains one boundary 
line; therefore 

m±(n-l±n') =1, 

A' being an integer : or since n - w is not negative, 

n — m = 2i, 

where h is zero or a positive integer. 

On the unifacial surface there is a circuit which turns the 
indicator. A loopcut along this circuit does not divide the 
surface, does not affect the connectivity, and increases the 
number of boundary lines by unity. Make a crosscut from 
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this loopcut to the original boundary, and the two cuts being 
reckoned as one, one crosscut has been made leaving a surface 
of m boundary lines. Make wi - 1 crosscuts joining these 
boundary lines. Then m crosscuts have been made without 
dividing the surface, and n is not less than m + 1. 

13. When all crosscuts have been made in succession that 
are possible without dividing the surface, the surface is simply 
connected. When all loopcuts are made in succession that 
are possible without dividing the surface, the surface is 
deformable to a spherical surface with a number of simple 
holes. The number of crosscuts is constant and equal 
to n— 1, the number of loopcuts on a bifacial surface is 
constant equal to ^ (n - m), and on a unifacial surface may be 
any integer between ^(n - m) and n — m inclusive ; where n 
is the connectivity, and m the number of boundary lines. 

The statement concerning crosscuts, so far as it is not a 
definition, has already been proved. Consider the crosscuts 
annulled in succession, and we have Dyck's method, who 
classifies surfaces according to the number of joinings 
necessary to build them up from simply connected surfaces. 

Suppose all possible not-dividing loopcuts have been made. 
There being no further not-dividing loopcut the surface is 
bifacial. Let there be m boundaries. Make m - 1 cross- 
cuts joining the boundary lines. No not-dividing loopcut 
can now be drawn, since the same loopcut was before 
impossible, and therefore no not-dividing crosscut can be 
drawn with its ends on the same boundary line. There is 
only one boundary line and therefore the surface is simply 
connected. Hence, before the crosscuts were made, it had 
connectivity m\ had //i' boundary lines, and was bifacial. A 
sphere with m' simple holes has these three properties, and 
the surfaces are equivalent. 

Again, let s of the loopcuts be along circuits with turning 
indicator and t along circuits with not-turning indicator. 
These cuts then add s-\-2t to the number of boundaries, and 
7W+ 5 + 2*- 1 crosscuts reduce the surface to simple connection. 
Therefore 

and the number of loopcuts 
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Now t and 5 cannot be negative, so that the number of loop- 
cuts is not greater than n — m and not less than ^(n- m). 

On a bifacial surface « = 0, and the number must be 
i (w - r/i). 

Also on a unifacial surface the number of loopcuts may be 
any integer within these limits. Consider the surface in the 
form of a sphere with m simple holes, a handles and n — tw — 2a 
unifacial regions: a cannot be negative or w — w — 2a Icfs 
than unity, so that a may be zero or any integer not greater 
than ^ (w — w — 1). Make a loopcut round each handle, and 
a loopcut through each unifacial region. No further loopcut 
is possible and the number of them, w — wi — a may be 
any integer between n — w and ^ (« — m + 1) inclusive. For 
the case n — w even, we may also take a sphere with m simple 
holes, ^ (n — w — 2) handles, and one tube joining two holes 
unifacially. A cut round this tube and a cut round each 
handle being made, no other is possible, and the number of 
cuts is ^ (n — w). Hence, the number of loopcuts may be any 
integer between n — w and ^ (n — tw) inclusive. 

14. Standard set of crosscuts. In the standard form of the 
surface let crosscuts -4j5„ A^B^... (fig. 19) be made across the 
strips, the last of them A^B^ being across the last strip, which 
is twisted if the surface is unifacial ; and let crosscuts Cji>„ 
C^D^.., be made from the simple holes to the chiet bole, the 
ends 0^J (7 ... lying on the edge of the chief hole between 
the last and first strips. 

On the standard form of the closed surface let a loopcut 
be made cutting off tiie conical piece, and then the crosscuts 
-4,^,, A^B^,,. as before. 

This set of cuts, or any set of cuts on any surface which 
can be made to coincide with this set when the surface is 
deformed to the standard form, will be called a standard set 
of crosscuts. 

The order of the points A^...B^..,C^,,. round the chief 
boundary in fig. 19 depends on whether the surface is bifacial 
or unifacial. if the surface is bifacial a positive description 
of the boundary line (the positive direction is such that the 
direction of motion, the normal to the positive face of the 
surface, the normal to the boundary in the surface, form a 
right-handed set of axes) passes the points in the order 

r being even. Thus, the points C,C,...C, lie together; the 
points -4j, 5„ ends of the same cut, are separated in one 
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direction by B^A^,,.B^^ one end of each other cut, and in the 
other direction by A^B^,..A^^ the other end of each cut, and 
any two points A^^ B^^ ends of the same cut, are separated ia 
each direction by one end of each of the other cuts. 

If the surface is unifacial the order of the points round the 
boundary is 

or A,B^A^...A^,B^,A^A^,B^...B,A,B,B^G,C,...CA, 

according as r is even or odd. Thus C^C^... C^ lie together; 
the points A^^ B^ are separated on one part b)* B^ only, the 
points A^^ B^ by B^AJB^^ the points -4^, B^ (t not =r) by 
B^A^B^A^B^.,.A^^^B^^^^ and -4^, B^ by one end of each of the 
other cuts. 

If the chief hole be deformed to a circle, the order of the 
points is given by the following : for the bifacial surface A^ 
and (5^ (<= 1, ...r) are at the ends of a diameter; for the 
unifacial surface A^ and B^ are at the ends of a diameter, and 
-4^5, («=1, ... r— 1) at the ends of an ordinate to that 
diameter. 

15. A cross-cut which makes a unifacial surface bifacial 
has both ends on the same boundary line. The circuit com- 
posed of the crosscut and a part of the boundary line turns 
the indicator or not according as n — r/i is odd or even. And 
a unifacial surface may by one cut be made bifacial, or by 
w — 2 crosscuts be made doubly connected and remain 
unifacial. 

First consider a crosscut with ends on different boundary 
lines. If there is a circuit with turning indicator whose path 
is not crossed by this cut the Surface remains unifacial. If a 
circuit with turning indicator is crossed by the cut as at P, S 
and so prevented, from P draw a line PQRS along the cut to 
the boundary line at $, round the boundary line to fl, and 
back along the cut to 8, This line completes a circuit ; and 
this new circuit turns the indicator, for the old one did, the 
parts PQ^ RS counteract one another, and the remaining part 
QR is along a boundary line and so cannot turn the indicator. 
Therefore such cut cannot make the surface bifacial. 

Again, let a crosscut make the surface bifacial. It reduces 
the connectivity by 1, and leaves the number of boundaries 
unaltered or increases it by 1. Hence, since on a bifacial 
surface the connectivity differs from the number of boundary- 
lines by an even integer, if n-m is odd, the number of 
. TOL. XXVII. D 
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18 Mr. Mair^ On the Continuous Deformation of Surfaces. 

boundary lines is unaltered, and the circuit turns the indi- 
cator ; if n ~ m is even, the number of boundary lines is in- 
creased by I, and the circuit does not turn the indicator. 

Also a surface can be made bifacial by one cut, for the 
crosscut in the standard set across the twisted strip makes the 
surface bifacial. Deform this crosscut to end on itself and 
annul a part of it to leave a loopcut, and the loopcut left 
makes the surface bifacial. If on the other hand all the cross- 
cuts are of the standard form, except that across the twisted 
strip, there remains a unifacial doubly connected surface. 

16. A cu( which makes a unifacial surface bifacial crosses 
any circuit with turning indicator an odd number of times. 
A dividing cut crosses every circuit an even number of times. 
Hence the same cut cannot make a surface bifacial and divide it. 

Let a cut making bifacial meet a circuit with turning 
indicator in points A A , BB... thesepoints being in order along 
the circuit. Let AB and also A'B be joined by lines along 
the cut. There are then two circuits, of which one, A'B G\ 
is not prevented by the cut and therefore does not turn the 
indicator. The other, being formed from the original circuit 
by removing a circuit which does not turn the indicator, must 
turn the indicator. In this way remove circuit after circuit ; 
the finally remaining circuit turns the indicator and has either 
no crossing or one crossing with the cut. The former is im- 
possible, for there would then be a circuit with turning 
indicator on a bifacial surface. The number of crossings is 
therefore odd. 

Consider a dividing cut and any circuit. Let the circuit 
be described from any point lying in the first piece of the 
divided surface. The circuit ends in this piece, and whenever 
it crosses the cut it enters the other piece and must recross to 
return to the first piece ; and the number of crossings is even. 

Hence a dividing cut cannot make a surface bifacial, or if 
a cut divide a unifacial surface one part remains unifacial. 

17. When a cut makes a unifacial surface bifacial, the parts 
of the surface adjoining the two edges of the cut belong to 
opposite faces of the bifacial surface. 

As in the above a circuit can be found with turning indi- 
cator and crossing the cut once only, as at PQ. After the cut 
is made, Pand Q are connected by this circuit. And since it 
turns the indicator the upper side at P and the lower at Q 
belong to the same face of the bifacial surface; or, more 
accurately, the normals at P and Q to the positive face of the 
bifacial surface lie in opposite directions. 
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18. The necessary and sufficient conditions that a set of 
cuts which reduce a surface to simple connection are a 
standard set, are : — 

(1) All cuts have one end at least on a certain boundary- 
line, and no other boundary-line has more than one end of one 
cut on it. 

(2) For a bifacial surface the cuts which have both ends 
on the chief boundary line have their ends so arranged that 
on either route along the boundary from one end of the cut 
to the other there lies one end of each of the other cuts. 

(3) For a unifacial surface one of the cuts by itself makes 
the surface bifacial and on either route from one of its ends 
to the other there lies one end of each of the other cuts, and 
on a route between the ends of any other cut, there must lie 
one end only of the cut which makes the surface bifacial, and 
both or neither of the ends of any third cut. 

(4) The ends of the cuts which have one end only on the 
chief boundary line lie all together, not separated by the end 
of any other cut ; and on a unifacial surface one end of the 
cut which makes bifacial lies next them. 

First, these conditions are necessary, for they are satisfied 
by the standard set on the standard form of surface. 

Next, for the bifacial surface they are sufiicient. On such 
surface call the ends of the cuts which have one end only 
on the chief boundary line (7,, C„ ..., (7,, in the positive direction 
along the line, and let the other ends of these cuts be called 
Z),, 1),, . . ., i^, respectively. Proceeding from C^ name the other 
ends A^, B, ^3, ..., A^^, B^, jB„ 4„ jB,, ..., J9^^, A^, in order: 
then A^ and B^ are ends of the same cut. Let all the cuts be 
made. The direction at every point of the original boundary 
which was the positive direction is still the positive direction, 
so that a positive description of the boundary passes over the 
points in the order 

BAADfiAOAAA" C.DPA' 

The points occur in the same order as when the standard 
surface is reduced by the standard set of cuts to simple 
connection. Therefore by deforming to a spherical bowl 
and reuniting the cuts, the surface becomes the standard 
surface with the cuts in the standard form. 



Digitized by 



Google 



20 Mr, Mair, On the Continuous Deformation 0/ Surfaces. 

Lastly, consider the unifacial surface. On it there is no 
distinction of positive and negative directions along a boundary* 
line. Denote by B^ the end of the cut which makes bifacial, 
which lies next the ends of cuts which have one end only 
on the chief boundary line, and nanae these ends (7„ (7„ ..., C^ 
in order from B^. For convenience call B^C^G^.,.C^ the 
positive direction, and let the other ends of these cuts be 
called A^^ Z)j, Z>„ ..., i), respectively. Call the ends after (7, in 
order A^y jB^, ^3, 5^, ..., and in the negative direction from B^ 
call them -Bj, J„ -B„ ... . Then, if the conditions are satisfied 
A^ and B^ are ends of the same cut. 

Let the cut A^B^ be made. It makes one boundary-line 

or two 

A,B,A,...A^B^O,C,...C, and B,A^B,...A^BA, 

according as r is odd or even. And if (7,... (7, is chosen as 
the positive direction on the bifacial surface, the positive 
direction is A^ to B^ on each edge of the cut, and the boundary* 
lines above are named in their positive directions. 

In the former case the ends of the cuts not yet made lie 
on the boundary-line in the order 

A,B,A,...A^B^AABy'-Sr.,A^A'"GA 

and the other ends D^, ..., -D, one on each of the other boundary* 
lines. This is a standard set of cuts for a bifacial surface. 
Deform it then to the standard form (fig. 22). The two 
edges of the cut A^B^ lie between A^^ and 0,, and between 
B^i and B^ respectively ; and by rejoining them the surface 
is restored, in the standard form with the given cuts as 
standard set. 

In the second case after the cut A^B^ is made the points 
•4^_i, B^^ lie on different boundary-lines. Make the cut 
^r^i^r-i *^^ ^^^ ^^^ become one boundary- line 

A,B,A,...B^,A^,B^,A^BA.,.A^^^.,A^,AACr"C.Ar 

The ends of cuts not yet made lie along the boundary-line in 
the order 

A,B,A,...A^B^,B,A,B,...B^,A^,C,...C,A„ 

that is, in the standard position. Deform this bifacial surface 
to the standard form with the crosscuts In the standard 
position. The edges of the cuts A^^B^_^ and A^B^ lie between 
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A^^ and C, 5n the order B^_^^A^^A^B^^ and between B^_, and 
B^ in the order A^.B^^A^B^, Rejoin these edges, the strip 
cut by A^^B^^ is straight and the other twisted. And the 
surface is restored in the standard form, the crosscuts also 
being in the standard form. 

19. On a bifacial surface any not-dividing crosscut may 
be taken as one of a standard set. On a unifacial surface 
any crosscut which makes the surface bifacial, any crosscut 
with ends on the same boundary if the corresponding circuit 
turns the indicator, and any crosscut with ends on different 
boundaries, may be taken as one of a standard set. The 
crosscut is of course supposed to have both ends on the 
original boundary. 

On a bifacial surface let a crosscut C^D^ have ends on 
different boundaries. Let there be « + 1 boundary lines and 
connectivity r + s -^ I. In the positive direction of the 
boundary line from the point (7„ take points 

in order. D^ lies on one of the other boundary lines, on the 
remaining boundary lines take points D^,,.D^, Make cuts 
6^j/>„ C D^^ ..., Cp^\ they do not divide the surface, but 
reduce the number of boundaries to unity and the connectivity 
to r+1. This being greater than 1, a crosscut with both 
ends on the boundary line can be made without dividing the 
surface, and its ends deformed to A^ and B^, Then there are 
two boundary lines, B^A^B^,.,B^ and A^B^...A^. Make a 
cut A^B^ and there results a surface of connectivity r — 1 and 
one boundary line. In this way r -f « — 1 other crosscuts may 
be drawn to form with G^D^ a standard set. 

Let there be a crosscut A^B^ on a bifacial surface, not 
dividing it, and having both ends on the same boundary-line. 
Take points u4,, ..., A^^ jB^, ..., B^^ C^, ..., C^ on this line, so 
that the order is 

A,B^A^...A^,B^B,A,...A^O,...C,', 

and on the other s boundary lines points D^..,D^ one on each. 
Since A^B^ does not divide the surface, cuts (7jZ>j, ,.., O^D^may 
be made, not crossing the line A^B^, Then A^B^ may be 
made and any cuts A^B^, ..., A^B^ as before. And a standard 
set has been drawn of which A^B^ is one cut. 

On a unifacial surface with 5 4-1 boundary lines and 
connectivity r + 5 + 1, let a cut A^B^ be given which makes it 
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bifacial. On the boundary-line on which A^ and B^ lie, take 
points so that the order is in one direction, 

and in the other 

and on the other s boundary-lines points D^,..D^, If the 
cut A^B^ leaves the boundary-line one, the other cuts 
A^B^y ..., ^^,j5^j, CJ)^ ..., Cp^ may then be made as above. 
It the cut Ap^ makes tne boundary-line two, A^^ and B^^ lie 
one on each of these and a cut A^^^^ may be made. This 
cut joins the two boundary-lines again into one ; and the 
other cuts GJ)^^ ..., (7^Z>,, A^^^ ..., A^p^_^ may then be 
made as above. 

If the given cut CJ)^ join two boundaries, take on the 
first points so that 

are in order; and on the remaining « — 1 boundary-Hnes 
points Dp^.,.D^. Make the cut GJ)^ and then a cut A^^ 
making the surface bifacial. A^^ drawn alone would make 
the surface bifacial, since a cut 6'jZ>j joining two boundary 
lines cannot. Therefore A^^ may be considered drawn first, 
and the standard set completed as before. 

If a cut Ap^ be given, with ends on the same boundary, 
not making the surface bifacial, and the corresponding circuit 
turns the indicator, take points on the same boundary line| 
BO that 

A,B,A^B^...A^...A^B,A,B^BAG,,..0, 

are in order. Make first the cut A^^ and then A^^^ reducing 
the surface to be bifacial, (this being possible since the cut A^^ 
leaves A^ and B^ on the same boundary-line). Suppose the 
surface near this part coincides with the plane of the paper, 
and take B^A^ (fig. 23) as the positive direction round the 
boundary of the reduced surface. Then since the circuit 
corresponding to the cut A B^ turns the indicator, the positive 
direction is B^A^B^A^, Ihcrefore the positive face at the 
part Q is downwards. And since the positive face faces 
different ways on opposite sides of the cut A^^^ the positive 
face at 8 is downwards, and at R upwards. Hence, if the 
cut -4,i5, is rejoined it joins positive face with positive face 
and does not make the surface unifacial. Therefore the cut 
Ap^ by itself reduces the surface to be bifacial. It may be 
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supposed made first and the complete set of cuts drawn as 
before, -4,5^ being one of them. 

The cut A^B^ could not be one of a standard set if the 
corresponeing circuit did not turn the indicator. For it would 
then make two boundary-lines, A^ and B^ would lie one on 
each of these, and no cut A^B^ could make the surface 
bifacial. 



20. Irreducible Circuits, For a surface with « 4 1 
boundaries and connectivity r + «+ 1 the following will be 
taken as standard system of irreducible circuits : 

First, r circuits each along one of the r strips in the standard 
figure and being a great circle on the sphere, and 

Second, s circuits each being a circle on the sphere of small 
radius and enclosing one of the simple holes as in fig. 19. 



21. On a bounded unifacial surface a simple complete 
irreducible system may consist of circuits of which all, or only 
one, or any immediate number, turn the indicator. 

A complete irreducible system is simple when any circuit 
may, without being repeated, be resolved into a combination 
of the circuits of the system. 

Let aj, a„ ..., a^^ be any such system. The system 
«!, «,+ ^a,? «»+ ^ttij •••) a„-i + \-ia. is also simple, for any 
circuit equivalent to a circuit composed of ttj, a^, ..., a^_j is also 
equivalent to a circuit composed of a„ a, + \ol^^ ..., an-i+\-i^i' 

Let a„ ..., a^_j be the standard system, a^_, that circuit along 
the twisted strip. Then a^_, alone turns the indicator. Add 
it to any of the other circuits and the new system is simple : 
so that the number with turning indicator can be made any 
number between one and all inclusive. 

The circuits cannot all have not-turning indicator, for any 
circuit composed of them could not have turning indicator 
while such circuits exist on the surface. The system a„ a,, ..., 
a^_,, 2^a^„ has no circuit with turning indicator, and i» 
complete and irreducible, but not simple. 



22. On a closed bifacial surface, the assignment of a point- 
boundary does not alter the number of circuits in a complete 
irreducible system. On a closed unifacial surface it increases 
the number by unity. 
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First, on any surface assigning such a boundary may 
prevent two circuits fornaerly equivalent from deforming to 
one another, but cannot allow two circuits not formerly 
equivalent to deform to one another. And if a circuit round 
this boundary be added to the system, any circuit may, by 
addition of a circuit round the boundary, be deformed over 
this boundary and so reconciled with the new system if it 
formerly was reconcileable with the old system. Hence such 
assignment cannot diminish the number of circuits, and may 
increase it by one. 

Next consider a bifacial surface in the form of a sphere 
with one hole and a number of handles.- It may be reduced 
to aimple connection by two crosscuts for each handle, one 
through the handle and one along it. The corresponding 
irreducible circuits are two for each handle^ one along the 
handle and one through it. Let the hole now be closed. 
The system of circuits is complete, as it was so before. Also 
the circuit through a handle or any multiple of it has all its 
passages through the handle in the same direction, and any 
circuit reconcileable with the remaining circuits has an equal 
number of passages in the two directions ; therefore the circuit 
through a handle is not reconcileable with the remaining circuits 
of the system. Similarly the circuit along a handle is not 
reconcileable with the rest, and the system is irreducible- 
Therefore the number of circuits is not altered by closing the 
only hole or by making a hole in a closed surface. 

Consider now a unifacial surface in the farm of a sphere 
with n unifacial regions and a simple hole. Crosscuts to 
resolve to simple connection may be made one through each 
unifacial region. The corresponding system of irreducible 
circuits a,, ..., a^ consists of one through each unifacial region. 
Let the hole be closed, then any one of these circuits is 
reconcileable with the rest. 

Let the circuit a, be repeated as ABGDEFA^ (fig. 24) 
and let the part PDGQ be turned round so that G comes near 
A, and D near F. Flatten the loop DPEF (tig. 25) and then 
deform it through the unifacial region so that the circuit 
becomes a curve enclosing this region. Proceeding in the 
same way with the circuits a„ ..., a,,, and combining the n 
circuits equivalent to 2a„ 2a„ ..*, 2a^ we have a circuit on the 
sphere enclosing all the n unifacial regions, or what is the 
same thing, enclosing none of them. This circuit is therefore 
reducible, so that 2a, is equivalent to - 2 («,+ aj,+...+a„),or a, is 
reconcileable with the system a„ a,, ..., a„. Hence a^, ag,...., a^ 
form a complete system; and since making a hole cannot add 
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more than one irreducible circuit to the system, the system is 
irreducible. 

Hence, making a hole or point-boundary on a closed 
unifacial surface adds one to the number of circuits in a 
complete irreducible system. 

Cor. On a doubly connected closed unifacial surface there 
IS no circuit irreconcileable with a zero circuit. A circuit with 
turning indicator cannot be deformed to evanescence, i.e. is 
irreducible^ but a circuit consisting of this circuit doubled can 
be so deformed, that is, the circuit is reconcUeable with a zero 
circuit. 

23. On a closed unifacial surface a simple complete 
irreducible system of circuits is not possible. 

Consider the surface (of connectivity wH-1) as a sphere 
with n unifacial regions, and let a„a„ ...,a^ be circuits one 
through each of these regions. The circuit 2a, by addition 
of 2a„ 2a3, ..., 2a^ becomes reducible, that is, the positive 
directions of the circuits a^ ..., ol^ being properly chosen, 

2aj + 2a,+...+ 2a^=:0. 

No circuit passing an even number of times through a uni- 
facial region can be deformed so as to have an odd number 
of passages through the region, so that the system of circuits 
obtained by omitting one of the circuits aj, ..., a^ is not simple. 
Any circuit may be represented by 

Let the n— 1 circuits (7i, C7„ ..., C^^^ form a simple complete 
irreducible system where 

for r = 1, 2, ..., n - 1. The system being simple, a, may be 
represented by 

and therefore \Pii-f \P8i+... ^.i^^^-^^i is odd, and at least 
one of the coefBcientsp , j!?,^, ..., p^,_, , is odd, say jt?jj. 

Put Cy = C\ C/= C^ or (7 + C, according as p^ is even or 
odd, for r = 2, 3, ..., n- 1. There results a system which is 
simple ^ 

G; =2?>x +/»«,+ , 

g: =¥««!+/,.«.+ , 

y 
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in which the coeflScient p\^ is odd, and all the other 
coefficients of a„ 2/,„ 2/,„ ..., 2p'„_,^, even. 
Since a, may be represented by 



\o:+\o:+...\.,a, 



M.19 



one of the coefficients p',„ p' ^ ••My«-i.i ^* o^^* ^^ \ ^* <>^d 
the coefficient of a, will be oad, therefore X, is even ana one of 
P,»\P'n^ •••> i^'„-,,, w odd, say/,,. As before, add (7/ to (7/ if 
p'^ is odd, and ttiere results a simple system 

<?."=P"u«. + /'»«.+ , 

c."=¥>.+ />.+ • 

C." = 2l>V.+ 2;,'>.+ 

in which ;>,/' ancl^„" are odd and 2;?,/', ..., 2/'^., , i??",,, ..., 
2/' 1,, even. 

Proceeding in this way we have finally a simple complete 
irreducible system, 

A =2uai +?,A + 2,„«H» 



•J 



where the coefficients g'j,, g',.^, ..., y,,., „_, are all odd, and every 
coefficient in the set below the line of these is even. Any 
circuit 

equivalent to a circuit not passing through a^, a,, ..., a„_, must 
have the coefficients Xj, X,, ..., \_^ even. Therefore a circuit 
through the region a^ must have these coefficients X^, ..,, \_^ 
even^and such a circuit will pass an even number of times 
through a^. The circuit a^ therefore cannot be equivalent to 
a circuit composed of i>j, ..., jD^,_j, and this system is not a 
simple system. Therefore the system (7j, C„ ..., C^^^ is not a 
simple system, and a complete irreducible system on a closed 
unifacial surface cannot be simple. 
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The number of Deformations of a Surface to the 
Standard Form* 

24. When the lines of a standard set of cuts are drawn on 
a surface and the corresponding deformation to the standard 
surface made, any number of new deformations may be found 
by deforming the lines of the cuts and then deforming the 
surface to the standard form. All these deformations will be 
considered equivalent. Generally, if there be two deformations 
T^ and T, of a surface T to the standard form /S, then if the 
•surface T^ can, without leaving the base S, be deformed to T^ 
BO that every pair of corresponding points on T^ and jT, coin- 
cide, the deformations T^ and T, are called equivalent ; if this 
deformation to coincidence is not possible they are called 
distinct. 

In the deformation of a bifacial surface to the standard 
surface, it is supposed that one face of each is chosen as the 
positive face, and that the positive faces are madei to coincide, 
that is, that the normals to the positive faces lie in the same 
direction. If this condition is not demanded the number of 
distinct deformations is doubled. For there are a certain 
number of deformations in which the positive faces coincide, 
and the same number in which positive and negative coincide ; 
also if the positive normal coincide with the positive normal 
to the standard surface, no deformation without leaving the 
base can bring it to coincide with a negative normal, and 
therefore no two deformations of the different sets can be 
equivalent. 

With unifacial surfaces there is no such distinction between 
faces, and if one deformation to the standard surface is known, 
another, equivalent or distinct, may be obtained by turning it 
inside out. ('' Inside out" is hardly accurate for a unifacial 
surface, it refers to the spherical part of the standard surface). 

Proposition: — If a surface be deformed in two ways to 
the standard surface, and there be on it the lines AB^ CD^ EF^,,. 
of cuts which resolve the surface to simple connection, and which 
become on the two deformations ^^jB^, G^D^y.. and^^B^, G^D^.,, 
respectively, then the deformations are equivalent it, and not 
unless, the lines A^B^, ... can be deformed, without meeting 
themselves or one another or the boundary, to coincide with 
the lines -4,i5„ ... respectively, in direction as well as position. 

Let it be possible to deform the lines in this manner. 
Make the two sets of cuts so that each deformation of the 
surface is simply connected. Since the lines of the cuts can 
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be BO deformed, it is possible to deform the whole boundary of 
the first simply connected piece without leaving the base so 
that the parts (if any) which are original boundary coincide 
always with the boundary of the base, and the parts which 
are opposite edges of any cut remain in contact, and in the 
final position the edges of any cut P,^, coincide with the two 
edges of the corresponding cut P, (?,. Therefore the first simply 
connected piece may be deformed without leaving the base to 
coincidence with the second, so that points originally contiguous 
but separated by cuts remain always infinitely near one another 
in space. The simply connected surfaces may then be made 
. to coincide point with point. And since points separated by 
cuts remain infinitely near one another in space, the defor« 
mation may be effected without making the cuts ; that is, the 
two deformations are equivalent. 

Conversely, if the surfaces are equivalent, the deformation 
by which the first comes to coincidence with the second gives 
a deformation of the first set of lines to the second. 
' If in the foregoing reasoning the standard surface S and the 
other T be interchanged, it appears that if one set of cuts on S 
becomes by two deformations two sets on T which cannot be 
deformed in the above manner to one another, then these two 
deformations of 8 to T (or of T to S) are distinct. In the 
following, the cuts on S will be supposed the standard set, 
and the number of independent sets on T which can become 
the standard set on S will be considered. 

25. Let the surface with m boundary lines and connectivity 
n be represented by a sphere with m simple holes, p hapdles, 
and q unifacial regions ; where if the surface is bifacial j' = 0, 
p—^(n~m): and if the surface is unifacial j = 1 ,2? = ^ (n - tw — 1) 
or J =3 2, 2? = J (w — wi - 2) according as n - r» is odd or even. 

Proposition : — The number of distinct deformations of a 
surface to the standard form is infinite if |? > 0, or if m-^q>3. 

Let p>Oy that is, let there be a handle. Then consider 
the crosscut which becomes A^B^ in the standard set on the 
standard surface (tig. 19). A line may be drawn passing any 
number of times r through the handle, and having its ends on 
the same boundary line, or if there is no boundaiy line forming 
a closed curve. 

If the surface is unifacial let the line pass once through a 
unifacial region, so that the corresponding circuit turns the 
indicator. Then if there is a boundary line, on which the 
ends of this line lici the surface may be deformed to the 
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standard figure, so that this line coincides with the cut A^B^. 
If the surface is closed a small loopcut may be made on any 
part of the closed line, and the loopcut and crosscut will then 
become on the standard figure the loopcut and the crosscut A^B , 

Also any deformation of the line passing r times through 
the handle mtroduces passages through the handle in pairs in 
opposite directions, so that the algebraic sum r of the number 
of passages cannot be altered. Now r may have any integral 
value, positive or negative, so that the number of distinct ways 
of making the cut is infinite, and therefore the number of 
distinct deformations to the standard surface is infinite. 

Again, let m + g > 3. Since j is not greater than 2, there 
may be 

four holes -4, 5, 0, i), 

three holes -4, J?, (), and a unifacial region 2>, 

or two holes -4, J5, and two unifacial regions (7, D, 

Consider the crosscut which becomes in the standard figure 
CjiJj, joining the chief hole to another. Any crosscut between 
two boundary-lines may be brought to this position. 

Now any loop with its ends fixed and not passing through 
a unifacial region cannot be deformed so as to pass once 
through it, or so as to lie on the other side of it, and such 
loop cannot be deformed across a hole so as to lie on the 
other side of it. Hence, if G and D are two holes, or two 
unifacial regions, or a hole and a unifacial region, they 
prevent, just like a handle, the alteration by deformation of 
the number of passages of a line between them. Let C and D 
be holes or unifacial regions, and A and B two holes, then a 
crosscut from A xo B may be drawn passing any number r 
times between C and D, The number of passages cannot 
be altered by deformation, and r may have any integral 
value; the number of independent crosscuts which become 
CjjDj is infinite, and therefore the number of deformations of 
the surface to the standard form is infinite. 

26. It remains to consider surfaces for which p = and 
jTi + J == or < 3. 

(i) Bounded bifacial surfaces : p s= 0, 5 = 0. 

If 7w = 1 the surface is simply connected, and any two 
deformations are equivalent. 

If m = 2 the standard set of cuts consists of one (7,i), from 
the chief boundary to the other. And when the chief boundary 
line is chosen any two cuts are equivalent. For, consider the 
surface as the part of a circular cylinder cut out by two planes 
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perpendicular to it8 axis, and let C/Z),' be any crosscut from 
tlie chief boundary to the other. Let />/ raove so as to bring 
as much as possible of the cut near i>/ to lie along a generator ; 
it will bring the whole line to coincide with a generator, and 
the line C/i)/ may be brought to coincide with any generator, 
BO that all such cuts are equivalent. And the chief hole may 
be chosen in two ways, so that there are two deformations of 
the surface to the standard form. 

If W2 = 3, take the above cylinder with a small hole 
in its side to represent the surface, and let the small hole be 
the chief boundary, the upper and lower ends the first and 
second other boundaries. The standard set of crosscuts 
consists of two from the chief boundary, G^D^ to the first 
boundary and G^D^ to the second. Any cuts C/D/ and 
G^D.^ on the cylinder from the small hole to the upper and 
lower ends form a standard set ; for the only condition is that 
(7j' and C,' lie in a certain order round the hole, and there being 
only two of them they must lie in this order. Draw any line 
C/Z>/ and let D^ move round to cause as much of the line as 
possible to lie along a generator. It can only be stopped by 
coming to the hole, as D^'K (fig. 26). If G^'K now contract 
to be as short as possible, C,' must come to K so that the 
whole cut lies along a generator through the small hole. 
Similarly the other cut C^'-D,' may be brought to lie along 
the other part of the same generator. When the holes are 
chosen, there is therefore only one way of deforming the 
surface to the standard form. And the holes may be chosen 
in 3 X 2 X 1 ways, therefore there are six deformations. 

(ii) Bounded unifacial surfaces. 

First, ?w = 1, ^ = 1. The standard figure has one hole with 
a twisted strip across, and a cut A^B^ across the strip is the 
standard set. Consider the surface as a disc with a unifacial 
region on it. Any crosscut not dividing the surface may be 
deformed to run from a fixed point in a straight line to the 
unifacial region, once through the region, and in a straight 
line to another fixed point. Therefore all not-dividing cuts 
are equivalent, in a direction as well as position. And there 
is only one deformation to the standard surface. 

7w = 2, ^ = 1. , The standard figure has a chief hole with 
a twisted strip and another simple hole. The crosscuts are 
A^B^ across the strip and G^D^ to the other hole. When the 
chief boundary of the surface is chosen, cuts A^'B^\ G^D^ form 
a standard set if A^'B^'G^ lie on the chief boundary in a 
certain order, and -D/ on the other boundary, and Aj^B^' 
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makes the surface bifacial. The order of A^B^C^ is always 
satisfied since there are only three points, and there is no 
distinction of directions along the boundary line. 

Take a disc with a hole and a unifacial region to represent 
the surface. Draw any line G^D^ joining the boundary lines. 
Any windings around the hole may be undone by moving D^ 
round, and any windings round the hole and unifacial region 
together may be undone by moving (7/ round. Loops through 
the unifacial region may then be taken out till the line has 
one passage through it or none. C^D^ may then be drawn 
as a straight line through the unifacial region or not, that is, 
there are two distinct ways of making the cut. When this 
cut is made the surface is deforraable to a disc with a unifacial 
region. A part of the boundary consists of the edges of the 
cut and the small hole, and this part must therefore not be 
passed by the end of any other cut which is being deformed. 
Draw any crosscut A^ B^ making the surface bifacial. If de- 
formation over C^D^D^C^ were allowed all such cuts would be 
equivalent, therefore any cuts distinct from A^B^ may be 
found by considering deformations over this part. The 
deformation of one end over C^D^D^C^ interchanges -4/ and 
B^y so that another deformation will restore them and there 
are two distinct ways of making the cut A^B^, 

Hence, there are two ways of choosing the chief hole, 
two ways of making the cut 6Y-D/, and two ways of making 
the cut -4/J5/; and therefore there are eight deformations 
to the standard form. 

Lastly 2 = 2, w = 1 . Take as the surface a disc with two 
unifacial regions. Any crosscut with both ends on the 
boundary line may be one of a standard set if the corresponding 
circuit turns the indicator, that is, if the crosscut have an odd 
number of passages through unifacial regions. From -4/ 
(fig. 27) on the boundary draw a line through the two uni- 
facial regions to E and then through the first unifacial region 
to Pi from P let it pass any number of times through the two 
regions together to $, 5, ..., and finally to B^ on the boundary. 
The line has an odd number of passages through unifacial 
regions and the cut A^B^ may be made fo coincide with the 
cut -4,jBj on the standard figure. 

Consider the part of the line KL from one unifacial region 
through the other, and then back to the first or to the boun- 
dary. The points K\ L are confined to the unifacial region or 
the boundary and therefore the loop KL cannot be deformed 
BO as not to pass through the unifacial region. And there- 
fore the whole line A^B^ cannot be deformed so as to get rid 
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of any of the passages through unifacial regions. There are 
therefore an infinite number of distinct ways of drawing the 
cut -4/^,', and an infinite number of ways of deforming the 
surface to the standard form. 

(iii) Closed surfaces ^ = 0, m = 0. 

The case ^=0 gives a simply connected surface. The 
standard surface is a closed sphere, and the standard system 
•of cuts is one loopcut. 

On any closed simply connected surface let there be two 
loopcut-lines which are brought, by two different deformations 
of the surface to the standard form, to coincide with the loop 
cut on the standard form. These two loopcut-lines being 
reducible circuits may be brought to coincide in direction and 
position, and the deformations are equivalent.- Hence there 
is only one deformation to the standard form. 

For the case ^ = 1, the standard cuts on the standard sur- 
face are a loopcut cutting out a simply connected piece and a 
crosscut with ends on the loopcut resolving the remainder of 
the surface to simple connection. 

Take the surface in the form of a sphere with one unifacial 
region on it. To form a standard set of cuts, we may draw 
a loopcut-line i,, resolving the surface, make a small loopcut 
Z/jj inclosing a part A^B^ of the line ij, and then a crosscut K^ 
along the part A^B^ of the line L^ which lies outside the loop- 
cut i,. The circuit round L^ turns the indicator, and so has 
an odd number of passages through the unifacial region. 
These passages may be got rid of in pairs till only one re- 
mains, so that the lines K^^ L^ may be brought to the position 
shewn in fig. 28* Choose directions along these lines as positive. 
Then either cut may by deformation have its direction altered 
without affecting the other. First, to alter the direction of K^ 
{Le, A^B^) when A^ and B^ do not lie as in fig. 28 but inter- 
changed, let A^ and B^ move round the loop L^ so as to 
change positions, and let the part OH of K^ passing through 
the unifacial region move round so as to pass in the opposite 
direction, as in fig. 29. Then let the part HB/ pass over 
the antipodal region of the sphere to the position HJB^^ and 
the cuts are equivalent to those of fig. 28, the cut K^ having 
also the proper direction. 

Again, if the line L^ lies in the wrong direction, let the lines 
K^ and i, be deformed so that L^ passes along the direction 
of K^ through the unifacial region and back to its position. 
This turns L^ over so that it now lies in the proper direction. 
Any set of cuts are therefore equivalent to that shewn in fig, 28, 
and there is only one deformation to the standard form« 
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In the case 2=2, the standard cuts on the standard surface 
are a loopcut A^A^B^B^ cutting out the simply connected 
conical piece, a crosscut A^B^ with ends on the loopcut across 
the untwisted strip, and a crosscut A^B^ with ends on the loop- 
cut across the twisted strip. 

Take as the surface a sphere with two unifacial regions. 
Any standard set of cuts may be supposed drawn as follows. 
J3raw any loopcut-line L^ with turning indicator, that is, 
having an odd number of passages through unifacial regions. 
Make a small loopcut X, inclosing a part of the line i,, and 
then a crosscut K^ along the part A^B^ of L^ which lies out- 
side i,. On L^ take points ^/, BJ separated by A^ and £/, 
and make a cut if, from -4/ to n^ resolving the surface to 
simple connection. 

Consider the line X,. If it have two passages in succession 
through a unifacial region, it may be deformed to get rid of 
both, so that no line passing twice in succession through the 
same unifacial region need be considered. Let the line begin 
at E (fig. 30), and pass first through Pof the unifacial regions 
Pj Q to F. It must then return to E^ or go through Q to O. 
In the latter case it cannot return direct from O to E^ for the 
circuit would not then turn the indicator ; it must therefore go 
through P to H, From H it must not return to E^ for that 
gives two successive passages through P\ or if from H it goes 
through Q it must return to the region in which E lies by 
passing again through P, that is, after any number of passages 
through Q and P it returns from P toE. This gives two 
successive passages through P and is not allowable. Therefore 
from -Fthe line must not go through ^ but return immediately 
to E, and any loopcut-line Z, is equivalent to a line with only 
one passage through a unifacial region. This gives two 
distinct forms for L^, And the positive and negative de- 
scriptions of one of these forms are not equivalent. For if they 
are, the circuit formed by subtracting one from the other must 
be reducible : now this circuit consists of one of the lines 
doubled, and is equivalent to a circuit round the unifacial 
region, that is, to a circuit passing once between P and Q ; 
and this circuit has been shewn irreducible. There are there« 
fore four distinct ways of making the cut A^B^ and the loop- 
cut A^A^B^B^ (fig. 31), the direction of the loopcut not 
considered. The direction of the loopcut is settled by the 
position of A^ from which the second crosscut starts. The 
cut A^'B,^' alone makes the original surface bifacial and there- 
fore passes through both Pand Q] and its ends lie in two 
regions which are connected only by passage through a uni- 
VOL. XXVII. P 
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facial region. Consider the case shewn in fig. 31, and let the 
cut start at A^. When the cut first goes through P it cannot 
have a successive passage through P and must go direct to B^. 
It must also go through Q but cannot make two successive 

5assages, and so goes from A^ through Q and P to -B/. 
therefore any cut from A^ to B^ is equivalent to this cut. 
Again, a cut in the opposite direction is equivalent to this cut. 
For, let the set of lines be deformed so that the loopcut 
A^'A^'B^B^' goes along -B/-4/ through Pand returns to its 
position : the loopcut is turned over and the crosscuts lie as 
in fig. 32, A^'B' being unaltered. Let the part of -4/5/ 
from -4,' twice tnrough P to Qhe deformed so as to go direct 
from -4/ to Q^ and let the part from Q to P be deformed over 
the antipodal region of the sphere : the figure thus becomes 
equivalent to fig. 31. Hence, when the cut A'B^ is chosen 
there is only one way of making the cut -4/P, . And since 
there are four distinct ways of making the cut -4/5/, there 
are four distinct deformations of the surface to the standard 
form. 

27. All surfaces have now been treated, and since the 
connectivity is given in terms of pj q, m hj 2p -^ q -{• m, or 
when »n = by 2;? + g' + l, the number of deformations of a 
surface to the standard form is given by the following 
scheme. 



Kind of Surface 


Connectivity 


Number of 
Boundary lines 


Number of 
Deformationa 


Bifacial 


1 





1 


Sifacial...... 


1 


1 


1 


Bifacial 


2 


2 


2 


Bifacial 


3....... 




a 


TJnifacial.... 


2 





1 


TJnifacIal 


2 


1 


1 


TJnifacial 


3 




4 


TJnifacial .... 


., 3 


2 


8 











All other surfaces. 



.00 



Digitized by 



Google 



Prof. Caytey^ On the nine-points circle of a triangle. 35 

28. The number of deformations of a surface A to 
another B (of the same kind, connectivity, and number of 
boundaries) is the same as the number of deformations to the 
standard surface 8. 

Choose one particular way of deforming B and 8 to one 
another, and let any number of deformations of ^ to 8 be 
deformed by this way from 8 to B. Any sets of lines which 
are e(;[uiYalent on 8 will be equivalent on every intermediate 
form and therefore also on B^ and any sets which are distinct 
on 8 will be distinct on B. On A draw any standard set of 
crosscuts. The number of deformations oi A \o 8 is the^ 
number of distinct forms these cuts can assume on 8\ which 
is the same as the number of distinct forms on B. Therefore 
the number of deformations oi A to B is the same as the 
number of deformations of A to 8. 



ON THE NINE'POINTS OIROLB OP A SPflEEIOAL 
TRIANGLE. 

By Professoe Catlbt. 

THE definition is In effect given in Hart's paper " Extension 
of Terquem's theorem respecting the circle which bisects 
three sides of a triangle," Quarterly MathematicalJournal^ t. IV. 
(1861), pp. 260 — 261, viz. if we have a spherical triangle 
ABC, then we have a circle (i.e. a small circle of the sphere), 
say the nine-point circle^ meeting the sides BC^ GA^ AB in 
the points F^L] (?, M; H^ N respectively, where 

, ^ „ cos i J -- cos ic cos ia 
tan \BF^ — ^ — , ? , — ^ , 
cos ^c sin ^a ' 

^„ cosjc-cos^acosP 
tan * O-T = rj—i — J , 

* cos^^sm^a ' 

(which equations agree with -RF+ FG=^ -5C), and 

♦o«iP7 _ cosj^csln^g 
tan^i>x« = rr—, i p > 

* cos \h + cos ^c COS \a ' 

* cosic+ cos^a 008^6 ' 
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36 ^^of, Cayhy^ On the nine-points circle 

(which equations agree with BL-k- LG=^BC)'^ and with the 
like formulae for the points (3, M and -H, N respectively. 

If, as usual, the sides of the triangle are called a, b^ o, and 
for shortness we write 

(cos^a, cos ^5, cosjc; sin^a, sin^J, sin^c) 

then the formulae are 

tani5F=«^l^, tan i Oi?'= '^^^ , 

Pix ^x 



and 



taniJ^=-P:i^, taniB5=i::^, 
Vx P^x 

r + />g ' ^ J? + gr ' 

tani^JV"=-^^, tanJ5iV = -^^. 
2>+2r' •• q + rp 

Before going further, it may be remarked that for a, b, c, 
each of them small, we have 

that 18 jBF= = ccosJ?, and similarly CF = a cob Cy 

if A, -B, (7 are the angles of the plane triangle ; that is, in the 
plane triangle jP, G^ H are the feet of the perpendiculars let 
fall from the angles on the opposite sides. Moreover, 

tan \BL = , that is BL = ^a, and similarly CL — \a ; 

that is X, My N are the median points of the three sides 
respectively. 

In the general case of the spherical triangle ABC (fig. 33), 
tde construction is eflfected by means of a triangle ASG\ the 
sides whereof are respectively the halves of those of the 
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original triangle: viz. for this triangle AWC\ we construct 
the points F\ 0\ H' and L\ M\ N\ and then on the sides 
of the triangle ^J?C taking BF^'lBV^ BL = 2BL\ &c., we 
have the points F^ (?, H^ Z, My N. 

Thus p, q^ r, o., q^^ r^ denoting as above the cosines and 
sines of the half-sides of the triangle ABC, that is the cosines 
and sines of the sides of the triangle AB G^ we have 

tan^'i^'^i::^, tanc^'i^'^^l::^, 



tan5'L'=-^^^, tanC'i' = 



<lV^ 



First, for the points T, G\ H\ we have AF\ B'G' C'H% 
the perpendiculars from the angles on the opposite sides, 
meeting in a point (7, the orthocentre of the triangle A'B'G'x 
in fact, from the triangle A'RF\ right-angled at F\ we have 

■nfnf ^ Af-nf n/ . < COS i J — COS Ac COS ia 

tan B'F' = tan AB cos J? ' = tan %c — ^-r— ; — 7^, ^ , 

Bin^csinja ' 

r^ q — rp q— rp 
■" r r^p^ - rp^ 

as above, and similarly for the points (?' and H\ 
I notice that we have 

B\nB'r= ^^^^ g-^i^ 

V{(2 - rpY + r>/} ' " V(2^ + r- - 2pqr) ' 

and thus 
Binti Jf = -T-r-j- — J — r, Sin O i' ="77-5 r^-"^:;; %« 

hence 

sin^'i?". sin (7'(?', sin^'^' = sin GT. smA'G'. sinB'E\ 

which (as is well known) is the condition for the intersection 
of the arcs A'F\ B'0\ CH' in the orthocentre (T. 
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38 Prof. Cayteyj On the nxne^points circle of a triangle* 
But I say farther that we have 

^ ^ q^ + r'-ipqr' 

8m2(7T'(-sm CF) = ^-P^P^ , 

and thence 

sin^i^. Bin CG. AnAH^ sin CF. An AG. smBH, 

and thuB the arcs AF^ BGy CH meet in a point which Is 
obviously not the orthocentre of the triangle ABC, 
Secondly for the points L\ M\ N\ we have 

8inFi'=-— ;— ^?i— -^, Bin(7Z' = — 5 — V\ r. 

V(? + r' + ^pqr) ' (q 4- r" + 2pqr) 

that is, 

Bin BL' : sin Ci' = r : ^, = cos ^-4' : cos CA^ ; and similarly 

sin CM': Bin A^lT^p : r, = cos (7^ : cos-4'JS', 

sin^'^': sinRN'^q :p, ^ cob A' (7 iqob BG\ 

VIZ. the sides S'C, C'A\ A'F are by the points U, M\ N' 
divided each into two parts such that for any side the sines of 
the two parts are proportional to the cosines of the other two 
sides. We have 

sin FZ'.sin (7'J/'.sin^'iV'' = sin C'L\ sin A'Ar. sinfi'iV, 

viz. the arcs A'L\ B'M% C^N^ meet in a point K^ which may 
be called the cos-centre of the triangle A'B^G' (where observe 
that for a, J, c indefinitely small, L e. for a plane triangle, the 
points L\ M\ N' are the mid-points of the sides, and the 
centre Jl' is the C. G. or median point of the triangle). 
But further we have 

^ ' 2 + r" + 2pqr ' 

sin2C-X- {^ sin CL) = ^/^^ [' \P^^ , 

and thence 

sin BL . sin CM. sin AN=i sin CL . sin AM, sin B^^ 
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Dr. Cole^ List of transitive substitution groups. 39 

viz. the arcs AL, BM, CN meet In a point, which is obviously 
not the cos-centre of the triangle ABC. 

We have thus the construction of the nine-points circle as a 
six-points circle, by means of the points F^ (?, H^ L, M^ N] 
and by way of recapitulation we may say that the nine-points 
circle meets the sides BG^ GA^ AB in the points F^L] Oy M\ 
Hy N respectively, where the points F^ G, H depend on the 
ortho-centre of the semi-triangle, and the points L, Jf, N 
depend on the cos-centre of the semi-triangle. 

The triangle ABGhM an inscribed circle and three escribed 
circles, and we have (as is known) the theorem that the nine- 
points circle touches each of these four circles. The circles 
BGj GAy AB and the nine-points circle form a tetrad of circles, 
and the inscribed circle and the three escribed circles a tetrad 
of circles, or say the eight circles form a bitetrad, such that 
each circle of the one tetrad touches each circle of the other 
tetrad. 



LIST OF THE TBANSITIVE SUBSTITUTION GEOUPS 

OF TEN AND OF ELEVEN LETTERS. 

By Dr. F. N. Cole, Ann Arbor. 

I. THE determination of the transitive groups of ten 
letters is a somewhat lengthier process than for 
nine letters, owing mainly to the increased number of possi- 
bilities m the non-primitive forms, but otherwise it presents 
hardly any new difficulty of a serious kind. It is impossible 
within the space that I am disposed to claim here to give 
any account of minor methods employed in individual cases, 
and accordingly the following contains beside a summary 
of results only the most indispensable landmarks, sufficient 
however, I believe, for checking the final list. 

For the non-primitive groups the ten letters divide into 
two sets of five or five sets of two. In the former case the 
intransitive bases (which must afi^ect the two sets of letters 
symmetrically) can only be the following : — 

Older. 

14400. (ahcde) all {fghij) all, 

7200. {{ahcde) all (fghij) all} pos., 

3600. {abode) pos. {fghij) pos., 

400. (abode)„(MijX, 
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200. 


[(ahcde)^{fghij)Ji^QS., 


120. 


(abcde •fghij) all. 


100. 


1 {{abcde)^ (fyftvlj q"a<l-„ 




2 {(abcde)^(jfff»j)J (laad.,, 




8 (abcde\^(/ghij),„ 


60. 


(abcde. /ffktj)ipoa., 


50. 


{(abcde\^(fyhtj) J dim., 


25. 


(abcde) eye. (fghij) eye., 


20. 


(abcde. /ghij)„, 


10. 


(abcde. fghiJX^, 


5. 


(abcde. fghij) eye. 



To each of the above intransitive groups are to be added 
substitutions which (1) transform them into themselves, 
which (2) interchange the two systems of intransitivity, and 
whose (3) squares are contained in the given intransitive 
group. In this way the following 29 groups are generated : — 

28800. (abcde) all {fghij) all (af. bg.ch. di. ej\ 

1 4400. 1 [(abcde) all ( fghij) all} pos. (af, bg.ch. di. ej\ 

2 [(abcde) all (fghij) all} pos, (afbg . ch . di,ej)j 

7200. (abcde) pos. ( fghij) pos. (af. bg.ch. di. ej\ 

800. (abcde)^^ (fffhij)^^ (af. bg.ch. di.ej)^ 

400. 1 [(abcde)^ (fffhij)J pos. (af. bg.ch. di. ?/), 

2 [(abcde)^ ( fghij) ^ pos. (afbg . ch . di. ej)^ 

240. * (abcde .fghij) all (af. bg.ch. di. ej\ 

200. 1 [(abcde)^ (fffmj q«ad.j (af. bg.ch. di. ej), 

2 [(abcde)^ (fghij) J quad.^ (afbg . chej. di)^ 

8 [(abcde)^^ ifg'hy)^] quad.j (afbgdich . e; ), 
4 ^ [(abcde)^ (fff^lj q^a^'s (^/- *i^ • «* • ^*'- «/)> 

6 [(abcde),^ (fffmj q^^d., (afbg. chej. di)^ 

6 (abcde),^ Uffmio («/*• f>g>oh. di. ej\ 

7 (abcde) ^^ {f9^y) (pf^9 • c*?/'- ^« )? 

8 (abcde), ^ ifghij),^ (ajbh . cfeg . (Z^j 
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groups of ten and of eleven letters 41 

120. 1 *(abcde •fghij) pos. (a/. hg.ch. di. e;'), 

2 \abcde •fghtj) pos. (a/, bhei, cjdg)^ 
100. 1 {(abcde\^ {f9^V)x^ <lina- («/• ^^ • c* • ^*'- «/) 

8 {(aicde) j^ (/gmj dim. (aJW. c/e^ . c?») j 
50. 1 (abcde\ (/ghy\ {of. bg.ch. di. ej\ 

2 {abcde)^ ifg^y)^ (V- ** • 9 • ^^ • «0> 

8 (aicdfe)^ (j/J^'Ay )5 (a/'. 5;\ ct . c?A . eg\ 

40. *(abcde »fgJiij)^ (of. bg.ch. di. ej\ 

20. 1 ^{abcde .fghij)^^ (af. bg.ch. di.ej)^ 

2 *(abcde Jghij\^ (agdh . bicf. ej)^ 

10. 1 *(abcde Jghij)^ {af. bg.ch. di.ej)^ 

2 *(abcde •fghij")^ (of. bj . ci. dh . eg). 

The groups marked * in the preceding list are non- 
primitive in both ways, having not only two systems of five 
letters but also five systems of two letters. 

Of intransitive bases suitable for bases of non-primitives 
of the second type, five systems of two letters, I find only 

32. (ab)(cd)(e/)(gh)(ij), 

16. {(ab){cd)(ef)(gh)(iJ)}fos. 

2. (ab.cd.ef.gh.ij)^ 

and identity. The non-primitives arising from the last two 
cases I find to be all included in the preceding table, being 
those marked there with *. The first two cases give rise to 
the following 13 forms : — 

f(acegi.bd/hj)\ 
(ace.hdf) [, 
(ac.bd) J 

1920. X («*)W(^/)i^^)(l)')([3^^^ 

I(acegi.bd/hj)^ 
(ace.bdf) [, 
lac.bd) J 
TOL. XXVII. G 
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42 Dr. Cole, List of the transitive substitution 

I(acegi .hdfhjy 
{aceMf) [, 
(ac.bd.ef) 

960. 1(„J) H) (ef) Wm P"- {[li^f^) . 

640. („i)M(./)W(!i-){(^;^>5«}, 

160, 1 (aJ) (ccT) (e/) (^A) (ij) {acegi. bdfhj)^ 

. |MM(./)Wte-))p.,.{<X2:"0i)}' 

80. {(a J) (erf) (ef) (gh) (y )} pos. (ace^ri . bdfhj). 

In a primitive group of ten letters the subgroup which 
leaves a single letter unchanged must affect all the nine 
remaining letters and can only be one of the following (where 
the notation is the same as in my list of the groups of nine 
letters) : — 

Order: 3, 6„ 6„ 9„ 9„ 9,, 12,,, 18,, 18,,, 18,,, 18,,, 18,,, 

27„ 27., 36„ 36,,, 36,,, 54^, 54,, 54„ 54,, 72,,, 72„, 

72,,, 144,,, 216,, 432,, 504, 1512, ^9 !, 9!. 

The corresponding primitive groups of ten letters, if such 
exist, have for their orders these numbers multiplied by ten. 

Several cases can be immediately rejected. There can be 
no primitive groups of ten letters of degrees 30, 90, 180, 270, 
540, 2160 or 4320. For a group of order 30 always contains 
a cyclical subgroup of order 15*, which in the present case 



* Cf. Amer. Jour. Math.., Yol. xv. pp., 215 seq. Also Holder : Math. Ann.. 
Bd. 43, p. 412. 



Digitized by 



Google 



groups of ten and of eleven letters. 43 

must contain circular substitutions of three letters. Also a 
group of order 90 contains, by Sylow's* theorem, either 1 or 6 
subgroups of order 5 each transformed into itself by 90 or 15 
substitutions, so that there would be in either case a (cyclical) 
subgroup of order 15. Similar considerations dispose of the 
remaining orders. (In the last case the positive substitutions 
would form a (non-existent) subgroup of order 2160). 

Also, in case of the orders 6„ 36^, and 36^^, the positive 
substitutions of the corresponding primitive groups of tea 
letters would form primitive groups of orders 30 and 180, 
which have just been shewn to be non-existent. 

The orders 5040 and 15120 are also to be rejected. Each 
of the corresponding groups, as is readily found, must contain 
120 subgroups of order 7. In the former case every sub- 
group of order 7 is transformed into itself by a subgroup of 
order 42. The latter is transitive in seven letters but not in 
eight, nine, or ten. On trial it is found impossible to construct 
such a subgroup which can be contained in a primitive group. 
In the second case a subgroup of order 7 is transformed into 
itself by a subgroup of order 126. The latter contains either 
1 or 7 subgroups of order 9, and in the second case in 
therefore isomorphic with a transitive group of 7 letters of as 
order which is a divisor of 126, and is therefore 7, 14, 21, or 
42. The group of order 126 therefore contains a self-conjugate 
subgroup of order 18, 9, 6, or 3. In any case some substitution 
of order 3 must be transformed into itself by a substitution of 
order 7, and then will therefore be a cyclical substitution of 
order 21 in the group, which is here impossible. 

There now remain only the following base-groups in nina 
letters : — 

63, 12,,, 36,,, 72,3, 72,,, 72,,, 1444,,, ^9 I, 9 T, 

and each of these, I find, gives rise to a single primitive type 
in ten letters. 

The groups of order 60 and 120 are readiljr seen to 
contain each 6 subgroups of order 5, and to be isomorphic 
with the alternating and symmetric groups respectively of 
five letters. These groups must therefore contain some 
substitution with two cycles of five letters each of which ia 
transformed into its fourth power by ad.bf.ce^gh. On trial 
the only admissible form for this substitution is found to be 

iafhd.jehgc. 

* Math. Ann., Bd. v, pp. 684—94. 
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The two groups of orders 60 and 120 are accordingly 

60. (abc.de/. ghi) eye. (ad.b/.ce.gh) (iafbd.Jehgc) eye, 

120. G^(ad.be.c/). 

The group of order 360 must contain 36 subgroups of 
order 5, each of which is transformed into itself by a subgroup 
of order 10. Since the group is even and therefore contains 
no cyclical substitution of ten letters, it appears that there is 
Bome substitution with two cycles of five letters each which 
is transformed into its fourth power by acbd.eg.fh. I find 
essentially only one such substitution, otherwise permissible! 
viz. 

laeffc.jhbd/f 

and the only primitive group of order 360 is therefore 

360. (abed . efgh) eye. (iac . bgh . dfe) eye, (iaegc .jhdbf) eye. 

Two of the primitive groups of order 720 are half positive 
and half negative. These tnerefore contain the preceding 
type as a subgroup. The third case also present no serious 
difficulty. I mid for these three groups 

720. I G,^(a^.ef.gh\ 

2 ^860 (ofbgchde) eye., 

s 0^^{ahcf.bgde)cjQ. 

Finally the primitive group of order 1440 contains the 
last case as its positive subgroup. Accordingly we have 

1440. G,^^(ac.e/.gK). 

To these are to be added the alternating and symmetric 
groups 

ilOl (abcde/ghij) hl\, 

10 1 (abcdefghij) pos. 

The primitive groups of order 60 and 120 are simply 
transitive. Those of orders 360 and 720, are two-fold, and 
those of orders 720,, 720,, and 1440 three-fold transitive. 

II. A transitive group of eleven letters is primitive, and 
therefore contains no substitutions of two, three, four, five, or 
seven letters. From a theorem of Jordan*, its order is a 
divisor of 4. 6. 8. 9. 10. 11 = 11. 17280. Furthermore, such a 
group must contain subgroups of order 11, and by Sylow's 

"* Jordan : TraUe des substUutionsj p, 665. 
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theorem the number of the latter is of the form 11A: + 1, and 
is a divisor of the order of the group, the quotient being the 
number of substitutions in the group which transform a sub- 
group of order 11 into itself. Now the only divisors of 
11.17280 which are of the form 11A+ 1 are 

1, 12, 45, 144, 320, 540, 1728. 

Again, the symmetric group of eleven letters contains 9 1 
subgroups of order 11, each of which is therefore transformed 

into itself by -^ =110 substitutions of eleven letters. 

Accordingly the order of a transitive group of eleven 
letters is of the form 

lla(llA; + l), 

where a is a divisor of 10, and lli+1 is one of the seven 
numbers above. Of these orders those can be at once re- 
jected for which a= 1. For, in this case, of the 11 (11A;+ 1) 
substitutions of the group 10(llA; + l) would be of order 11 
and only 11A;+1 would remain. But the subgroup which 
leaves a single one of the eleven letters unchanged is itself ' 
of order 11A; + 1, and the eleven subgroups of this kind would 
contain more than 11A+ 1 substitutions, unless indeed A; = 0. 

The possible orders of transitive groups of eleven letters 
are therefore included among the following sixteen : — 

11, 11.10, 11.90, 11.640, 11.1440, 

11.2, 11.24, 11.120, 11.720, 11.3456, 

11.5, 11.60, 11.288, 11.1080, 11.8640, 

11.17280. 

I consider now first the simply transitive groups. Of 
these those whose orders are divisible by 5, contain substi- 
tutions of order 5 which must consist of two cycles of five 
letters each. Accordingly the (intransitive) subgroups which 
afi^ect only two letters each have two systems of intransitivity 
of five letters each. No substitutions of the five letters of the 
one system can occur with two difi'erent substitutions of the 
letters of the second system. For then a proper combination 
would give substitutions afi^ecting the second system but not 
the first. Consequently the subgroup aflfecting ten letters 
rests on a one-to-one isomorphism between two transitive 
groups of five letters each, and its order is 120, 60, 20, 10 
or 5. The orders 120 and 20 are to be rejected since the 



Digitized by 



Google 



46 Dr, Cohj List of the transitive substitution 

group (abode. fghvj) all contains substitutions of four letters, 
and the table above does not include 11.20. Also, the group 
(ahcde.fghij) pos. contains 10 conjugate subgroups of order 3 
affecting six letters each, and therefore the corresponding 
group of eleven letters would contain Y x 10 = 22 such groups, 
each of which would be transformed into itself by a group 
of order ^^^^ = 30. The latter must contain a cyclical sub- 
group of order 15 which is here inadmissible. 

Hence^ the order of a simply transitive group of eleven letters 
which contains a substitution of order 5 can be only 110 or 55. 

For the remaining orders 

11, 11.2, 11.24, 11.288, 11.3456, 

it is to be noticed that if a group of order 1 1 is transformed 
into itself by 22 substitutions, 11 of these are of order 2 and 
consist of 5 cycles of. 2 letters each. The corresponding 
transitive group of eleven letters is therefore half odd. Its 
even substitutions form a self-conjugate subgroup of half the 
order of the original group. But a self-conjugate subgroup 
of a primitive group is transitive.* Now, as there are no 
simply transitive groups of eleven letters of orders 11.12, 
11.144, 11.1728, there are none of orders 11.24, 11.288, 
11.3456. 

A simply transitive group of eleven letters is of order 
11,22, 55, or 110. 

For each of these orders there can be only one subgroup 
of order 11, which is therefore transformed into itself by the 
entire group. The latter is therefore in each case a subgroup 
of Kronecker's well-known metacyclic group.f The group of 
order 1 10 is doubly transitive. 

The orders of multiply transitive groups of eleven letters 
iire divisible by 110. The only orders in the table which 
satisfy this condition and which can have transitive subgroups 
of ten letters, with no substitutions of less than six letters, aref 

11.10, 11.60, 11.120, 11.720, 11.1440. 

The group of order 110 is the metacyclic group already 
mentioned. Those of orders 11.120 and 11.1440 contain 
substitutions with 5 cycles of two letters, and are therefore 
half odd. The problem is, then, to determine those of the 
two orders 11.60 and 11.720. 



• Netto : Thewy of SvhatUiaions, p. 82. 

t Ibid, p. 152. 

X V. the preceding list of transitive groups of ten letters. 
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For the first of these two cases the subgroup which leaves 
a letter unchanged can only be the primitive group of order 60 
in ten letters. For the second case the same subgroup must 
be even (otherwise the group would contain a self-conjugate, 
and therefore transitive, even subgroup of order 360), and 
there is only one even transitive group of order 720 in ten 
letters. 

It is known that there is a group of order 660 in eleven 
letters, viz, the simple group of this order identified with the 
theory of the transformation of the 11*^ order of the elliptic 
modular functions.* And Matthieuf has constructed a four- 
fold transitive group of eleven letters, which being composed 
of even substitutions, must from the preceding reasoning be 
of order 720. It is therefore sufficient to show that there is 
only one group of each of these orders. 

The group of order 660 contains 12 subgroups of order 11, 
each of which is therefore transformed into itself by 55 sub- 
stitutions of the group. These form a semi-metacyclic group, 
which when the subgroup of order 11 is given can be found in 
only one way. We may assume this semi-metacyclic group 
to be 

{abcdefghijk) eye. [bdjfe.cghhi) eye. 

Again, the group of order 660 contains 66 subgroups of 
order 5, each transformed into itself by a non-cyclical sub- 
group of order 10. The 5 substitutions of order 2 in the 
latter, being even, affect 8 elements. For the subgroup 
{bdjfe.cghki)cjc, the substitution of order 2 which leaves the 
letter b unchanged must be one of the 5 following : — 

de .jf. gi . hk^ de ,jf, ch . iky de ,jf. ci . gk^ 

de .jf. eg . My de »jf. ck.gh. 

But the products of abcdefghijk into the first, second, and 
fourth of these are substitutions which cannot occur in the 
group. Also, the third case is transformed into the fifth by 
the substitution 

bk.cj,di*eh,fg 

which transforms the group of order 55 above itself. Accord- 
ingly we obtain the same result essentially whether we com- 
bine the third or the fifth substitution of order 2 with the 
group of order 55. 

This combination leads to a transitive group of an order as 



• Cf. Klein-Fricke : Modulfunctionen, 
t Matthleu : Idouville (2), t. 5 and 6. 
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48 Dr, Cole, List of the transitive substitution » 

laro;e as 11 .5.2 = 110, which is not the metacyclic group, and 
can therefore only be the group, kuown to exist, of order 
660. 

There is only one type of group of order 660 in eleven 
letters, viz,, the simple group of this order, connected with the 
theory of the elliptic modular-functions. It may he written 

{abcdfghijk) eye. {bdjfccghki) eye. {de.jf.ck.gh).\ 

One of the subgroups of order 60 Is readily found to be 

{bdjfe.cghki) eye. (fge.hjd.bck) eye. 

To this must be added, to form a primitive group of order 120 
in the 10 letters, the substitution 

bi,dg,eh.cjkf 

But the latter does not transform the group of order 660 into 
itself. 

There is therefore no group of order II . 120 in eleven letters. 

The group of order 11.720 contains 144 subgroups of 
order 11, each transformed into itself, as in the case of the 
group of order 660, by 55 substitutions of the group. There 
are, however, now 11.36 subgroups of order 5, each trans- 
formed into itself by 20 substitutions. We must now add to 
the group 

[abcdefghijk) eye. {})djfe.cghki) eye. 

a substitution with 2 cycles of 4 letters each which trans- 
forms M^y^.c^Mt into its second power, and the square of 
which is de.jf.ck.gh. This can only be 

djef. cghh 

and this in combination with the group of order 55 generates a 
group of an order as large as 220, \«rhich is not contained in 
the group of order 660, and which is therefore the Matthieu 
group of order 11.720. 

There is one and only one group of order 11 .720 in eleven 
letters^ viz.j 

[abcdefghijk) eye. {bdjfe.cghki) eye. (djef.cgkh) eye* 

Transforming this group with respect to the substitution 
ak.eh.Jb.fd^ we obtain 

{kjcfhdgeiba) eye. (jfbdh . cgeai) eye. (fbhd.cgae) eye. 

^[abiegdhfcjk] eye. [iaegc .jhdbf) eye. [aecg.bhdf) eye. 

♦ This group like that of order 660 is simple. 

Digitized by VjOOQIC 

\ 

\ 



Dr. Cole^ List of transitive substitution groups. 49 

Let 

dbiegdhfcjk = />, iaegc .jhdbf^ a^ aecg . djhh^ r ; 
we have 

per* =2 adf. big . cjk^ />"' (per* ) p^ ^fbe . c;a .^'rfA = «, 

«"V 5 = icfdj . o^AeJ = f, fer* = c^A . t<c?i . afg. 

Accordingly, in the group of order 11.720, the subgroup 
which does not affect the letter k contains the substitutions 

iaegc .jhdbf aecg . Ihdf^ ihd . che . agf. 
Also 

p't p"' = bdjg . ichf a*(p\p^^) = iehd.abgc^ 

idb . ceA . afg x lieAei. oiyc = afch . Jed^, 

80 that the subgroup mentioned also contains afch.hedg^ and 
is therefore (c/l the list of group of ten letters) actually the 
positive transitive group of order 720 in the letters. 

If now there is any group of order 11.1440 in eleven 
letters, it naust be obtained by adding to that just found the 
substitution 

ac.'ef.gh. 

This transforms the subgroup of order 720, just considered, 
into itself. But the substitution p becomes 

p = ajkcbifhdge ; 
also 

pp^ « afijbhdge^ 

which does not occur in the subgroup of order 720. 

There is therefore no group of eleven letters of order 
11.1440. 

Following is a complete list of the transitive groups of 
eleven letters : — 

Older. 
11 1 {abcdefghijk) all, 

Jll I {abcdefghijk) pos., 

7920. V^^^9dhfcjk) eye. {abcd.efgh) eye. | 

[[iaegc. Jfidb f ) cy c. (ahcf.bgde) eye. ^ ' if ' J J J 'j 
= [dbiegdhfcjk) eye. [iaegc. jhdbf) eye. [abcd.efgh) eye, 
660. [abiegdhfcjk) eye. {iaegc. jhdbf ) eye. [ac.eg.bd.fh]^ 
110. {abcdefghijk) eye. {Jbceifkjhdg) eye, 
55. {abcdefghijk) eye. [bdjfe.cghki) eye, 
22. {abcdefghijk) eye. (JA . cj . di. eh fg)^ 
11. {abcdefghijk) eye. 

VOL. XXYII, H 
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50 Mr. Dyson^ The motion of a satellite 

Of these the third is four-fold, the fourth and fifth are 
two-fold, and the last three are simply transitive. 

I avail myself of this opportunity, to note an error in my 
corrected list of the groups of eip;ht letters in the preceding 
Tolume of this Journal, On p. 374 at the top two of the six 
groups of order 16 are identical, viz. 



1, ac.bd^ 
ac, Jc?, 
cib.cd^ ad.bc^ 
abcdj adcb 


1, eg.fh^ 1, ac.bdj 
e/gh^ ehg/j ac, bd^ 
eg, /A, ab^cd, ad. be 
ef.ghy eh.fg^ abed, adbc, 


1, ^3'Aj 
ef.gh, eh.fg, 

efgh, ehgf 

eg, fh. 


At the bottom of p. 373 the last eight lines should be 
omitted. 


Ann Arbor. 

Jan, 189 
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THE MOTION OF A SATELLITE ABOUT A 
SPHEEOIDAL PLANET. 

By F, W. Dtson, M.A., Fellow of Trinity College, Cambridge ; Isaac 
Newton Student in the University of Cambridge. 

The Motion of a Satellite round a Spheroidal Planet. 

TN this paper the motion of a spherical satellite about a 
spheroidal planet is discussed. Equations in the canon- 
ical form are obtained for the motion of the planet about 
its centre by the method of Jacobi and Hamilton. These 
are transformed, giving six equations for determining the 
elements of the planet's motion about its centre. The six 
equations giving the elements of the satellite's orbit are 
quoted from Planetary Theory. The disturbing function is 
expanded in terms of the time : the secular part of it being 
obtained carefully for any spheroid whose surfaces of equal 
density consist of similar spheroids. The secular inequalities 
are considered fully: it is found that the mean distance between 
the bodies and the inclination of the planet's axis to its 
axis of resultant momentum are unaltered and that the motion 
of the node of the plane of resultant momentum of the planet 
and of the Satellite's orbit on the invariable plane of the 
system is nearly uniform. The periodic terms are considered 
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•which occur in the Moon's Libratious. The mean distance 
and the inclination of the planet's axis to its axis of resultant 
momentum are shewn to be stable when terms of the second 
order in the disturbing masses are considered. 

Section I. 

§ 1. The equations /or the variation of the elements of the 
motion of an oblate spheroid about its centre oj gravity, 

A spheroid under no forces spins uniformly round its axis, 
while that axis describes a cone round the line of resultant 
angular momentum. To determine the motion completely 
it is necessary to know : 

The position of the line of resultant angular momentum : 

The inclination of the axis of the spheroid to this line, and 
Its position at one definite time : 

The angular velocity of the spheroid about its axis, and 
the position of a given meridian at this definite time. 

Altogether, six elements 'must be known. The action of 
disturbing forces on the spheroid will cause these to vary. 
We have to find the equations giving the variation of these 
elements. We shall first integrate the equations of the un- 
disturbed motion by the method of Hamilton and Jacobi, as 
this leads readily to the formation of the required equations* 
The motion of any body under no forces has been considered 
in this way by M. Serret {MSmoires de V Acadimie des 
Sciences, t. xxxv), and by M. Radau {Annales de V Ecole 
Normale Supirieure V Sirie t. Yi). It is, however, easier to 
find the equations independently for the simpler case of a solid 
of revolution. 

§2. Let A be the position (fig. 34) of the line of resultant 
angular momentum of the spheroid: Pits axis of figure: iVthe 
descending node of the polar of A on the plane of reference : 
O the point from which longitudes are measured. 

Let d and i// be the latitude and longitude of P. Thea 
0M=^ \P ; MP= 0. Let 4> be Euler's third coordinate, that 
is, the angle which a plane through the axis fixed in the 
spheroid makes with the plane ZPM. 

Let G and A be the moments of inertia of th6 spheroid 
round its axis and a perpendicular diameter, respectively. 

The kinetic energy is given by 

2 r= ^ (^* + cos'^i^*) +C(4>-hxf sin 0)\ 
Let the momenta corresponding to 0y i, ;// be 9, <l>, ^* 
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t)T 

Therefore 2 T = -^ |e' + sec'^ (* - * sin O)'} + -i *', 
80 that Hamilton's principal function 8 satisfies the equation 

We require an integral of this equation containing tbree 
arbitrary constants. 

Put 8=- a^t + a,^ + a^^P + 8,^ where 8, is independent of 
tj <l>f and \p. 

Then - 2a. + ^V i |(||)' + sec'^ (a, - a, sin e)'| = 0. 
Writing, for brevity, 

this equation gives 

. f» Via/ cos'5 - (a, - a, sin ^)T ,. 
^= - a/ + a,<l> + a.^ + j^^^^i-^ ±^ ^ ^^. 

The lower limit is arbitrary: let it be taken to be the 
least root of the equation 

a;co3«^-(a3-a,8in5)' = 0. 

§3. The integrals of the dynamical equations for the 
motion of the spheroid may be taken as 

where ^Sj, /S^, 13^ are three additional constants. 

* Routh, Biffid Dynamics^ Vol. Ii., p. 257. 
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Since a^ cos'^j - (ttg- a, sin 0^^ = 0, these equations are 



^* "" ■*■ ; .^ VK cos"^ - (a, - a, sin ^)-} » 

S =fh^- C cosgc?^ 

P. - 9 G^j^^ ^\^- COS'S - (a, - a, sin ^)'} 



r 



sin 6 (a, — a, sin 0) d0 



n ' 



e cos ^ Vfa/ cos*^ — (a^ - a, sin 6/)'} 

5= > f^ («,-a,Bing)t?g 

^» "^ j^^ cos ^ V{a; cos'^ - (a, - a, sin 0y\ " 

These equations give 0^ ^, t// in terms of t and the six 
arbitrary constants a„ a„ a^ l3^, 0^^ /S^. These quantities are 
Canonical elements^ and lead very readily to the equations of 
the disturbed motion. 

§ 4. We now proceed to find what these constants are in 
terms of the elements of the motion mentioned in § 1. 

Let in -a -13 and ^w - a -f /3 be the roots of the equation 

a/ cos*^ -(«,-«, sin ^7 = 0. 
It is easily seen that 

Og a. a. 



cos)8 cos a 8iu)3* 
Let each of these fractions = a;. Then 
./cosV^^sin'iSx 

a, = a?cos^, 
ag = a?cosa, 
a^ = a;sin)8. 
The quantity under the square root 

a/cos*^-(a,-a3sin^)' 
must therefore be always positive. 

Thus {cos(i7r-/S-^)-cosa} {cosa- cos(i7r-^ + i8)} 
must be always positive. 
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64 Mr. Dyson^ The motion of a satellite 

Therefore 6 must be < ^tt - a + ^8, 

and > ^TT - a - iS. 

It follows that P is the radius of the small circle described 
by the pole about the line of resultant angular momentum, 
and ^-TT - a is the latitude of this line. 

Thus, in (fig. 34), 

Z4 = a and AP^ff, 

and «j = iZPj = j7r-a-i8. 

Let N be the descending node of the great circle parallel to 
the small circle described by P. 

Let ON^Ni then OE^N+^ir. 

Let (f>^ be the value of when P is at P^, %, e. when 6 = 0^, 
The equations of § 3, shew that 

and /83 = JV+i7r. 

Let the angle Pj-4P= X) 
sin^=cosZP 

= cosa cos^ - sin a sin )8 co^X' 
Therefore cos5cZ^= sinasin^sinx^X- 
Also Via/ cos*5 - (a^ - a, sin 6y\ = x sin a sin /S sin x* 
Therefore, 

or x= 2(' + '^'>- 

■17 

Therefore — = «j = angular velocity of P in its circle 

= 2»®^^> 
or aj= Osec^. 

Also, if T be the time when P is at Pj, 
/3. = -T. 
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Cbbout a spheroidal planet 65 

We have, thus, the following canonical system, 
a, = iC'a>* sec''/S j^-^ + -^ j , ^, = -t, 

Ogss (7ai sec^ cosa, /?, = -jr + iItt. 

If e, = longitude of P when ^ = 0, 

Q 

SS-— -wBecp.T. 
Therefore, instead of - r, we may write 

C/o) sec/8 ^ * ^ ^ 

§ 5. Solving these equations, we have 

Let R be the disturbing function : then It is expressible 
as a function of a„ a„ a,, ]&„ /3„ /8„ t : "or of a, /8, o», «S;c., « j 
and we bare tbe equations 

g^ = ^. cos ^ jcota ^ + cot/3 g^ + (e. -i^- i^) ^j , 

35 1 f aiZ ^ ^fl/sin'/S co8';8\ 35 

aT. = cs Tai;; " o"'**'^ [~t + "o" j a^ 

+ — ^ cota cos'/S g^ + —^ co8'/S (e, - ^^- ^tt) ^ J , 

a5___l_ coa/8 35 
3a, ~ Cm sin a 3a ' 

as O ^35 

g^ = ^a,sec/S^, 
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as _a^i 

ofi oR oR 

Since a^y a„ a^, ySj, ^„ ^9, are a canonical system^ 

da^^dR d^__dR 

dt 3/3^ » dt "• aa^ * 

rfa, ^ as 3^. - _ 9^ 

dt *" a/?, ' dt " Sa, • 

Finding --j- , &c. in terms of -^ , —^^ &c., and substi- 

r)R 

tilling the above valuea of ^, &c., we obtain 

d^ _ afl 

+ — ^cota coa'/S ^^ + — ^ cos'/3 (e, - iV- ^ir) ^\ , 

^ sin a doL BR ., ^dR 

C(o -^ . 37 = - x^x- (1 - cosa) ^ 

cos/3 cf^ 9^ ^ ^96. 

^C;-4 922 
+ cosacosp — 77—. ^T-f 

^ sina dN^dR 
cos/S * fl?^ "" 9a * 

^ cos*/3 rf/3 95 . ^/Bin'/3 cos*^\ 95 
sm 8 dt 9Sj \ ^ C J d(l>i 

Cfp rfe, _1 — cosa95 ^o^^ 
008/:^ * (3?« "" sina 9a 9/3 

^ O-^ ^. ,^ - .95 
+ -^T-cos/S(e,-iV^-i7r)g--. 

C * 

Let us write -^ o) sec/8 = n^. 
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about a spheroidal planet. 57 

When the perturbing function is developed, it will be 
found that o) only occurs through rij : while n^ only occurs in 
series and cosines of multiples of n^^ + e,. 

/8 occurs both through Wj and otherwise. 

Denoting, henceforward, by ^ -the differential coefficient 

of 12 as if n^ were an independent variable : and taking a new 
8j as in planetary theory, so that 

we find 
Tt^d^^' 

d . . ^ dR , dit 

. . dR dR 

. rf<^, C-A ^ O^R , A o 

An^ -p = p— cota cos/o -«- + ^ coscc^S 

/8in'/9 cos'/Sx aiJ C--4 a/-/- j. . - »t i v8-B 
X (-^ 4 — ) 3^ C- eo8/3a«.i<+e.- JT-i^) g^^ , 

" de, 1 - cosa SB .o^^ 

§ 6. These are the equations determining the variation of 
the elements of the spheroid's motion about its centre, due to 
forces which have a force-function B, 

If these forces arise from the attraction of external matter, 
and if the spheroid be absolutely rigid, and accurately a solid 
of revolution, B will not involve 4>i' so that the above 

equations may be simplified by putting ^ = : and the first 

of them may be integrated giving a> = const. This, however, 
does not hold if the spheroid yields at all, or if there are any 
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58 Ilr, Dyaon^ The motion of a satellite 

forces of the nature of tidal friction. Also, if the spheroid 
attracted external matter as if it were a sphere of the same 
mass^ it would move about its centre as if under no forces. 
The difference of its attraction and the attraction of a sphere 
of the same mass on external matter causes the disturbing 
forces. 

When we are only considering the motion of the system 
consisting of a spheroidal planet and a spherical satellite, we 
may take the undisturbed motion of the satellite to be the 
elliptic path about the centre of the planet as focus, which it 
would describe if the planet attracted like a £iphere of the 
same mass. The disturbing fraction 8 arises from the 
di£ference of these attractions and is, except for a constant 
factor, the same as 12. 

§ 7. The equations giving the variation of the satellite's 
elements are, in the usual notation of Planetary Theory, 

da 2«a' dS 

di * "/T ds ' 

& _ tta(l-<0 dS na v^(l - e') fdS dS\ 
dt "" fie de fie We dsr) ' 

dvT ^ na V(l —e'^ dS^ natan^t dS 
^ "" fie de^ fi V(l - «*) ~di * 

de __ 2wo* dS na V(l - c*) . .. ,., dS 
di 'iTdi'^ 7e ^^"^^^ ^^^^ 



d£l __ na dS 

~St " fi isj{\ - e') sint di * 

di _ na 

It """"/Li V(l 



natan^t dS 
■^■/iVCl-O 'di' 



I { I dS .(d8 dSA 



Expansion of the disturbing Function* 

§ 8. The potential of a homogeneous spheroid at an 
external point whose polar coordinates are r3 is 
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wbere M is the mass of the spheroid and c' the difference of 
the squares of its semi-axes. 

If the spheroid is not homogeneous, but its mass is 
distributed symmetricallj about its centre, the potential will 
be of the form 

7 + ^^^i-^p V^i y 

where A^ is a constant depending on the distribution of the 
mass of the spheroid. 

In particular, the first terms will be 

where C and A are the moments of inertia about the axis and 
an equatorial diameter respectively. 

The disturbing function 12 to be used in considering the 
motion of the spheroid about its centre is 

And the disturbing function to be used in considerifig 
the motion of the satellite is 



We shall write 2^^^ ^'^^pT^^ = ^> 



We proceed now to develop F in terma of the elements of 
the motion of the planet and satellite. 

§ 9. Let 0£lN be the plane of reference (fig. 34). Let Z 
be its pole ; the point from which longitvides are measured. 

Let UKA^Q be the plane of the satellite's orbit: 12 its 
ascending node on the plane of reference : A^ the satellite's 
position at perigee, and Q at the time t. 

Let KNRL be the plane of resultant angular momentum 
of the planet : A its pole ; K the ascending node of the plane 
of the satellite's orbit upon it. Let R be 90*" in front of K. 

Let P be the position of the planet's pole at time t. 

Let Ol2 = n, ON=Nj ON+NL = \ OQ + QQ^^ff^ 
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60 Mr. Dyson^ The motion of a satellite 

Let LKaN^i, iKNa^a. 

Also, let N^KN^N\ 

and lA^KN^j. 

Then ^Z = \-JV; KL^X^N' 

Q.Q =^-X2, j^C =e-12' J 

Now cobPQ = cobP-4 cos QA 

+ cosPjS'cos Q^+ cobPB cos QR^ 

cosP4 = cos^, cos QA = sin^' sin (JS - X2'), 

cosPir= 8in/3 co8(\ - N'\ cos QJr= cos(d - f2'), 

cos P5 = sin p sin (\ - N')^ cos ^5 = cosj sin (Jd^QT). 

Therefore 

cosPQ = cosyS sin^' sinC^ - fi') + sin^ cos(\ - N') cos {9 - fl') 

+ sin P COBJ sin (\ - N') sin (^ - i2'). 

This is a function o{ 0jj^\ — N\ ^ — w, «j — 12'. 
The disturbing function is in addition a function of r. 
The expressions of the form 

sinA?(^-gr) cosA?(g-gr) 

which will occur, may be expanded as functions of 

a, e, w^ + e — -BT. 

Thus, writing M + e, instead of \, we find that the 
disturbing function P is a function of 

/3, J, a, «, w - 12', n^ + e — -BT, nj + Sj — JV^'. 

§ 10. The case which will be considered is the one in 
which 12 and N coincide : so that 12' = 12, ^' = N. 

r)F t)F 

In finding ^, ^, in this case we cannot put 12' = 12 
till after the differentiation. 

Denoting by f ^j ; i^j the expressions we should 
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obtain by differentiating after £t' baa been pat 
i^ = JV; wefind 

az^ _ 
da, ■*■ ^' aa' 



61 
■ Q, and 



and 



dF _ (dF\ ao' fdF\ az^ ^ af :^ 

ail ~ [daj aa {dNj 
_ /aFx aa' ^ fdF\ bn; dF^ 

~ \da) dN^ KdN) BN + ^ dN 



dF 



Now cos; = cos a cos t — sin a sin i cos (N—Q,). 
Therefore 



l-'-'i-o 



when 
Also 



^= 12, and also ^' = a + 1. 
X2' = 12 + SIK^ 



and, considering Q,KNas a plane triangle, which is allowable 
when it is verj small, 






sma 



Therefore 



8in(a + t) 

sint 
sin 



(N-a), 



§^=4. /i _ g'ntt ^ /a^\ sint /a^\ 

da I Bin (a + OJ V3Q>' sin (« + V3-W ' 
, aF_ . sina /aF\ f _?!!iL_l/'^^ 
'"'' ai^~'^sin(a + |-)VaQ/'^t sin(a+0] Va-W* 
Again, since F is ^(m,« + Sj— ^, n< + e - «»•, « - G), 

ae. + vaw " 
ae ^ a«r + Vaa/ 

Therefore, if we replace in the formulas 
a^, sin a /dF dF\ 



dF\ 



^-h - "»« (^ ^\-(i- sint N a^ 
a^ sin (a + t) las dtir) \ sin (a +t)/ as, 

J ^h -^1 sin a \ /aF a^x sint a^ 

ao ^ \ ~ sin (a + 0/ \ as ■*■ awj sin (a + t") ae^ 
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62 Mr. Dyson, The motion of a satellite 

we may take F^ when ^and X2 coincide In its simplified form, 
as a function of 

a, e, 1, a, ^, w^ + e - «j, Wj< + e,- N^w —N. 

§ 11. The disturbing function is given, as far as the first 
power of the ellipticity of the spheroid is concerned, by the 
equation 

^^ P.CcosPg)^ 

Substituting the yalue of cosP^ 
i^^r' = -iP.(cos/S)P.(cosj) 

+ 1 sin 2/8 sin 2j sin (\ - N') 
+ f sin'/3 siny cos2 (\ - i^') 
- J P, (cos/S) siny cos 2 (0 - fl') 
- 1 sin 2i8 sin 2/ sin (\ - JV") cos 2 (^ - G*) 
+ 1 sin^/S (1 + cosy) cos 2 '(\ - JV^') cos 2 (^ - 12') 
+ 1 sin 2/S sin j cos (\ - J\r') sin 2 (^ - 12') 
+ f sin'yS coij sin 2 (\ - N') sin 2 (« - 12'). 
In the case when N and 12 coincide, we may put 

To obtain P as a function of the elements and the time, we 
must expand 

1 sin2(g-tsr) cos2(g-'ey) 

in terms of the time. 

§ 12, The secular part of the disturbing function for a planet 
of any oblateness. 

This can be found exactly for all values of the eccentricity 
and obliquity of the satellite's orbit, as well as for all values 
of the ellipticity of the planet. Let B be the pole of the orbit. 

Join PJ, PZ, BQ. 

Let 8 be the pole of BQ (fig. 34). 
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nhout a spheroidal planet 63 

The disturbing function 

But P^(cosP<2)±=P„(co8PJ)P^(cos<2^) 

+ 22 (^^[ 2;'*' (C08P4) r/) (COS <2^) COS* (P4(^). 

Now PAQ = PAN+ NA Q, 

and PAN=n^t + e^-N. 

Thus the disturbing function consists of terms of the form 

CZ'/>(co8 QA) ^, cos* (QAN) cosi (n,«+ s,- i^), 
and Or^<*> (cos C^) — i« sin k ( g^i\0 sin k (n^t + i^- N). 
T/)(co8(24), ^.,sinA((?^J^, 

all involve ^, but only through sines and cosines of multiples 
of wf+e. 

The above expressions are, thus, of the form 

2 Id cos jfc' (nt + e) + ^sinft' (nt + e)| ®*° * (n^t + e^). 

If, therefore, Wj and n are incommensurable — that is, 

I>rovided there is no commensurable relation between the 
ength of the satellite's jear and the period of the pole of the 
planet round the invariable line — these terms will not give 
rise to any secular inequalities. 

The secular part of the disturbing function is therefore 
contained in 

Again, P^ (cos QA) = P,^ (cosP^) P^ (cos50 

+ ^^^|W! V(<«»^-1) V(cosP<2) coak(QBA). 
The angle QBA^KS 

= i9r-(<?-i2'), 
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64 llr, Dyson^ The motion of a 'satellite 

Therefore r^<*> (cos J5(?) = 0, when * is odd. 

Also cosJ5-4= cob; 

= cos a cob % - sin a sin i cos (N^ fi). 

Therefore the secular terms of the distarbing function are 
contained in 

f (-l)'-c* i^.(°0«g) \p (ff.p /cos;) 

+ 22 (^^ ?;<-' (0) V (COBJ) (- 1)' C082j(tf-fi')]| . 
j^^coB2y(g-Q'-i) 

= Jo + ^1 cos(n< + e) + -4, C082 (w^ + e) + &c. 
+ J5, sin (wi + e) + 5, sin 2 (n« + e) + Ac- 
Write for brevity, wf + e = f, 
and d — m^v). 

Then 2ir J,=J ^, '-d^. 

But r'^ = A = naV(l-0. 

Therefore ^?= :i ^^^ ^. , 



Also 



1 11 + 6COSU7 



r a 1 - e* 
Therefore 27r-4^ 



« -^x (1 - e')'^* f (1 + e COB w)'^* cos 2 j (w? + tir - 12') (?«?. 

Writing 6=sBin^, 

^ . cos2fl'(cr— H') f .^ . , .,„- ^ - 

2irA^ = ,y^.x .^ — yp_i I (1 + Bin q> cos w)' cos 22m; aw 

C0S2flf(t3— n') r r ^ . ^ Nf-i « 7 

= — 5Fnr — i^T-^ I (sec + tan ^ cos wy^^ cos 22m; dw. 
This integral is expansible as a tesseral harmonic* 
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Denoting the series 

„«-, (t-g)(t-g-l) ,_^ 
'^ 2(2«-l) '^ 

(t-- g) (t-- p.- 1) (t-- ^ - 2) (t - ,r - 3) ^^ . 

2.4(2»-l)(2t-3) '^ ~ • 

by the symbol P/(m), 

(Heine, Bandbuch der Kugelfuncttonen, p. 117). 

then ^^^i^' 2;<'> = (l-/*')*'iP.'(^). 

And — I (sec^ + tan^costo)'*"*coB22M7(?«; 

Also 2'^<«.)(cos,>^,j,^^^-^,Bint;P,*(coBi), 

1 f^ 

and -- I (sec^ + tan ^ cos w)''^Wm; = P,^, (sec 0) 

K2/>-i)ir *• ^ '^''' 

Therefore the secular part of the disturbing function is 
32^., where F, 

=Sr {^,^ 2P(cos/S) sec*^ [iP * (cos^") iP,*"' (sec^) 

+ 225, sin't? 1»^' (coBj) tan**^ ??„*-' (sec 4>) cos22 (w-i2')]| , 
-where A^ and 5, are numerical constants, given by 

j> (p^y • K2y-i) !)' 

' (p + j)I(p-?)t (2p + 22-l)I(2^-22-l)I' 

. 1 (4pl) (4y-2)! (2y)l 

^'-2«^'(2p+l)(2p+3) {2p!r l(2i,-l)!l' {pi}'- 
VOL. XXVII. K 
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66 Mr, Dyson^ The motion of a satetttte 

When the obliquity^' vanishes, F^ takes the simpler form 

Sir 0, ^. P^ (C08/3) eec""^ P^, (sec^), 
and when the eccentricity sin^ vanishes, 

3Sr^,^^^(co8/9)P^(co80; 
<7^ is the same in both cases, its value being 

1 (2p)l ^ 

§ 13. The principle of conservation of angular momentum 
shews the general nature of the motion of a satellite round a 
spheroidal planet, where there is no third body to disturb 
the motion. 

Let o) be the angular velocity of the planet about its axis 
of figure^ 0, A its moments of inertia about this axis and an 
equatorial axis respectively. Let the planet's axis be inclined 
at an angle /3 to the axis of resultant angular momentum of 
the planet. Let OA be this line. The resultant angular 
momentum of the planet is Ga>Hec/3 about OA (fig. 35). 

Let the angular momentuui of the trauslatory motion of 
the planet and satellite about their centre of gravity be h 
about the line OB, 

Then h = -^^ nd' V(l -e«), 
M+m ^ ^ "^^ 

where a and e are the semi-major axis and eccentricity of the 
satellite's instantaneous orbit about the planet. 

Let the resultant of C(o secj3 about OA and h about OB 
be Jiq about OZ. 

Then h^ is constant and OZ is the invariable line of the 
system. 

Writing --r sec/8 = Wi, as before, 

lei A OZ=oi, BOZ=i, 

Mm » ,.^ ,. . - 
An, cos a + -rz na V (1 — (^) cos i = A. 

^^ « //. »\ . . ^ 
and An^ sma ; na v(l - ej smi = 
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about a spheroidal planeL 67 

An, M-^-m ^^ ^ h^ 

or — ^ ————————— s= ■ * — 7- , 

Bini sin a 8in(a + i) 

Also, since OA^ OZ^ OB are in one plane, the ascending 
node of the satellite's orbit on the invariable plane coincides 
with the descending node of the plane of resultant angular 
momentum for the planet alone. 

If the spheroid attracted an external particle as a sphere 
of the same mass would do, the motion would be simple. 
N would be a fixed point, a and % would be fixed, /S would be 
fixed : so that the planet would merely spin about its axis, 
while that axis described a cone uniformly, and the satellite 
would describe a fixed elliptic orbit about the centre of the 
planet as focus. When there is a disturbing force a, 6, 1^ oc,&c»| 
vary subject to the relations given above. 

§ 14. The results of § 13 are easily deduclble from the 
equations for the variations of the elements. Writing sin<^ 
for 6, we obtain, when the disturbing function is independent 

di ^^^^^a^ ('>^ 

|(.a'cos#) =SnV(f4-|^) (2), 

^^(na coB#cosO=^j^-(^:^ jsma^^ + a^j-^^^^grj 

(3)t 

do, ^ Sna SF .^. 

dt ^cos<^sini di 

dt 



3„a i— ^+ ^^* ^l (5) 

(sin^ 9^ COS0 di) 






dF 
-f Swatan^tsec^ -^ •••(^X 



d<o 

-dt =« w. 
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68 Mr. Dyson, The motion of a satellite 

dt ^^~A ai; ^®^' 

(9), 

dN ^ BMm SF 

dt ^n, Bin a da 

^ _ 3Jfml-coga 8J^ SMm .9F , . 

dt ~'Ai^~^^^~^'^^^W"^ ^' 
d<l>. SMm 0-A , _aF 

dt An^ G da 

33fwi - /8in'/8 co8*/9\ 



SJWwi _ /8in'/8 co8'/S\ 



"■':i;; — G^'^^^^i''^^^^^r^-\'A^ -02). 

The equations (3) and (9) give 

Yia' cos ^ cost A 

+ -77- n.coBa = const, 

/4 Mm ^ ' 

. Mm « , . , 
or -AWj cosa + ncc cos^ cos t = \. 

Taking the plane of reference to be the Invariable Plane, 
it follows that An^ sin a na'cos ^ sin % = 0, so that 

dt" dt' 
Therefore JV=(2 always. 

§ 15. The Secular Inequalities, 

The secular part of the disturbing function Is 3-F^, where 

F, = K ^, P.^ (C08/3) sec»^0 [iPo''(cosj) jp;'"^ sec0 

-f 225^ sin'^j ?P^^ (cosj) tan'«<^ J?,/*^ (sec<^) COS24 (tsr - N)]. 

B^ is simply a numerical constant. 

A^ depends on the distribution of mass in the spheroid, 

Digitized by VjOOQIC 



about a spheroidal planet. 69 

and IB of order 2p in the mean radius of the spheroid, and p in 
the ellipticity. 

F^ does not contain e or s^. 

Therefore -r = 0, and -^ = 0. 

at ' at 

Thus the satellite's mean distance has no secular inequality, 
neither has the inclination of the planet's axis to its axis of 
resultant angular momentum. 

These results both hold, if there be other disturbing forces, 
for e only occurs with nt and s^ with n^t. As regards the 
mean distance, the result is well known. The second result 
may be stated — The instantaneous axis of a planet describes 
a cone about its axis figure, whose angle suffers no secular 
change. The assumptions made are that the planet is rigid, 
and that njn is not a whole number. That is, there must be 
no force upon it whose period is an exact multiple of the 
period of the motion of its axis in space. 

§ 16. To find the secular variations of a, i, N^ or, ^, we 
have the equations 

^ at anr^ 

dt ^ 3«a8ec<^cot^g^% 
da „Mm .dF^ 

dN ^Mm aF 

-5-= 3-;^ — ^coseca-^vT, 
dt An^ q) ' 

d'^ of ^ 3^n . , . ^ 3^n) 

— = Zna jcosec9^° + tan^isec9 -^j- . 
Therefore x = 3 Twa sec cot j + -^ cosec^' j -^ , 

and ^^ ^ = 3|nacosec0g^- 

, ( ^ ,. , Mm \ dF;\ 

+ lnataniisec^---rTCOsecaJ -^f • 

Put m-^N^v. 
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70 Mr, Dyson^ The motion of a satellite 

We may write 
F, = 2^ -^ Bec''<^ [iP,-^ (coBJ) 1&:^ (sec 0) 

+ 2SZ?^ sin'!; i|?,;''(cosj) tan^^i^ i?,/^' (seci^) cos 2^1;], 

where G^ is a small quantity of order p. 
The two integrals 

sini^ sin a _ sin^" 

* na COS© • 

A* 

will enable us to express a, t, and ^ in terms of j. 

Thus we shall obtain equations involving only^' and v. 



Write 

and let 



J = am X, 



Therefore sini =isnx 

COS! =dnar 

sina =snar(dnx— A;cn*) 

cosa = k sn*jf + cnx dno; 

k u 
cos A = — ^ rj7~ (dno? - A- cno?) 

Thus it is easily seen we shall obtain the equations 
dv 



I 



^ =/o W +/i (a?) cos2t; +/, (x) co84v + &c. 
^ = 01 W sin 2t? + 0, (ar) sin 4t; 4- &c. 



I' 



where /, is of the first, 4>i and /^ of the second, &c., order of 
small quantities. 

§ 17. To any order, the solution of these equations is of 
the form 

x= «3 + ajC0s2(/?«+ Vjj) + agC0s4(/?« + vJ + &c. ) 
v^v^'\'pt + b^8in^(pt-\-v^)'{- J,sin4(;?^ + t;J+&c. J ' 

where p^ a^ J, are of the first, a„ J„ of the second, &c., order. 
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It Is easily shewn that 

p -/o + 7~W; ''■ ' 

whereyj is written for/, (x,), &c., ar, being the initial value of 

IT, and/,' for W], (r), when t isput =0 after the diflferentiation. 

Thus p ia given coiTectly to cubes of the small quantities. 
The values of a^, J„ &c. are easily found, and we obtain 

« = 0o- 27 C082 («, + /><) 

Substitution in the equations of § 16 shews that 
e, «, a, -7- ) -7- are all of the forms 

A^ + A^ cos2 (t?o + pO + ^f cos4 (v^^ +pO + &c«> 

■where -4,, .4,, ^3, &c. are of the 1st, 2nd, 3rd, &c., orders in 
the ellipticity of the planet and the square of the ratio of its 
mean radius to the mean distance of the satellite. Therefore 
to the first order of the masses, we find that the secular 
inequalities of a spheroidal planet and its satellite are such 
that the mean distance and the inclination of the planet's 
axis of figure to the line of its resultant axis of momentum 
remain constant: the eccentricity and inclination of the 
satellite and of the planet's axis of momentum to the invariable 
plane of the system, the velocity of the apse and node remain 
nearly constant: but have periodic changes: the periods 
being in each case submultlples of the time taken by the 
apse line from the invariable plane to it again. 

§ 18. There are two interesting special cases. 
When i, and therefore a and J, vanish, then F^ is inde- 
pendent of -51 — jST, and we have 

, rftET 

e and -7- constant. 
at 
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72 Mr, Dyson^ The motion of a satellite 

When e vanishes, F^ is independent of or — JV: and in this 
case i and a are constants as well as 

rf«r J dN 

-Jt *"^ Tt ' 

In all cases which occur ^ is a very small quantity. The 
equations just found shew that if P,(co8/8) were negative, i.e. 
if cos)3 were greater than 54^, the motion of the apse line and 
nodal line would be reversed. 

If J be greater than 90** the motion of the nodal line would 
be reversed. A value oij between 54" and 90** would reverse 
the direction of motion of the line of nodes. When /8 = 0, 
j becomes the angle between the satellite's orbit and planet's 
equator. 

Taking /8 = 0, a, t, and J to be small, 

dt ^ G M-k-m <o % ^ 

rfor „ C—A m n* a -, 

•■Tr=~8 — 71 — Tr -.sec© 

dt ^ C M-{-fn ft) t ^ 

The ratio of a to i is given by the equation 
i a 



Cio Mm „ 

-TT Tta cos o 

M-\^m ^ 

If we consider only the terms of the first order in the 
eccentricity and inclinations, we have 

F, = ^' P. (C08/3) P. (cosi) sec>, 

C-A P,(COB0XP,COSJ) 

^^ "^^^ — 2M ^^r^^ ' 

a, i9, ^, and^* are constant, 

dN , Mm dF, 

-J- = 3-T^ 3 coseca -jr 

at Co) seep dj 

« C-A m M-\-m sin; . -, ^ n^ a\ 
= § — 77- -77 8 r-4cos;sec'0cosi8.P,(cosi8) 



n suy^ 



^ C M-Y m on sint 
We also find 
rfcr_ ^ (7 — ^ m w' sina 
c?« " ^ 6' M-\-m ta sine 

X [P, (cos/) + tan^t sin^' cos^] sec'^ cos 15. P, (cos^); 
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Keglecting the eccentricity of the satellite's orbit 

ex ^ Ma* m n 
? " (7 m-^M »' 

If the planet be the earth and the satellite the moon, 

tn _^ 1 
if+wt"" 82-315' 

n _ _J 

&>"■ 27-322' 

Moon^s mean parallax = 57'1'^8. 

Therefore ? = 4-0153. 

f 

Also ■^^ = •003273. 

Thus, the node advances through four right angles in 
about 6800 years, and the apse regredes through four right 
angles in about 8500 years* 

§ 19. The Periodic Inequalities^ 

These do not possess much interest in the general case : 
we shall only consider the case where /3 is small. There is a 
little difficulty, owing to the presence of /8 in the denominator 

on the right-hand side of the equation for -j^ • 

The equations are integrated just as in the ordinary 
planetary theory, where the inclinations are small. 

The result will be applied to find the moon's librations; 
considering it as a spheroidal planet, having the earth as 
a spherical satellite. It is on this account that the terms in 
(n — Wj) t are retained in the equations, as they will rise in 
importance, on integration, when n=^n^, 

Neglecting /8^, we find 

F^ 4 {- \P, (cosj) - 1 siny cos 2 (5 - iV) 

+ f /8 [sin 7j sin (\ - iV) - sin 2j sin {X-N) cos2 (JS - N) 

+ 2 sinj cos (\ - N) sin 2 (^ - iV)]}. 
VOL. XXVII. L 
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74 Mr. Dffson^ The motion of a satellite 

Now — , = 1 -f 3e cos (w^ + e - -or) + &c., 

^ ^ = cos2(nf + e- w) 

+ ^6 [co8(ff« + e-'Br) + 5 C083 (n/ + e - or)] + &c., 

a'8in2 (5- «r) • « i- * . ^ \ 
^ ^ = siii2 (nf + e - -or) 

+ \e [An(nt + e - w) + 5 sinS (w« + e - «r)] + &c. 

On substitution, we obtain 

F^^{- \P, (cosj) - i sin»^' C082 (n« + e - N) 

+ 1/8 sin 2; sin (n^t + e^ - -N) 
+ 1^ sinj (1 - cos^') sin (2nt + 2e + n,« - e, - ZN) 
+ 1/3 sin^' (1 + cos^") sin (2w« + 2e - nj^ -^i^N) 
-|/8esin2;sin(w< + e-nj«-€^- »+ ^ 
- f /8e sin^' (1 + cos^") sin (w< + e - w^f + e^ + cr - jN)}. 
Consider any one of these terms, for instance 

A 

i-iP sinj (1 - cos^) sin (2nt + 2e + nj; + e^ - ZN). 

This will give rise to a term having ^ as a factor la 
-7* 1 T 1 T. » -jt > *o^ these need not be considered. 
The equations for -^ and -j are 

and (7«i8^' = -3Jfm|f. 

a< dp 

Therefore 

^ = -(1— i^'8m7(l-cos/)cos(2w«+2s+Wj«+e,-3iV^, 
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and 

iS ^ = - -^ I -i siD^ -cos;) sm(2w<+26+ w,«+ej-3^. 

For brevity, let these be written 

-^= A;cos(ir+8j 

/S^» = -iBin(iir+e,) 



dt 



Therefore 



^ (/8 sin€j) = - A sin^^ 

liCt the mean values of -r- and ~ (found in § 17), be c^ 
and c,. ^^ ^^ 

Therefore ^Bin8, = 5,4-*T— ^^^^ 

1 - <r» T 8in^ 
and p cossu = 5, + A; r— 



§ 20. When fi is sniall, nothings is gained by finding the- 
motion of the planet's axis of figure, relative to its line of 
resultant angular momemtum, as these lines nearly coincide. 
We shall therefore find the motion of the pole relative to^ tbje 
invariable plane of the system. 

Let 5 = ZP, and -^ = OM. 

The angle 54P= nf + e, - N- \ir. 

Therefore O^aA- P cos(nj« + e^ -* ^— \ir\ 
and t/^ = JV+ ^Tr + iS coseca sin (nji + Sj — JV— \if)^ 

The equations of § l^ give 
/8sin(nj«+ s.-^-^Tr) 

= -B, smK^ -N)-B, cos(V - -ST) 2w + 7»,-3o, ^ 
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76 Mr. Dyaon^ The motion of a satellite 

and 13 cos (n^t + Sj - ^- Jtt) 

Omitting the complementary function, we find 
fi sin (w/ + e, - i\r- iw) = f -^ -^ I- sinj (I - cosj) 

X — -—^^ — - + sin7 (1 + cos/) — — ^^ 

„ . ^.Bin(w«+£- Bj) - . ..^ ^sin(n<+£+flr-2^) 
-|esm2; — ^^ ^-iesm;(l+cos?; — ^^ ; ^Y , 

and 

/5cos(n,« + e,-JV^-i7r) = | ^ -^ |_^^ + gm^ (i - cosj) 

cos2(n«+e--N^ . .^, . .. cos2 (w« + e - iV) 
X ^ ^ — ■'' + sm ; (1 + cos;) — --^^ -^ 

. . ^.cos(w«+a-tsr) , . ./^ . ^e08(w«+8+t!r-2JV)) 
-Iesin2; ^^— ^ ^-i^sin^Cl+cosj) — ^^ ; ""[ . 

rfiV aJfm 1 dF 



° ' rf« (7© . sina 9a 

Mm A^ sinj 
(7(0 a* sin a 



_ Mm A, sini cos/ , *, / . . xtm 



Therefore 
„ „ f Bin2(n« + e-^) . ala (nt + + vr - 2N)] 

"where c, is the mean motion of the node, 

- ^ Jl/m -4 sin i cosj 

and =^ 2 -pr^ -j — : * 

/ C(o a' sma 

da_ .Mm (1 /3y 8i^\ sini 8i^) 

^^^ rf« " • Co) tsinj Us "^ aw ~ sinasinj OsJ 

= S -^ -r Bin^ Bin2 (n^ + e- -N). 
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mr ^ sina cob2 (nt + e- N) 

Thus a = a^-C; : ^^7 r — ^. 

® * cos; 2 (w — c J 

Thus, the position of the planet's pole is given by 

0^0^'^,cicoB2(nt-^^-N)\—^—. 
® cos^ * ( ^ L^ (^ — ^l) 

1 - cos^' 1 + cos^* 1 

"" 2 (2n + /ij - 3c,) " 2 (2n - n, - c,) J 

and 

sin g (1 ~ coB^') 1 Blntt(l +COBJ) 1 "| 

2 cos^' 2n + Wj — 3o, 2 cos^* 2n — w^ - c,J 

^ . sinfw^+e-w) , . l+cosj sIn(w«+e+ty-2^)) 
^ n—n^ — c^-^-c^ coRj w-n^ + Cj-c, J 

In the case of the Moon a Is very nearly equal to^', 

n = n,. Alsoj = 6^44'. 

Putting cos^'= 1, we find for the moon's libratlons 

* = ^0 + 1 ^^V "^ <^082 (ne+ e- JV) 

c c 

— |e sln^' — ^ cos (nH e - cr) + Je sln^* — 2« cos (nf + e+ cr - 2^), 

c,- Cj C,- Cj 

and 

/• 
i// sin^* = f sln^' — ^ sin2 (n* + e - -^7) 

— |esln^' — ^ sln(«<+e — cr)+i€slnj — *— sin(w^+e + iBr-2^. 

c,— Ci C,-Cj 

The moon's actual libratlons consist of terms of the form 
found above: but the coefficients of the terms when numbers are 
substituted are entirely different, owing to the disturbing 
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action of the sun having been omitted, and a spheroidal 
instead of ellipsoidal form having been assumed for the 
moon. 



§ 31. The stability of the system. 

When only the terms of the first order in the disturbing 
force are considered, and if there is no exact ratio between 
n and n„ we have shewn that a and P have no secular 

variations : and that e, t, oLj -r- ^ Iji ^^ nearly constant, but 

have long inequalities whose periods are submultiples of the 
period of 2 (sr - N). All these quantities have, in addition, 
periodic inequalities. 

A typical term of the disturbing function is 

xA cos {* lin^dt + e, - -N^] -^j [fndt + e - ur] + A [isr - -N^]}, 

where ^ is a fraction of a, «, t, a, jS : and x indicates that we 
are considering terms of the first order in the disturbing 
mass. 

Let this term be written a A cosD. 

It will give rise to terms in the variations of a, «, t, &c., of 
the following forms : 



find 



^=.xF,smD 
at 

Taking into account the secular inequalities as well, we 



dw ^ -. ^ 

^=X(?.C082> 

J- =ar(?, cos-D 
at 

at J 






cos2>, 



e ^e^ — ar2P^co82s(^< + v) — ar2 



f =/o -^2P, cos2«(^^+v) — orS r 






%n^-\'jn 



cos 2), 
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ftfett. -.±2ilco82«(«< + t?)-x2-: *-T- cosA 

p 

isr = tj^-\-c.t'{- xlQ.a\n28(pt-\-v)-\-z2': ^ sinA 

N= Na c,< + a?2 a 8in 28 ( »« + v) + a?2 -^ — ^ sin />, 

e =e. +c,< + a;2Q,8in2«(»e + t^) + ar2-; — ^-^eiinD. 

^1 = 5. 0+^1.*+ *20 8in2« (»« + 1;) + xl-: — *-t- siu/>. 

Or if we take into account the constant parts of -j- , &c«} 
In the integration of BinD^ cos2>, we must divide by 

% (n^ + c^ - c,) + J (n + c^- Cj) + A (Cj - c,) instead of tVi^ +^'m 
Write, for brevity, 



Then S Jnrfe = - f -^/Sfi^dt 



xR 



-, sini?^ 



A similar result holds for 

SJn,dt. 

Substitute these disturbed values of a^, &c., in the right- 
hand side of the equations 

-3- =jrS^, sinl? 
at 



and 



f=-2^.-^ 
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Therefore -j* is of the form 
at 

alF^ sin2) + «" IK, Bm22? + 22L, biu(/>± I/) 

+ SJBJIf, sin[Z)±25(^«4 v)]}. 

Therefore, to the second order, 

a^a^+ periodic termd. 

These periodic terms are of short period. The long ine» 

quality of period — , which appears in e, t, &c. and arose 

from the integration of the secular terms of the disturbing 
function, does not occur in a or /3. 

§ 22. These results do not hold when the ratio of n^ to n 
is that of two integers. 

Let^' and/ be two positive integers, such that 

flj^nln^. 
Thus the term 

a A cos {/ [Jn^dt + 8, - -N^] -j [jndt + 8 - cr] + A [tsr - -J^} 

will give rise to secular variations in a and /3. 
Considering only these terms, 

oe 08, 
Therefore /-, Sa +^^ S (sec/9) = 0, 

or on. = \j . .,, ' — r on. 

The inequalities produced are generally of long period : 
that is, of a length similar to the periods of the node and 
-apse : for when j \Jn,dt + s,] ^j [Jndt + sj, the term of the 
disturbing function becomes 

xA cos {jm - j'N-^ km - kN '\' a}. 

In the case where^'=t/: it might happen that k= -j and 
then the term would not be periodic. 
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Referring to the expression for the disturbing fuQctioii 
in § 12, these terms are contained in 

1 4 8in'/3 (I + cos'j) coa2 (\ - JV) cos2 (^ - N)^ 

A 

f -i 8in'/3 eos^* Bin2 (\ - JV) cos2 {jS-N)f 

€L 

and thus the term producing this noa*periodic change ia 
a and /3 is 

iV —' sin'/S (I + cosj)* cos 2 {jndt-V e - pn^dp- s,}. 

This term is not of any practical interest, because P i» 
very nearly zero in all actual cases : and if it were not zero 
the frictional forces in the body itself would have mucb 
greater effect ia changing its value.. 



ON OHEEE'S problem: OP THE ROTATINft 
ELASTIC ELLIPSOID. 

By D. Edwardes, B.A.. 

n^HE problem appears as one of the applications made by^ 
■*• Mr. Chree* of his general solution of the equations of 
Elasticity, and he has worked out the case of the spheroid to> 
the final expressions for the displacements. 

Perhaps this might be advantageously considered' as a 
separate problem^ and- an independent investigation which 
should arrive at Mr. Chree's results without any actual 
process of integration be of service. The following analysis 
refers therefore principally to the case of a rotating spheroid, 
but a process is conducted so far as to be assured that there 
are nine linear equations to determine the nine constants in. 
the case of the ellipsoid. 

Let us consider then aa oblate spberoid rotating about its= 
axis with angular velocity o). The symmetry of the con- 



• Quarterly Journal^ Yola. ixii, xxiii. 
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82 Mr. Edwardes^ On Chree* 8 problem 

ditions allows us to write down the equations in cylindrical 
coordinates, as follows : 

, V c?A ^ d0 „ 

(m + n) ;t- +2n ^ + /oa)V = 

, ^ .d\ 2n d . ^ _ 1 (^)» 

where the dilatation and the rotation are e)s;pressed In terms of 
the displacements bj 

du dw u ,. 

^=<fo + T. + « (2)' 

2^ = ^-f? (3). 

dt dm ^ ' 

The third term in the first of equations (1) being linear 
in the variable, we seek to obtain expressions for the displace- 
ments which shall be rational, integral fttncti9ns of t7, /?, of a 
degree not higher than the third, and which, subject to certain 
conditions as to symmetry, shall satisfy these equations and 
the boundary conditions. 

Let Z^, W^ be rational, integral, homogeneous functions 
of C7, is ; ^^ a numerical constant, and consider the partial 
displacements — 



{dXJ dW U) ^ ^ 



.(4). 



Then simplifying by Euler's theorem, the suffix indicating 
the degree, we have 

^.-(* + 2 + /3.)(^- + ^.+ --) (5). 

Let us assume now that t^, TF, satisfy respectively the 
equations 

dvj dz^ v dtr vr ^ ^ 

^. + ^lE + LlE.=o (7). 
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We find then 

«'.-(-« (f-S) '»'• 

dW 
If !yZ7^=i//^i, and w -^'ssi//^, we see that i//. and i//^, are 

integral homogeneous solutions, of degrees a and « + 1 res- 
pectively, of 

P^^fk.if^O (9). 

dtsT dz* vj dtj ^ " 

Stokes's Carrent»Function Equation. 

Omitting for the present the acceleration, and substituting 
in equations (1), the left hand members become respectively 

where Jlf^= (« + 2) wi + 2n -I- m/S,, 

and are therefore satisfied provided 

/8. = - {(a + 2)w + 2w}/ni. 

Hence, if there are no bodily forces, and the displacements 
are functions of or and z alone, a solution is t«=: 2u,, w^^w^^ 
in combination with (6) and (7). 

Mr. Sampson in his memoir '^ On Stokes's Current Func« 
tion "* has shown how to construct solutions of equation (9) 
which are rational, integral, homogeneous functions of m and z^ 
and he has given a table of the first ten functions. We havCi 
as far as the fourth degree, 

In the problem before us it is clear that u must 
contain cr as a factor, and w must contain z. Hence -ip^^^ must 
contain m* as a factor, and i/^^ must contain 'otz. Bemembering 
(7) we assume therefore 

where u^, t^^^, t/^, w^ are determined by (4), and 



♦ Phil Trant. A. 1891. 



Digitized by 



Google 



84 Mr, Edwardes^ On Ghree's problem 

-4', B^ A\ B' being arbitrary constants, also 

^j = - (3m + 2n) /tw, ^3 = - [bm + 2w) / w. 
Consequently 

W J 

A = - J jar' (3^"- 4^0 + 2a* {iA'- ZA") + 25'+B"l ...(11). 



.(10), 



Again, equations (1) are satisfied by 



wi + n 



0) 1 



.(15^). 



giving 



K7s=0 



+ n 



O) 1 



.(13). 



Let tlie equation of the bounding surface be tjVa'+ is'/c'^I. 
The cylindrical coordinates being w, 0^ a and everything 
being independent of 5, with no displacement in longitude, 
the stresses 8 and U (referred to this system) vanish, and the 
direction cosines of the normal to the boundary (referred to 
this system) are jTc/a*, 0,^«/c*. At the boundary we have 
therefore 

Calculating separately the strains resulting from (10) 
and (12), adding the results and substituting in (14), dividing 
out m from the first equation and z from the second, 
multiplying terms which involve only constants by 
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r*/a' + ^7*^*) ^^^ equating to zero the coefficients of cr' and «Y 
re have 



we have 



...(15), 



{Im + 2w) -4' 4 3 [2m + n) A" - 3w?a'*5' + na'^B' \ 

s= ^5 (2»i + n) to 
4 {5ma-'+ 2 (2m + n) c^] ^'+6 {wa-'+ (3m + w) c"'} A" 
+ 3ma-"c"'£' - wa^'c-'jB" = 
8 (2m + n) -4' + 6 (3m + n) -4" + 2nBc^ 

-(3m + w)J5'c-' = 
4 {2 (2m + w) a"' + wc"^} u4' + 3 {2 (3m + w) a"* 

+ 5(m + w)c-'}^" 
- 2wa"'c-^S' + (3m + n) a-^c^B' = - H(m - n) c"'q>' 

^'^ « (m + n) 

If/= 20ma"'+(23m+l0w)c-^, 2wa"' + (8m + 3rt) c"* 

16 (2m+ w)a"'+4wc"*, 4 (3m + n) a"'+ (5m + n) c"* 

then writing c' = a* (1 — s), we have 

i = c"* (5m + 2n) {5 (19m - 5n) - 408 (3m - n)] + 16s' (3m - w)}, 

and the above equations can be handled so as to give without 
tnuch trouble 

jL^,/^2j3m + 2w) ^,| ^ n(a[ 5m + 2n 
( wi j c* m 

X ]l5m' + 26mw-5n'-4m(m+5w)e[ ^ 
r^ ^•-^^} = -c^(5'^+2n)|5m-3n.-i^B|, 



7{2^' + 3(2^^,j^ 



4^ft)' 5m + 2n 



X {- m (5m + n) + e (4m' + mw + n')}, 

( m m ' 

-g(3m-n)e'| (16), 

Google 
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^tfr^f rn + 2n ry\ «rr , (16wt(5w»+10mn-3w') 

J i xj — If ]=^a Mod < — 

\ m J { 



3m — n 



- 2ft (157w' + 46WW - n*) + Se'wi (m + 6n)i (6m + 2w), 

2mc*i= a«^«' (5m + 2n) {-M40>»'- 15m'«- 18m«' + 5n') 
^ ' ( 8m - n 

+ 46 (15m' - 8n' - mn) - 16 (m* - n') e'l * 

Adding the expressions in (10) and (12) and substituting 
we obtain Mr. Chree's results, observing that c*/= 2 (5m + 2w) i>. 
Then A and ^ are given by (2) and (3). 

Considering now the case of an ellipsoid, we write down 
the equations 



where 



m -j — I- n^ u + po) 35 = 
m -7- + wv't> + p(o^tf = 



^0 



•(17), 



Let Z7,, F,, B'^ be solid harmonics of positiTe degree s, 
and omitting 'for the present bodily forces, consider the 
partial displacements, 



Then.. =,...,,(g.f .^^). 



.(18). 
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80 that the equations of equilibrium under no bodily forces 
are satisfied provided /8, = - {{a-\-2)m + 27i}/w, and we can 
write 

w = Sm., v»=2v., w=2m?. (19), 

If we put 17, = aj {3 [By + G,z') - [B^ + G,) x% 

W,^z{3{A,x' + By)^[A, + B,)z^}, 

Z7^ = D^Xj F, = i3,y, W^ = 2>,«, then u = m, + Mj, t; = v, + Vj, 
w?, + «£?! will be a solution, where 

with similar expressions for v^ and t^?,, and 

with similar expressions for v^ and 2£7,. Also, a particular 
solution of (17) is 

M = -A -^^ a: (^' + y), 
v = -4-^^ w(ar* + y), 



w = 0, 



po) 



giving A = -i^(;r* + y). 

At the boundary we have three equations such as 
X (, N . « du) ny /dv du\ . nz (dw . du\ ^ 

where ii = m. + m," -^ — ar(a:'+ v'), v = &c., 
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88 Mr, Edwardes^ On a rotating elastic ellipsoids 

and thus, performing the differentiations, substitating in the 
boundary equations, dividing out x from the first equation, 
y from the second, 9 from the third, multiplying, where 
necessary, by x^ ja* -{-y^lb^-^ z^/c*^ and equating to zero the 
coefficients of a?*, y^, «", we have nine equations to determine 
the nine constants -B,, (7^ (7„ -4„ ^3, B^^ -Dj, i>„ Z>,. 

As another application of the formuisB (4) for the dis- 
placements where there are no bodily forces, suppose a 
normal pressure equal to - n [Am* + Jfe*) per unit area of 
eiurface applied to the spheroid. 

The right-hand members of equations (15) are to be 
replaced by - wnJ^/2w, mnBl2na\ - nJ5/2n, and mnJ/2nc" 
respectively. Solving these equationsi and substituting, we 
have-^ 

u = Mw {isr'[(4w - 3«)$-5(«i - n)]+ ^^'[4 {m + 3n)6 - 5{3m+4n)] 

- a' [| (wi - «) - e (5m - 8n) + 4e' (w - n)]}, 

• (w - n) c'-B— (wi + n)a*A 
"^" 2«(3m-«) "^^ 

%€==Mz {t!r'[5(4ni -f 3;i)-8 (2w + «)e]H- «'[10 (w-n)- 1 («n-2n)s] 

Hr a* [5 (m - w) - 2s (5m - n) + 8ms'] }, 

_, mc^B - (m — w) a'^ 

"^ 7T ( ^> 

«{3m-n) / 

^hei^ M n(^c'^^a') 

a^'n {5 (l&m - 5w) - 40 (3m - n) e + 16 (3m - w) e*} *^ 

and 6s=(a'— c')/a*, the equation of the spheroid beino: 
«r7a'+//c'=l. J- S 

If -k = 1 /a', ^= 1 /c', we have a normal pressure — fT per 
unit area, and then w = - ncr/(3m — n), ii? = - n«/(3m- n), 
BO that the displacement is along the central radius vector and 
equal to — nr/(3m- w), the same as for the sphere or any 
solid. 
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NOTE ON ELLIPTIC OYLINDEIOAL YOETICES. 
By A. E. H. Love. 



IT has been long known that an elliptic cylinder is a possible 
form for the surface of separation between parts of a 
liquid mass moving rotationally and parts moving irro- 
tationallj ; and it was, in fact, observed by Kirchhoff that, if 
the spin is uniform, the stream-function can be proportional 
to the potential of the cylinder, and then all the conditions 
are satisfied, provided the cylinder rotates with a definite 
angular velocity depending on the eccentricity and on the 
spin. In subsequent investigations of this problem it has been 
usual to assume the kinematical conditions of continuity of 
tangential and normal velocities at the surface of separation, 
and then to show that the pressure equation is identically 
satisfied ; and it can in this way be proved that if ever there 
exists an elliptic vortex with uniform spin and with no slip 
at its surface, and if this vortex moves so as to remain elliptic^ 
then it must rotate steadily with the angular velocity given by 
Kirchhoff's condition (see my paper in Proc. Lond, Math, Soc.j 
Nov., 1893). But it is interesting to enquire whether there 
can be any steady motion of an elliptic vortex other than 
that determined by Kirchhoff's equation for the angular 
Velocity, when the condition of continuity of tangential 
velocity at the surface of the vortex is not satisfied. 1 or the 
aake of greater generality we may suppose the density of the 
vortex to be difierent from that of the surrounding fluid, but, 
as in Kirchhoff's problem, we shall suppose the spin to be 
uniform. 

Let then the axes of the normal section of the cylinder 
be a, ft, and let the cylinder rotate with angular velocity g>, 
while the spin or " molecular rotation " of the contained 
liquid is ^, the sense of ^ positive being the same as that of c» 
positive. ' Also let p be the density of the liquid in rotational 
motion, and p that of the surrounding liquid. Under the 

VOL. xx^ll. N 
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90 Mr. LovCj Note on elliptic cylindrical vortices. 

conditions of no slip at the interface and equal densities, we 
have Kirchhoff*B case expressed by the relations^ 

In addition to this we now determine states of steady 
motion of the cylinder for which there may be slip at the 
interface and the densities may be unequal. We find that 
with a, by p, p'j ^ given there are two possible values of ^^ 
3ucb that 

_ 2fa6 ay- b 

where </ is a root of the quadratic 

7' [(«' + &') P - 2«V] - 4706 (/>' - p) + [(a' + V) p' - 2 JV] = 0, 

We obtain Kirchhoff's case by taking p=^p\y^'i. BviX 
with equal densities there is i^nother possibly steady motiop 
given by 7 = — 1, viz. we have in this case 

80 that the angular velocity is opposite in sense to the spia, 
This motion is probably unstable. In the general case it i^ 
noteworthy that there is no possible steady naotian of the kind 
considered unless 2p> p. In the limitipg case when p'=2/? 
the quadratic for 7 has equal roots, and we have 7 = a/6, 
cp = 25aJ/(a'' + J"), the two valyes of © coalescing. 

The analysis by which these staten^ents are proved is of a 
simple character, and only an outline need here be given, 
The cylinder is referred to its principal ayes as axes of a:, ^ ; 
these rotate with angular velocity o). We denote by \p',p\ p\ 
the stream-function, pressure, and density inside the cylinder, 
by ]/^, /7, p the corresponding quantities outside, aqd by t/, v, 
the velocity componepts parallel to the ai^is, We take 

where v'f =- 2?=Qt + /5, 

and since the surface x^la^ + y'jb'^l always contains thd 
pame particles 
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Also we take conjugate functions ^, 17, so that 

x-\^iy^c cosh (f + 417), c*=^a* — J\ 

I'hen ;// = Jc' [(a cosh*^ + /3 sinh'f ) + cos 217 (a cosh' f - /3 sinh'f )], 

and t// = .4f + ^6"'^ cos 217, 

where A and J5 are constants to be determined. The 
condition of continuity of normal yelocitj at the interface 
gives 

^(a-6)/(a+ j)=a•a-fc*/8=t-«(a'-5•0• 
l^he pressure equations inside and outside are easily calculated 
from the equations of motion^ Inside we find 

^ -t = const. + io;' {aco - (a + «) ^{ + i/ {/S© - (^ + a>) a} 

= const* + i [o) (a - /3) (a' + i') - a/Sc'] cos 217 

at the interface. 
Outside we find 

i- 2 = const. + u€oy - vcox + J (m'+ v") j 
and, after some reductions, we deducd 

at the interface, where A = | 9(f + ai7)/9 (oj + t^) |, and the 
surface-value of A' is given by 

A-' = i[a« + i'-c'cos2i7]. 

The term uoay — voox is calculated by noting that 
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where m (= hab) is the central perpendicular on the tangent, 
and (f> is the velocity-potential — Atf -f ^Be'^^ sin 2i;, 

so that <f> + ixp = iA{^+ irj) + iBe'''^^'^\ 

The term J (w* + v') is calculated by noting that 

n' + i;'=|a(^ + 4;^)/a(a?+t3^)r = A'|a(«^+ti/.)/3(f + ti7)|'. 

We shall not be able to satisfy the condition of equality of 
pressure at the interface unless Ji^ is a factor in the square 
bracket term in the expression for —pip* The condition that 
this may be so is found without difficulty to be 2 A = B^ and on 
substituting this we find 

-^ -2 = const. — iB' , 7-r COS 2ii = const. — ico V cos 2n. 

p ^ {a + bf ' * 

The condition of continuity of pressure now becomes 

p [© (a - 13) (a* + J") - ape'] + 2/o<»c' = 0. 

This equation with o (a*- 6*) = - (aa"- ^6'), and a + )8=- 2f 
determines the circumstances of the motion. Introduoing 
7 = aa/J^, we have 

a ^0 ^ -2? ^ -«(a'-y) 
^7 a a + 67 aJ (a7 - b) 

Substituting for oe, /3, a> in the condition of continuity of 
pressure, we obtain the equation for 7, 

7* [(a' + y) p' - 2aV] - 47a6 (p' - p) + [(«« + P) p' - 26'/)] = 0, 

leading to the consequences described above. 
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ON THE SOLUTION OF LA.ME''8 EQtJATION 

IN FINITE TERMS WHEN 2» IS AN ODD NUMBER. 
By Lawbence Crawford* 

TAKE the transformation ^ven by Halphen (JFonctions 
Elltptiques^ Vol. II., p. 471), 

tt = 2^; z=U(p'e)% 

then the equation is 

Solve this by a series of desceoding powers of p0 — e^ 
where «, is the middle root of the three e„ e„ e„ all three 
being real in connection with Lamp's equation. 

Assume »=a,(p^-e^'+a^(p(?-e^'"'+...+a, (pB-e^)+a^, 

then « = Sa,(^.-e,)', 

therefore we have 

and a" = 2 {2r (2r + 1) a^ {pd - e^* + 12r'e, a, (p0 - e,)' 

+ 2r (2r - 1) a, (e, - e.) (e, - e^ (i><> - e,)"'}, 
and p"0 =%{pd- e,)» + 12e, (p^ - e.) + 6e/ - i^„ 
therefore, substituting in equation, we have 
2[{2r(2r+l)a,(/)<?-c^^+12»'c,a,(p^-e/ 

+ r (2r - 1) a, (6e,' - i^,) (;>^ - e.)->} 
- 2« {6 (p5 - c^' + 12e, (p^ - O + 6e.' - y,] ra^ {p0 - c,)-* 
+ 4 {n (2n - 1) (p5 - e,) - 5'} a, (p0 - e^'J = 0, 
jyhere £' = J5-«(2n- l)e,, 

t. «. 2 [a, {2r (2r + 1) - 12nr + 4m (2n - l)} (p^ - e,)*** 
+ a, {12r'e, - 24nre, - 4J5'j (yd - e,)' 
+ «r (6«.' - W { r (2r - 1) - 2nr} (/>5 - e^-'J = 0, 
therefore equation connecting consecutive a's is 
a, (2r - 4n) (2r - 2w + 1) +a,,., {12 (r-+ 1) (r -2n + 1) c, -45'} 
+ «r».2(e.-O(e,-cJ(r+2)(2r-2n+3)=0. 
Equation for t is 

(2<-4«)(2<-2« + l) = 0, 
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94 Mr. Crawford^ On the solution of Lame* s equation, 

therefore i = 2n, or w — ^, both here being possible values ; 
at present we take the latter t^n — \. 

Then highest value of r in equation connecting con- 
secutive a's is n - ^. 

Therefore 2r- 2w -h 1 is negative and so is 2r - 4n ; r — 2n + 1 
is always negative and 2r — 2n + 3 is negative except for 
r^n—\ and r = n — |, 

So write equation 

a.(2n-/-)(2w-l-2r) = a^^j{6(r + l)(27i-r-l)^, + 2B') 

-«n^(«|-e,)(«,-6,)(r + 2)(2n-2r-3), 

lind as this equation only holds, all terms appearing, If 
r<n-\^ we see that when a^^ vanishes, a^ and a^, have 
opposite signs. 

When r = 0, we get 

a,.2n(2n-l)=a,{6(2n-l)+2£'}-a,(e,-6,)(e^-^,)2(2n-3)i 

and for r = — 1, since a_^ is to vanish, 

d^^ (2n + I) (2n + 1) = = a,.2B'- a^ (^i- O (e,- ej (2n - 1), 

which is the equation for B , 

Take then a„_^ as a positive constant, then we have a serieli 
«„_!) «n-*> ^n-|> ^^'j •") ^i> ^0? ^-i ^f functions of B such that 
for -B' = + QO they hate signs + + + +... and for ^ = — 00, 
signs + — + - + —..., thus between — oo and + oo we have 
n-\-\ changes of sign lost. 

Now for tio value of il can two consecutive a's vanish, for 
otherwise all would vanish ; also for a value of B which 
makes a^^, vanish, a^ and a,^^ have opposite signs, hence for 
such a value of B no change of sign is lost; also a « is 
positive and cannot vanish, so we lose a change of sign only 
when a_, becomes zero, but in all we lose (w + i) changes, 
therefore a must become zero (w + ^) times as B goes frdm 
-00 to 00, %,e. a_j = is an equation with (w + i) real and 
different roots, %.e. the equation for B has (w + i) real and 
different roots. 

Therefore B has (w + i) real and different values for oW 
solutions, so we get {n + i) solutions for TJ of the type 

On expanding powers oipd—e^y each solution correSpotidd 
to one value of B. 

What now is the second solution corresponding to any one 
of these? We will find that the ^ = 2w will give it. Write 
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down eqnatioDs connecting consecutive a^s, taking as solution 
for z^ 

^^ (P^ - e,T + a^.i (p0- e,r-* +...+ a, (p0 - e,) + a,.. 
The general equation being 
a,(2n- r) (2n - 1 - 2r) - a^, {6 (r 4 1) (2n - r- 1) e, + 2B] 

+ «r«(^i-^,)(^.-O(>- + 2)(2n-2r-3) = 0, 
they are 

«..-,l.(2«-X) + «...2£' = 0, 

«i«-.-2 (2n- 3) + a^.j (6.2n - l.e, + 25") 

+ «.« («. - «^ («. - «.) 2« (2n - 1) = 0, 
o,^.3(2n-5)+o„_,(6.2.2n-2.e, + 2F) 

««-. («. - O («. - «^ (2« - 1) (2n - 3) = 0, 

0, (2n - 1) (2n - 3) - o, {6.2 (2n - 2) e, + 2^| 

+ «.(e.-e,)(«.-«.)3(2n-5) = a, 
d, 2n (2n - 1) - a, {6. 1 (2n - 1) e, + 2^| 

+ «,(«i -c,) («.- C3)2(2n- 3) = 0, 
«.-25'- «. (e.- e.) (e,-e,) 1 (2«- 1) =0. 

One thing is at once notiqeable from these (2n + 1) 
equations, that the first (n + i) equations are quite independent 
of the second (n + ^), so that a^_, remains arbitrary and it 
looks as if B^ must satisfy two equations. 

But the second (w + ^) equations are exactly those for 
the a's when we solved by a series a. (p^ — ^a)""* +..., that 
is, our second solution involves an arbitrary constant times the 
first, so we can subtract this and consider our new solution 
a,, (p0 — e,)*" ..., as stopping at the term a^^.. (p0 — e^Y'^K 

But this involves, as differential equation is same, that thq 
two equations for B^ must be identical, and these equations are 

«.+j{6(n + i)(w-i) + 2£'} + a,j(6,-«.)(^,-6,)(2n + 3)=0i 

and a,. 2J5' - a, (e, - e,) (e, - e^) (2n ~ 1) = 0. 

If these are identical, then for each value of B we have 
two solutions of the differential equation. We proceed to 
prove the equations for B' are identical. 
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Mr. Crawford^ On the solution of LamPs equation. 97 

So oar equations for ff are identical, and thus for each 
value of B' we have two solutions for «, and therefore the 
complete solution of the equation. 

The complete solution of -i— , = Z7{n(n + l)pw + jB} then 

for 2n an odd integer is, where n=^20y 

+ B {(pO - e,r-i + a..j (p0 - c,)-* +...+a, {pO-e,) + a.}]. 
Take the latter of the two solutions 

J7= ^J- [{pd - 6,r» + a (p0 - .,r* +...}: 
(pO) * 

call this/(^). 

Now equation for U is unaltered by writing u-f 2a> for u, 
t.e. 6-^(0 for 5, therefore if n=f{d) be a solution, 
U=/(d + tt)) must also be one, 2<» being any period of w. 

Take here a>", where p<o" = 6,. 

We have 

{p (6 + «") -e,] [pd - e,} = (e. - e,) (e, - 0, 

and p (»+») = (^^_ej» ' 

therefore /($ + a>") = ^^ y-e.)" 

= K-e/K-e.r(p'^r K(i>^-o'"-^.(^.-e.)(e.-e.)(pg-e.r 
+ (- 1)"-* («. - «.r* («, - «,r* «.-i (i'^ - «.)"** 

VOL. XXVI r. 
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98 ifr, Crawford^ On the solution of Lam6^8 equcdton. 

but if we compare a^, a,^,, ..., a^^^ and a^,, a^^ ..., a^.^ from 
onr equation for a's, replacing a's by a's, we see the expresaion 
inside brackets is proportional to 

ipe - er + a^, (pd - e.)-' +...4 a^, (p0 - «.)«**, 

therefore / (^ + ft)") only gives us again the other solution, 
formerly derived in a different way. Thus, we have two and 
only two independent solutions, for on increasing in 
/(0 + ft)") by w' again, we get /(d + 2ft)"), i e.f{6) again, 
because /(^) is periodic in 2«". 

No fresh solution is obtained by getting one solution 
and replacing in it 5 by tf + o) or tf -f «', for if we solve 
in powers of pd — «, or pd — e respectively (and we know 
already that the resulting equation for B must have (n + \) 
real roots), we find as above we have two and only two 
independent solutions. 
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INTRANSITIVE SUBSTITUTION GROUPS OF 
TEN LETTERS. 

By Geo. A. Milleb, Ph.D* 

IN Vol. XXV. of this Journal Professor Cayley gave, in 
a condensed form and with some additions, the lists 
of the substitution groups through eight letters, which had 
been obtained by Serret and Mr. Askwith. In Vol. xxvi. 
Professor Cole gave a supplementary list, together with the 
groups of nine letters, and in the first number of this volume 
a list of the transitive groups of ten and eleven letters. 

In the following list of the intransitive groups of ten letters 
I have followed, in the main, the notation explained by 
Professor Cayley, pp. 71—77, Vol. XXV., of this JournaL On 
account of the very large number of groups and the varied 
correspondences, it became necessary to deviate from it in a 
few particulars which I proceed to explain. 

Whenever a correspondence is indicated, all the groups 
which can be found in this way are included, e.g. 

\(a'bcdef\^(jgMj)^S:\m. 

gives rise to nine distinct groups, since each of the given 
groups has three subgroups of half its order. These nine 
groups have therefore been written thus : 

1, 9 [(abcdeJX^ tgf^v\} dim. 

In two instances, under the system of intransitivity 2, 2, 2, 
2, 2, some of the groups obtained by dimidiating are already in 
the list, and in these cases the special subgroups used to obtain the 
groups that are meant are separately given after the respective 
groups. By this means it became possible to give to the 
term dimidiate and to the various correspondences perfectly 
definite meanings. All correspondences, except those expressed 
by the term dimidiate and the notation explained in the 
following paragraph, are indicated by the subscript a, b, wheie 
a and b represent the number of substitutions in the first and 
second groups respectively, which are placed in correspondence. 
Correspondences are always to be taken with respect to the 
last group ; i.e. all the part up to the last group is to be placed 
in correspondence with the last group. 

As in the former lists a 1, 1 correspondence between the 
VOL. xxyii. i> 
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Dr, Miller^ On intranstiive groups of ten letters, 101 

bd.ffj\hi abf.cde.ffij\ afh.ced.gji^ 

ac.ef.gj.hi^ adfcbe,g{j^ aehcfd.gji^ 

ef.gi . Tij^ ade . bfc . hji^ aed . hcf. hij\ 

ac.bd. gi, hj\ abecdf. hji^ afdceb . hy\ 

adf. bee . gjh^ afd. bee . ghj\ 

abfcde.gjhy aedc/b.ghjj 

the self-conjugate subgroups of orders two and eight in the 
former correspond to those of orders one and four respectively 
in the latter group. But the former group has two even 
self-conjugate subgroups, viz. those of orders four and twelve, 
while the latter does not have any self-conjugate subgroups of 
half these orders. 

^ In finding the self-conjugate subgroups of a given group, 
with a view to determining a correspondence, it is not 
sufficient to find all the groups of the required orders and of 
degrees not higher than the degree of the group under 
consideration and to determine which of these are self-conju- 
gate subgroups. For the division of a group according to 
similar self-conjugate subgroups may, by an a, b corre- 
spondence, give rise to groups which are not similar. For 
example, the group (abcde/)^^ will be divided in the following 
ways by using the two similar groups of (oLbc.de/)cjc, and 
(abc.d/e) eye. as bases of division 



1, 


1, 


abc . defy 


abc.d/e^ 


aeb.dfe^ 


aeb . de/j 


ube^ 


abcy 


dje, 


def, 


acb . de/j 


aeb . d/e^ 


acby 


acby 


def, 


dfe, 


abc.dfey 


abc , defy 


ad.be.c/y 


ad.be.cfy 


aecdbfy 


af.bd.ccy 


a/hdce, 


i\t. hj . cdy 
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102 Dr, Miller^ On intransitive groups of ten letters, 

ae . bf. cd^ aecdbf, 
a/cebdj adcfbe^ 
adbecf^ afcehd^ 

af, bd . ce, afbdce^ 
adcfbe^ aebfcd^ 
aeifcd^ adbecf. 

These two modes of division taken separately show that 
(ahcdef)^^ is isomorphic with each of the types of groups of 
order 6 ; via;, (abc) all and (abcdef) eye. 

The division of the list, according to its systems of intran* 
Bitivity, is believed to add much to its usefulness. This 
arrangement is due to a suggestion by Professor Cole, to 
whom I am under great obligations for other helpful sugges- 
tions while preparing this list, as well as for the verification of 
some of my work. 

I take this opportunity to give a non-»primitive group* of 
degree eight and order twepty-four, which does not appear in 
the lists which I consulted. It may be written thus 

(abed . efgh) pos. (ae .bf.ch. dg). 

The substitutions are 

1, ab.cd.e/.gh^ abcefgj afch.bgde^ 

acbd. eg ,fhy abd . efh^ ahcf, bedg^ 

ad, be. eh ,fg^ acd . egh^ afdg . bhce^ 

af. be.cg.dhj bed »/gh^ agdf, bechy 

ag.bf.ce.dhj bdc . fhg^ agbh . cfde^ 

ah ^bf.cg, de^ acb . eg/^ ahbg .cedf^ 

ae.bg, c/. dh^ adb . ehf^ 

ae.bh.eg.df^ adcehg^ 

ae ,bf,ch> dg, 

* The group of order 1344 and degree 8 is not found in either of the listi 
referred to in the first paragi'aph of this article. It contains all the substitutiona 
which transform A {aJbcdefgh)^ into itself and may be written thus 

+ [{{ah) {cd) {•h) {fff)} pos. {AJBCD) aU] {abcefdg) eye. 

This group is found in Kirkman's list of the transitive groups through degree 10 
in Proceedings of the Literary and Philosophical Society of Manchester, Vol. ill. 
It is also given by Jordan in Comptes RenduSf Vol. Lxxiii. The two intransitive 
groups of order six, {ab.cd.ef ) {g hi) eye. Kad {{abcdef) eye. {ght)cyc.}2^^i are not 
found in the list of groups of nine letters to which I referred in the first paragraphs 
I worked through thLs lii^t and found no other errpis. 
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2>r. Miller^ On intransitive groups of ten letters. 103 

It need scarcely be added that the groups which I have 
employed in the formation of new groups are written in the 
form in which they occur in the lists referred to, and that the 
groups of the same order are numbered from the first to 
the last, regardless of the division according to systems of 
intransitivity. 





Systems of intransitivity 5, 5. 




Gkoups. 


rder. No. 




5. 1 


(ahcde.fghij) eye, 


10. 1 


(abcde.fghij\^, 


20. 1 


(abcde.fyhij\, 


25. 1 


(abcde) eye. (fghij) eye., 


50. J, 2 


iabcde) eye. (fffhijX, {{abcde\,{fgMj\^ dim. 


60. 1 


(abcde .fghij ) pos., 


100. 1,2 


(abcde)^(/yhij) eye., (abcde),^ i/gm^ 


8 


{{abcdeX (My) J <1™- 


4,6 


{(abcde)^ (fghij) J, ,„ 


120. 1 


(abode .fghij) all, 


200. 1,2 


(abcde)„ (fghiJX,, {(abcde),„(fghij)J dim.. 


300. 1 


(abcde) pos. (fghij) eye., 


400. 1 


(abcde)^ (/ghiJX,, 


600. ,,2 


(abode) all (fghij) eye., (abode) pos. (fghij)^„ 


3 


{(abcde) all (fghif)J dim., 


1200. 1,2 


(abcede) all (/ghij)^„ (abcde) pos. (fghij)^ 


8 


{(aJ<«fe)8ll(/^AtJ)Jdim. 


2400. 1 


((Aode) all (fghij)^, 


3600. 1 


(abode) pos. (fghij) pos., 


7200. 1 


(abcde) pos. (fghij) all. 


2 


{(abode) all (fghij) all} dim.. 


L4400. 1 
28. 


(abcde) all (fghij) all. 
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104 Dr. Miller, On intransitive groups of ten letters. 

Systems of intransitivity 6, 4. 

12. 1, 4 {[(ahcdef) eye, (aicie/),] {{gMj\, 

(yhij) eye.]} dim. 

24. 1, 4 {(abcdef) eye., (abcde/)^] {(gMj X, (ffhtj) eye.} , 

6, 10 {[(abcdef) eye,, (abcdef ^l (ghij\\ dim. 

11 {(abcdef) eye. (flr^y ) pos,},^ ^ 

12 {(aJcflfe/).(^A«y)all},„ 

13, 18 {(abcdef)^, [(9^)ti (s^v) cjc,]} dim. 

19, 24 {(abcdef X^ (S^'W.^ 

25, 26 {[(± abcdef)^, (+ abode/) J (ffhij) all},,, 

27 {(a*crf«/),4j(^Ay)po8.},,, 

36. 1, 2 {(aicrfe/),g [(s-^t;),, (^A »)') eye.]} dim. 

8, 4 {(abcdef)^ (ghj) eye., (abcdef )^^ (sf^ij)*]*, n 

48. 1,2 [(abcdef )cyG.j (abcdef),] (ffhj\, 

8, 6 {(abcdef X„ (abcdef \,) {iS^iD^, (a^H) cjc.}, 

7, 16 {(aJcrfe/),, (yAy ) j dim. 

16 {(a*a?e/)„, (jtAjJ) po8.}, ., 

17 {(a6c(fe/)„ O/Ay ) all}, ., 
18, 28 [ {(abcdef),,^, (± abcdef),^, 

(+ a5cde/),j {(</A»y)„ OAiJ) eye.}] dim. 

24 {(oicdef)A9^y)*]»,x^ 

25 {(aic<fe/),,(i^Aj)')all},_„ 

72. 1, 2 {(aioie/) eye, (abcdef)^] (ghij) pos. 

3, 4 [{(abcdef) eye, (abcdef)^ (gf^ij) oM] dim. 

6, 6 (abcdef )^^ {(j^m^y i9^) eye.}, 

7,9 {(aJcJe/)„(^Ay)jaim. 
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Dr. Miller f On tntransitwe groups of ten letters. 105 

10 {{ahcdef\^ {ghtj) pos}^ ., 

11, 16 [((aJcrfe/)„, (abcdef)^]^ {ighj\, 

(g^y)cjc,]'\ dim. 

17. 19 {(ahcde/)^ (ff^lX ,i 

21. J2 Kal>cde/)„(^hiJXl„ 

«8 {(aicde/\,(ghtj)&l\}^^, 

96. 1.2 {(aicdef),„(abcde/\^}(jMJ\, 

8, 8 {(± aicde/)^, (+ abcdef),^, 

(abcdefX'J {(^hy)^, (j^v)<7<^-], 

9, 17 [{(± alcdefX,, (+ abcdefX,, 

iabcdef)„^f (ghy\] dim. 

18 {(abodefX,^ (ghij) poB.}, „ 

19. 20 [ {(± abcde/X, (+ abcde/X^} (>*«)*) all],,«, 
21, 26 [(abcdefX» {(s^ij )„ G?^*)") eye.}] dim. 
27, 82 {(abcdef)^ (Sf^'X),^ .» 

144. 1, s {(abcde/X, (abcdef) eye.} (^^j)*) all, 

8. 6 {(abcde/Xt (nhij ) all} dim. 

6. 7 {(aia7c/),„ (ahcde/X,,} {ghij) pos. 
8 (abcdefX»{gMJX, 

», 12 {(aJa?e/)„, (abcde/)„J {(ghy'X, {ghij) eye.}, 

13. 21 [ {{abcdef)^, (abcde/),,J (ghij);} dim. 
22 {(«5crfe/)„^ (i?^y) all}^ ,, 

28, 28 [(abcdefX, {(ghij^, (ghij) eye,}] dim. 

29,34 {(abcde/)„(ghj)X^^^^ 

192. 1, 8 {(± abode/),,, (+ abcdef X„ (ahcde/),, } (ghj)^ 

4, 6 (abcdef),^ [(g^H),, (9^u) eye}, 

6, u {(abcde/)^^ (9M)\] dim. 

16 {(«icc7p/X„(.y^y)all)^,, 
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216. 1, 2 (ahcdefX^ (jhij) pos., {{abcdefXJjUj) all) dim. 

240. 1,2 [(a5c<i?/),^{(5'AyX, (flrAi;)cyc.}]dim. 

8. 4 {abcdef)^ {(jhtj\ (ghij) eye.}, 
288. 1.2 {{abcdef\^,(abcde/),^](ghij)a.\\, 

8. 5 {(± tticde/)u^ (+ abode/),,, 

(abcdeJ\,^](gMj) poa. 

6,8 [{(±«iafe/)„,(+a5«?«/)„, 

(aJcJe/)„J OAj;) all] dim. 
9, 10 {(abcdef)^, (abcdef),^} (jhijX, 
11, 12 (abcde/X, {(ffhj\, {ghij) eye.}, 
18, 21 [(d)cdef)„ (ghtJW dim. 

(abcdef)^, (ghtj)^, 

(abcdej)^^, (ghij) all, 

{(abcde/)^, (ahcdef),^^ (ghij) pos, 

[{(abcde/)„, (abcde/)^^] (ghij)) all] dim. 

(abode/),,, {(ghij),, (ghij) eye.}, 

{(«*«?«/).,. (?Ay ).} dim., (ahodef)^ (ffftv),^ 

{(±abode/),„ (+ abode/),,, (abode/) J (ghij) all, 

{(abcde/),^ (jghij) all] dim. 

(abcde/),^ (ghij) pos., (abode/),, ighij)^, 

(abode/)^ (ghij) pos. 

{(aicc?*/),,, (aJftfe/),.^ (^Ay) all, 

(abode/),, (ghtj)foa., {(abode/)„(ghij) all} dim. 

(abode/\„ (ghij)^, 

(abode/),^ (ghij) all, 

(abcde/)^„ (ghij) pes., {(abode/X„(ghij) all} pos. 

(abode/) pos. {(^-AiJ)^, O^zJ) eye.}, 

(abcde/),„ (ghij) all, 
6, 7 [abode/) all {G;^?/),, (i/At;) eye.}] dim. 



384. 


1 


432. 


1 




2,8 




*,« 


480. 


1,« 




.1,6 


576. 


1,8 




4,6 




7,8 


720. 


1 


864. 


1,2 




8,6 


960. 


1 


1152. 


1 


1440. 


],2 




3,6 
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1728. 


1 


{abcde/)„(ffhij) S.II, 


2880. 


1.2 


(abcdef\^ (ffky) all, (abcdef) poa. O^y),, 




•i* 


(ahedef) aU {(ghij)^, (gkij) eye.}, 




6,7 


{(abcdef) o]l(3hiJ\} dim. 


4320. 


1 


(abcdef) pos. (gMJ) pos. 


6760. 


I 


(abcdef) all (jghtj)^ 


8640. 


1,2 


(abcdef) all (ghtj) pos., (abcdef) poa. (ffMj) all, 




8 


{(oicJe/) all O/Aj)-) all} dim. 


7280, 


1 


(abcdef) all (^AtJ) all. 



244. 



21. 
42. 

63. 

84. 
126. 

262. 

604. 

1008. 

7560. 

15120. 



30240. 



Bystema of inirannHvity 7, 3. 

(abcdefg) eye. (hij) cjc.., 

[(aicdefff)„(htf) cjo.}, ^, 
(abcdef g) eye. (htj) all, {(abcdefg),^ (hij) all} dim. 
(abcdefgX;(hij) eye, {(abcdefg)„ (hij) eye},,,,, 
(abcdefg)^^ (hij) eye. 
(ahcdefg\^ (hij) all, 

(abcde/g),^ (hij) all, (abcdef g)^, (hif} eye. 
{(aJafe/^/X, (Ay) all} dim. 
(abcdefg)„ (hij) all, 
(abcdefg\„ (hij) eye. 
(ahodefg)^^ (hij) all, 
(alcde/g) pos. (Ay) eye. 
(dbcdefg) poa. (Ay) all, 

{(aJccfe/*^) all (Ay) all} dim. 
(dbcdefg) all (Ay) eye. 
(dbcdefg) all (Ae;) all. 



19. 
VOL. XXVII. 
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Systems of intransitivity 8, 2, 

8. 1, 2 [{A [ahcdefgh)^^ D [abcdefgh)^ [ij) dim. 

3, 6 [{B [ahcdefg}i\y G [ahcdefgh)^ [ij)'\ dim. 

7 {[ahcdefgh] eye. (ij)] dim. 

16. 1, 6 [A [abcdefgh]^ D {abcdefgh\^ B [ahcdefgh\^ 

G (abcdefgh)^, {abcdefgk] eye.} [ij)^ 

6, 10 {«« . 5/. eg ,dh) B' (abed . efg}i\ [ij) ] dim. 

11, 16 {(«« . bf. eg . dh) G' [abed.efgh)^ [ij)] dim. 

i&, 17 {{aebf. edgh) eye. [ae . bd) [ef.gh] [ij)] dim. 

18. 19 [[aebfegdh] eye. (1, ae.bd) [ij)] dim. 

20, 26 [[abed, efgh)^ {[aebfegdh)^ [afbgehde]] [ij)'] dim. 
24. 28, 29 [(a&ci . efgh) pos. { (ae Jbf.eg. dh) , 

(ae .bf,.eh. dg)] (ij}] dim . 
32. 1, 6 [[ae . J/, eg . rfA) J? (aJcJ. e/gh)^^ 

[ae.bf.cg.dh] C [ahcd.efgh)^ 

{aebj.cdgh) eye. [ae.bd) [ef.gh)^ 

[aebfegdh) eye. ( 1 , oc . bd)y 

(ahed.efgh)^^ \[aebfcgdh)y [afbgehde)]\ (ij), 

7, 9 [{{abed)^ {^f9^)sU « ^^ • */• ^i^ •^*) (?>')] ^^°^- 

10, 11 [{(«&cd), (c/i^AU,, , (aeJ/. c^^dA) (tj)] dim. 

12, 16 [{[abed)^ Wg^)^^,^ {[aeeg.bf.dh), 

[aebfegdh)] [ij)] dim. 

16. 20 [[[abed)^ i^fg^)^^,^ («« • */• <^ • ^^) (l)')] ^»°^- 
a,23 [{(a^a {^fg^)skf, (ae.b/.eg.dh) [iji] dim. 
24, 26 [(a&crf) eye. [efgh) eye. (ae . J/, eg . e?A) (^*) dim. 
27, 29 {(aJcrf)^ (?/^^)4 [ae.bf.cg.dh) [ij)] dim. 

48. 26, 28 [[abed.efgh)'pos, {[ae.bf.eg.dh), [ae.bfeh.dg)}^ 

[ab.ed. ef.gh) [ABGD) pos.] (y), 
29, 32 {(a&cc?e/^A),. [ij)] dim., 

{[ah. cd. ef.gh) [ABCD) all (?;)} dim. 
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Dr, Miller^ On intransitive groups of ten letters. 109 . 
64. 1, 4 \Mcd\ [efgh\]^^, [{c^.hf.cg.dh), [aebf.cgdh), 

(a^cg.bf.dh), [aehfcgdh)}'] [ij)^ 

5,6 [[[abcd)M9^\^. 

[[alcdX (€/^A)J,,,J [a4^.hf.cg.dh) {ij), 
7, 8 {[aicd) eye. [efgh) eye, 

(aJci), {efgh)^] [ae.bf.eg.dh) [ij)i 
0, u [{(«5cc?)8 eye. {efgJi\ eye.} dim. 

{aecg.hf,dh) [ij)'] dim. 
12, u [{(aJcrf)3 pos. [efgh)^ pos.} dim. 

(a^a/c^rfA) (tjf)] dim 
16, 17 [{(«5<xif)g eom. [efgh\ com.} dim. 

(ae .hf.cg. dh) (y )]]|dim • 
18, 20 [{{cd>cd)^ com. (6f^A)g com.} dim. 

{(leb/cgdh) (y)] dim. 
21, 26 [M { (abcd)^ {^fg^)s] ^™' (^^ • ^« c^ • ^A) (t?)] dim. 
26, 80 [-^{(«5crf)g (efgh)^} dim. (oe . 5/. c^ . dh) (iJ)'] dim.. 
9e. 83, 84 {{abcdefgh)^^, (ab . cd. ef.gh) [ABCD) all} {ij)y 
86 [[ae.bf.cg.dh) {{abcd\, [efgh\,] trig, (ij?)] dim. 
36 [iae . bg . cf. dh) {(aJci),, (c/^'Ajj,} tris («J)] dim. 
112. 1 [A [abcdefgh)^ (bcedghf) cjc» {ij)} dim. 

128. 1 M{{abcd)^ [efgh)^] dim. (ae . bf. eg . dh) (tj), 

2 N{{abcd)^ (e/yA) J dim. (ae . i/. cj' . rfA) [ij), 

a {(«*aZ)3 eye. (e/g'A)^ eye.} dim. [aecg.bf.dh) {tj]r 

4 {(«6cc?)g com. {e/gh)^ com} dim. (ae . b/.cg. dh) (ij) , 

5, 6 {(a^ocfjg pos. (e/yA)g pos.}. dim., 

{(aJa?)3 com. (e/^A)^ com.} [aebfcgdh) [ij), 
7, 13 [[{abcd\ {efgh)} {ae ,bf.cg. dh) (i)')].dim. 
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192, 16 {(oJ) (erf) (e/)(^A)}po8. (^£02)) pos. {»>'), 
17, 18 {(aicrf),, {efgh\^\ tris. {[ae.hf.cg.dh\ 

{ae.bg. of. dh)}{ij), 
19, 21 [{ {abcd)a.]l (efgh) all} sex, (a« .hf.og. dh) (y )] dim. 
22 [{{ab) [cd] ief) {gh)] all {ABOD) pos. (tj)] dim. 
88 { + [((a6)(c(2)(e/)(^A)}po». 

x(^50Z))aU](ty)}dim, 
24 {±[{(aJ)(od)(e/)(flrA))po8. 

(^£C2))all]{t)')}dim, 
{{abed)^ {efgh)^ {ae.hf.og.dh) (y), 
{(aAcrf) pos. (efgh) pos. (ae.hf.cg.dh) («;)} dim, 
{(aJcrfe/yA),„, J[ {abcde/gh\ [bcedgAf)J (ij), 
{{abcdefgk)^ {ij)} dim. 
{(oicrf) all (efgh) all} sex. (ae.hf.cg.dh) (if), 
{{ab) [cd) (ef) (gh)] all [ABCD) po8. (tj), 
+ [{{ah) {cd) {ef) (gh)} poB. (ABCD) all] (tj), 
± [{(a6) {cd) {ef) (gh)} pos. (^5C7Z>) all] (t)'), 
[(l,a^.iA, c/.rfA, 6^./^) 

X {(aJcc?e/'),J^^)} («}•)] dim, 
676. 9 (aicc?) pos. (efgh) pos. (ae .b/.cg. dh) (ij)^ 

10, 11 [ (ae . bf. eg . rfA) {{abed) all 

X (6/^A) all} pos. (ij)] dim, 
[{(aJoZ) all (e/gh) all} pos. (aei/". cj' . dh) (ij)] dim, 
{aJcrfe/i;'A)„Ji;'), 

(1, ag.bh, c/.dh, eg./h) {{abcde/)^^ (gh)] (tj ), 
{ (abed) all {efgh) all} pos. { (ae .b/.og. dh)j 

{aehf.eg.dh)}{ij)^ 
4, G {(abed) all (^^A) all {a^,bf,eg. dh) (?)')} dim. 
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288. 


22 


336. 


1,2 




3 


384. 


2 




8 




4 




() 
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672. 
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768. 
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2304. 


1 {ae.lf.cg.dh) {{abectj all [efgh) all} (y ), 


2688. 


1 +[{(a5)M(eA)(/<7)}po8. 




X iABCD) all] (abcefdg) eye. (ij\ 


40320. 


1, 2 (cibcdefgh) pos. (y ), {(aJcde/^^A) all («; }} dim. 


80640. 


1 {abcdefgh) all (t)'). 




156. 



Systems of intransitivity 4, 4, 2. 

4. 1, 2 {(aAcei.c/i/A)^ (t; )} dim., 

{[abed, efgh) eye. (t; )} dim. 
8. 8, 9 (abed, efgh)^ {ij\ (abed . e/gh) eye. (i)'), 

10, w {[l(a*c(ij eye. (e/gh) eye.} pos., 

{(aJcd)j {efgh)^iim.] {ij)} dim. 

16, 16 [{(abed) eye. (e/s'A) j dim. («)')] dim. 

17, 21 {{abod.efgh)^ (ij)} dim. 

22, 24 [{(aJc(i)3 {efgh)^],, (ij)] dim. 
16. 26, 28 [{{abcdj^j {abed) eye.} (e/^^A) eye., 

(abed),{efgh);}iim.{ij), 

29, 81 [(aJc^. e/^A)„ {(a Jc^), (efgh)^^^ J (iJ), 

82, 85 [ {(abed) eye. (e/^A) eye, [abcd)^ (efgh),] (ij)] dim. 

86, 88 {(abed) eye. (e/^A)^ (j^*)} dim. 

89, 63 [{(abed)^ (efgh)^ dim, (y ) ] dim. 

54, 62 [ { (abcd)^ (efgh) eye.} dim. (t; ) ] dim. 

63, 76 [{(abcd)^ ie/gh)^Ut (if)] «liai- 
24. 30, 31 {abed. e/gh] pos. (y ), {(aJcc?. c^A) all (ij)] dim. 
32. 80, 8? [{{O'bed),, (abed) eye.} (c/^A) eye, 

{abed),(efgh)^](i)), 

38, 88 [(aiccZ), {{efgh)^j {efgh) eye.} dim. (i}'), 

89,43 {(abcd}^(e/gh)X,{ij)^ 

44, 50 {(aJccQ, (e/gh), (ij)} dim. 

61, 67 {(aicrf), (e/^A) eye. (|;')j dim. 

58, 98 [{{(^bcd)^ {efgh)^] dim. (ij)] dim. 
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48. 33, 84 {abcd.efgh) all [ij)^ {{abed) pos. {e/gh)^ {ij)} dim. 
86, 36 {[{abed) pos. {efgh) eye, 

{{abed) all {efgh) eye.} pos.] {iJ) dim. 
87, 38 [{(aJcrf) all {efgh)^} dim. (y )] dim. 
64. 31, 32 (aJcci)3 l(6/iyA)„ {efgh) eye.} (j;), 
83, 88 I {abcd)^ {e/gh)^\ dim. (y ) , 
89, 47 { (aScd)^ (e/^A)^ {tj)} dim. 
96. 37, 39 {abed) pos j (e/^A)^, (e/g^A) eye.} (^;),. 

l(aJod) pos. (e/'^A) pos.}, , {tj)^ 
40, 41 [(aiorf) all { {e/gh)^, {efgh) eye.}] dim. (y ), 
42, 47 [ {abed) all { (e/^A),, (e/^A) eye.} {tj) ] dim. 
48,61 {[{{abed) bM (efgh) Bl\^, 

{abed) pos. (e/^A)^] (tJ)) dim. 
62, 60 [{ {abed) all {efgh)^] dim. (y ) ] dim. 
128. 14 {abed)^{efgh)^{ij), 
192. 26,27 {abed) B\\[{efgh)^, {efgh) cy(^.]{{j)., 

{abed) pos. (e/jrA)^ (y), 
28, 81 } {abed) all {efgh)^] dim. (tJ), 

{(aJccO all (6/^A) all},, (ij), 
32, 38 { {abed) all (e/^A)^ {tj) } dim. 
288. 23,24 (aJci) pos. (e^A) pos. (y), 

{{abed) all (e/^A) pos. {tj)] dim.. 
26 [{ (aJct/) all {efgh) all} dim. 0*)] dim. 
384. 9 {abcd)^{efgh)^{tj), 

576. 13, 14 [{abed) all (e^A) pos., 

l(aJcc;)all(e/^A)aU}dim.](j>-), 
16, 16 I {abed) all (efgh) all (tj ) ] dim. 

1152. 7 (aici) all (e/^A) all (y). 

207 
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Systems of intransitivity 6, 3, 2. 


30. 


1,2 


\[abcde) eye. [fgh] eye. (t;")|, 

1 {abcde) eye. (fgh) all (y ) | dim. 




8,4 


\{ahcde\^ [fgh) eye. (tj)} dim., 

[l(a5crfe),„(/^A)8ll}dim.(y)]dim. 


60. 


2,8 


(abcde) eye. (/^A) all (y), 

j(«Jc«fe).,(^A)all|dim.(y), 




4,6 


(a5(«fe),J/^A) eye. (z;), 

{(aiafe)„ (fgh) eye, (y)} dim. 




8,9 


{(aJ«fe),.(/^A)all(y)ldim,, 

[{(ahcde)^ (fgh) all] pos. (y)] dim. 


120. 


2,8 


(abcde)^, (fgh) all (y), {abcde)„ (fgh) eye. (y), 




4,7 


l(ai«?e),(/yA)alllpos.(y), 

|(a5c(fe)^(/^*)all(«;)}dim. 


240. 


( 


(abcde) „(fgh)Bil(v), 


360. 


1,8 


(abcde) pos. (/^A) eye. (t)'), 

{(aJccfe) pos. (/yA) all (ij)\ dim. 




8,4 


{(aJcde) all (fgh) eye. (t;)| dim., 

[{ (abcde) all (/^A) all] pos (y)] dim. 


720. 


2,8 


(a*a7e) all (/flrA) eye. (y), 

(aicefe) pos. (/^rA) all (y), 




4,7 


{(aScde) all (/^A) all| pos. (y), 

{(abcde) all (fgh) aU (y)} dim. 


1440. 


8 

30 


(aJc(fe) all (fgh) aU (tj). 



Systems of intransitivity 3, 3, 4. 

12. 7, 8 [ahc.def) eye. | (^'AeJ)^, (yAt;) eye.}, 
9 j [ahc . efe/*) eye. [ghij) pos. }, ^, 

10, 11 {[ahc.def) 2\\[[ghij)^^ [ghij) cyc.j] dim. 
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24. 82,88 {abo.def)cjc.(ffhiJ)„\{abo.def)a\[{gMj)a]\l_,, 
84, 86 iabo.de/) all {(^Mj),, [gMj) eye.}, 
86, 88 { {abc.de/) all iffhij)^] dim. 
36. 6,6 {abc.de/) cjc.{ghiJ)foa., 

j(aJc) all (def) all (gJiij),],^ „ 
7, 8 (aJc) eye. (rfc/) eye. [(jhij\, (ffMj) eye.}, 
9, 10 {(abc) eye. (rfe/) eye. (ffhij)Tpoa.],,, 

11, 14 [(oic) all (def) eye, {(aJc) all ((?«/) all) pos.] 

x[(^At;)„(i^At))eyc.]dini. 

48. 89 (abc. def) all (ffhj\, 

72. 24, 26 (aSc . rfe/)cyc. (gh{j)al\, (abc . def) all (ghtj)^oa. 

it I {abc . def) all (g'At; ) all) dim. 

27 (abc) eye. (tfe/") eye. (ghij )„ 

28, 81 [(abc) all (<fe/) eye, {(oic) all (def) all) pos.] 

»2, 87 ([(aic) all (<&/) eye, 

\(abc) all (rfe/) all) pos.] (ghij);) dim. 
88 |(a5c) all (def) eye, (^At;) pos.)^ „ 
89,41 ([(a6c)aU(rfe/)cyc., 

\(abc) all (def) all) pos.] (^Aj)) all),,, 
42, 45 [(abc) all (<ie/) all [(ghij),, (^hij) eye.)] dim, 
46,48 \(abc)tAl(def)&\\(ghtj,l„ 
108. 1 (aic) eye. (de/") eye. (5%) pos. 

144. 86,36 {abc.de/) all (^AtJ) all, 

[{abc) all ((?e/) all {gh^) aU),_„ 
87,88 [(aic) all (rfe/) eye., 

{(aic) all {de/) all) pos.] (^Ay)„ 
89, 40 {abc) all (rfe/) all { {ghy),^ {ghij) eye), 
41,46 {(aJc) all ((?e/) all (^Ai)),) dim. 
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216. 3 {abc) eye. [def) eye. {ghij) all, 

4. 6 \Sflbc) all (<&/) eye., 

[[abc) all (cfe/*) all} pos*] [ghij) pos. 

6. 7 ([(«*c) all (cZe/) eye., 

{(aic) all [def) all| pos.](^^tJ?) all) dim. 
288. 26 (aJc) all (rfe/) all (^Ay),, 
432. 7, 8 [{ahc) aU (de/) eye., 

[{abc) all ((?€/) all} ^o^.'\[ghtj) aU, 
9, 10 {(aJc) all [def) all (^Aj?) all| dim. 
H [ahc) all (cZe/*) all [ghij) pos. 

864. 7 (oJc) all (Je/) aU (i^Ay) all. 

73 

Systems of intransitivity 6, 2, 2. 

6. 1, 2 [abcdef) eye. (^A . t; ) dim., (ahcdef)Jigh . y) dim. 

12. 12, 13 {(aJct?e/) eye., [abcdef )^] [gh . ij), 

14, 17 [{ [abcdef) eye., (oicrfe/) J { [gk) [ij) |] dim. 

18,23 l[abcdef)^,[{gh)[y)]\^, [[abcdef),, {gh.ij}} dim. 

18. 1 {(«^«^?/')ig (9^^ • y)} dim. 

24. 39, 40 { [abcdef) eye., (aJcrfe/)e} (^A) (i}') , 

41,42 [[abcdef),,, ((^bcdef),,^}[gh.tj)^ 

43, 48 [[abcdef),, [[gh)[ij)]] dim. 

49, 61 [{ (+ abcdef ),^y [± abcdef ),^^ 

[abcdef ),^};[gh.ij)] dim. 

36. 15,16 [abcdef ),^[gh.ij), [[abcdef )^^[gh.ij)\ dim. 

17, 20 [[abcdef),^ [g^iv) 1] dim.,{ [abcdef) ^Jgh . j; j [dim. 

21, 22 [(«Jcrfe/)3,j(^A)(ij)l], J, 

48. 40, 41 [[abcdef )„, {abcdef),^[gh){ij), 

VOL. XXYII. R 
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42, u {(+ abcde/)^, (± ahcde/)^^, {aicde/)^^\(ffh.ij), 

46, 50 [1(+ abcde/),^, (± abcde/),^, 

{abcdef)„^]\(ffh)m] dim. 
\{ahcde/)Jgh.ij)]iim.,[{abcde/)J{gh)mi,^„ 
(ahcdef)Jgh)[ij), \{ahcdef)„,{abcde/)^\{ffh ij), 

{{ahcdef),,,igh.ij)\d\m.l{ahc<k/U(gk)iy)\l^,, 
[{{abcdef)^, {abcde/)^][{gk){i;)\-]iim. 

\{+abcde/)^, {±abcde/),„ {abcde/)„^](gh){ij), 

{abcdef)^{gh . ij), [{abcde/)J (gh) {tj) |] dim. 

{abode/) Jgh.ij), \{<^cde/),^{gk.ij)] dim. 

I i'^bodef)^, {<ibcdef)„^] {gh) {ij), {abcdej^^igh.ij), 

[{abcdef)„{{gm-)]-] dim. 

{abcdef)Jgh){ij), 

{ahcde/)Jgh) {ij), {abode/), Jgh.ij), 

[{ahode/),J{gh){ij)]]dim. 

{ahcde/),^{gh){ij}, 

{aicde/),„{gh){ij), 

{abode/) pos. {gh.ij), {abode/) all {gh.ij) dim. 

{abode/) pos. {gh){ij), {abode/) all {gh.ij), 

[{abode/) Bd\{{gh){y)]-]dim. 

{abode/) all {gh){ij). 

Systems of intransitivity 3/3, 2, 2. 

6. 8,4 {dbo.de/) eye. {gh){ij) dAxa.f 

W{ahc.de/) all {gh)] dim. (y)] dim. 
12. 24, 27 {{abc.de/) all (yA) {ij)] dim., 

{abo.def) eye. (gh) {ij), 
18. 2,8 {(oJc) eye. (rfc/") eye. (^A.t)"), 

[{(aJc) eye. (<fe/) all {gh)] pos. (y)] dim. 
4 [{{«^c) all {def) all} pos. (gh.tj)] dim. 





61,66 


72. 


49,61 




62,67 




68,68 


96. 


61,63 




«4,70 


120. 


8,9 


144. 


47,49 




60,65 


192. 


89 


240. 


6,7 




8,9 


288. 


27 


480. 


7 


720. 


8,9 


1440. 


9,10 




11,12 


2880. 


8 




103. 
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24, 62 {ahc.def)^\\{g}i)[y), 

36. 23, 24 {ahc) eye. {def) eye. [gh) {ij)y 

{abc) eye. [def) all {gh.ij)^ 

25. 28 ([(a5a) eye. (die/*) all, 

{[ahe) all (cfe/jiall} poa.] [{gh) [y]]) dim. 
29,31 {(aJc) all {def) all} pos. (^A.y), 

{{abc) all (rfe/) all (^^.t)')} dim. 
8^, 3a \.[ahc)^\\[def);i\\{{9h){i))}\^, 
72. 64, 66 [ahc) eye. (<?e/) all (^^) (y), 

{(aJc) all ((?6/) all} pos. {gh) Cy), 
6», 70 {ale) all (c?e/) all {gh.ij)j 

liabc) all ((ie/) all {(^A) (t;)}] dim. 
144. 66 {abc)9R{def)a\[{gh){il). 

2a 

Systems of intranstttvity 2, 2, 2, 4. 
4. 8, 4 [(aJ . C(?. e/) (f^'AtJ)^, {ghij) cy c.} ] dim. 

6,6 ([(aJ.cd) (6/), {(aJ) (erf) (6/)}pos.] (i^Ja;7J,,^ 
8. 25, 26 {ah.cd^ef) {{ghij)^^ {ghij) eye.}, 

27. 29 {(aJ.crf.c/') {ghij)^ dim. 

80, 85. [(a* .cd) {ef) {{ghij)^y {ghij) eye.}] dim. 

. 86,87 [{{ah) {cd) ef)] pos. {ghij)^^ {ghij) eye.}] dim. 

88.44 ([{(aJ) (cc?) (^)} pos., {db.cd) {ef)-] {ghy),\ ., 

45, 47 {{ah) {cd) {ef) {ghij)^\.^^^ 

16. 77, 78 {ab.cd) {ef) [{ghij)^^ {ghij) eye.},. 

79, 8(> { [al) {cd) {ef) } pos. j {ghij)^, {ghij) eye.}, 

81, 9» ([(aJ.crf) (e/), \{ah) {cd) (e/)} pos.] (^Atji^J dim. 

98, 98 [ {ab) {cd) {ef) { {ghij)^, {ghij) eye.)] dim. 

99,109 {{ab} {cd) {ef) {ghij)J^^^^^ {ab.cd.ef) {ghij)^ 
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24. 63, 64 {ab .cd.ef) {ffhij) pos., 

{{ab.cd.ef) (ffhij) all} dim. 

32. 94,95 {ah) [cd) [ef) {{ghij)^, {ghij) cycl, 

96,97 [{ab.cd) (e/), \[ab) [cd) [ef)] pos.] {ghij\, 

98, 106 \iab) (cd) {ef) (jlhij\] dim. 

48. 67, 68 [(ab.cd) (ef\ \(db) (cd) {e/)] pos.] {ghij) pos. 

69,62 ([(ab.cd) (e/)^ 

{(ab) (cd) (ef) } pos.] (ffhij) all) dim. 

63 (ab.cd. ef) (ghij) all, 

64. 48 (ab)(cd)(e/)(ghyX 

96. 71,72 [{ab.cd) (e/),{{ab)(cd){ef)]TpoB.](3hj)M, 

73,76 j(aJ) (cd) {ef) (ghj) all} dim. 

76 (ab) {cd) (ef) (ghiJ) pos. 

192. 40 (ab)(cd)(ef)(3hij)^\\. 

90. 

Systeins of intransitivity 2, 2, 2, 2, 2. 

2. 1 (ab.cd.ef.gh.ij) 

4. 7, 9 j (aJ . cfZ . e/) (^A) (y) } dim. 

10 [{ab.cd) (ef.gh) {ij)] dim. s.gs^(ab.cd.ef.gli)^ 
8. 48, 62 {{ab.cd) (ef ) (gh) (if) } dim. 

63 [{(ab) (cd) {ef) (gh)] pos. (if)] dim. 

s.g=^ (ab.cd) (ef.gh), 
16. 110,113 l(aJ)(c(0(«/)G7A(lO}dim. 
32. 107 (ab)(cd)(ef)(jgh)(tj). 
16. 
Total number 994. 



TTniyersity of Michigan, 
June, 1894. 
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SUE XJN MODE DE EOEMATION DE CERTAINS 
GE0UPE8 PEIMITIFS. 

Par Edmono Maillet, Ing€nieur des Ponto et Chaugsefs, Rue des 
Jarding, Toulouse. 



OUS avons 4tabli* le th^orfeme Buivant ! 



ThSorime. De tout groupe simple d'ordre g non premier, 
on deduit, par la consideration de Tisomorpbe transitif dont 
I'ordre ^gale le degre et de son conjoint, un groupe primitif 
d'ordre ^ , de degr^ g, de facteurs de composition ff et g. 

Nous nous proposons de donner ici en m^rae temps une 
demonstration un peu diff<6rente et une extension de ce 
theor^me, en adoptant un mode de representation des groupea 
de substitutions indique par M. Cayley. 



Solent O un groupe regulier, c'est-i-dire un groupe transitif 
et dont I'ordre g est egal au degr^fj (^u ^o «»» ••• ^g ^^^ 
lettres. Ecrivons sur une m^me ligne horizontaie ces g lettres, 
dans Tordre ci-dessus, puis au-dessous et successivement les 
lettres par lesquelles chaque substitution de (7, k part I'unit^, 
remplace respectivement a„ a„ ..., a^, de fa<;on qu' k chaque 
substitution corresponde une ligne du tableau ainsi form^ ; on 
obtient ainsi un carr^ de lettres : 



(1) 






Va/, a/, ..., a/, 



tel que a*, a*^ ..., a J designent les mSmes g lettres a^y a„ ..., a 
prises dans un ordre different pour differentes valeurs de t. 
Dans ce tableau, Tindice sup^rieur V distiogue les elements de 
la «*™® ligne, et I'indice inferieur J les ^16ments de la ^'*"« 
colonne ; enfin la substitution 



a ^ K\ «.N •••> <\ 
\aj, a,, ..., a^j 



♦ Thkn de Doctorai, Paris, Gauthier-Villars, 1892, p. 3X. 
t Jordan, Traite des Substitutionsy p. 58 ^ 60. 
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cat une substitution de G quel que soit i. Soit 8^^ la substi- 
tution qui reraplace la a^°*® ligne du* tableau (1) par la /3^"® 
6l^ment k element; 8afi=^ 8^a''^8^^{s^\t partie de (?; de plus 
en laissant a fixe et iaisant varler on obtient g substitutions 
evidemment differentes et qui sont d^s lors les g substitutions 
de G : done on pourra toujours, 6tant donn6 a, trouver fi tel 
que la substitution 






Boit une substitution arbitrairement choisie de G. 

On salt*, et on voit facilement que chaque substitution 
de Gj k part Tunit^, d^place toutes les lettres, et est regulifere ; 
il en resulte que les g lettres d'une colonne de (1), o^*, af^ ..., af 
Bont diflfiJrentes, et identiques k I'ordre prfes k Oj, a„ ..., a^. 
Le tableau (1) ne comprendra done pas deux lettres identiques 
dans une de ses lignes ou une de ses colonnesf. 

R^ciproquement, consid^rons a priori un carre analogue 
k (1) forme avec g lettres a,, a,, ..., o^repetees chacune g tois, 
et assujetti a la seule condition de ne pas comprendre deux 
lettres identiques dans une de ses lignes ou une de ses colonnes. 
Le groupe G deriv^ de toutes les substitutions 

sera Evidemment transitif ; G pourra 6tre un groupe r^guHer ; 
mais il pourra aussi ne pas T^tre, c. k, d. que son ordre sera plus 
grand que son degr^, comme le montre Texemple du carrE 
forme avec 5 nombres 

1, 2, 3, 4, 5, 

2, 1, 4, 5, 3, 

3, 4, 5, 2, 1, 

4, 5, 1, 3, 2, 
.5, 3, 2, 1,4, 

qui conduit k un groupe G de substitutions entre les 5 nombreff 
1, 2, 3, 4, 5 identique au groupe sym^trique de 5 Elements. 

Or nous pouvons maintenant op^rer sur les colonnes du 
tableau anologue k{l) que nous consid^rons comme nous Tavons 



* Jordan, Traiti det SubsHtutionSj p. 68. 

t Ce mode de representation des groupes rggaliers a 6te indiqnS, par M. Cayley, 
American Journal of Mathematics, 1. 1, p. 60 et 174, et t. XI, p. 139. 
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fait sur les lignes ; noaa obtiendroiiB ainsi un groupe F d^rivd 
de toutes les Bubstitutions 



a/, a/, ..., a// * 



r sera un groupe transitif. 

Les groupes O eVT sont inseparables et inseparables da 
tableau (1) ; nous pourrons done les appeler conjoints. Nous 
aliens voir en effet que, si O est regulier, V est form^ de 
I'ensemble des substitutions echangeables k toutes les substi- 
tutions de (7, par suite aussi regulier; en sorte que, dans 
ce cas particulier, (? et T sont ce que M. Jordan a appel^ 
deux groupes conjoints.* Notre definition n^est par suite 
qu'une extension de celle de M. Jordan. 

Soit S une substitution quelconque de O^ 2 une substitution 
echangeable k toutes les substitutions de (?, O ^tant suppose 
regulier. On a : 

(2) ir^s^^B. 

Soit a»," une lettre deplac^e par 2. Le tableau (1) ne 
renfermant pas dans une de ses lignes ou de ses colonnes 
deux elements identiques, et, par suite, renfermant toujours 
dans une quelconque de ses lignes ou de ses colonnes un 
element identique k ai^*^^ t, peut fetre arbitrairement choisi. 
Supposons que 2 remplace ai^ par ax, qui est different de 
a,-j**, puisque cette derni^re lettre est deplacee par 2. II y a 
toujours dans la o^^^ ligne du tableau (1) une lettre oj^ 
identique k a\ et j^ ^ \. 8 etant quelconque dans O pourra 
toujours s^ecrire 






etant convenablement choisi. Mais alors Uegalitd (2) 
exige que 2 soit de la forme 






En falsant varler 8 et laissant a et t, fixes, par suite 
aussi ^'„ on peut faire prendre k toutes les valeurs possibles 
et 2 substitue les elements de la ^',^® colonne aux elements 
correspondants de la i^^"®, et fait partie de F. 

♦ Traite dts SubetUutiont, pp, 68-60. 

Digitized by VjOOQIC 
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De plus, «, ^tant arbitrairemeiit cboisi dans le raisonnement 

Joe Doaa veDons de faire, si on fait varier t „ il prendra g valeara 
iBtinctes. Parmi lea jf* substitutioas 2^ dont F est derive, 
il 7 en aura done g identiques k 2. 
Beeiproquement soit 

une substitntion de F. La substitution 2,ij^^82ij^ est 
de la forme ( ^^J '*' ) • Mais, O 6tant r6gulier par bypoth^sOi 
8 pent aussi s (icrire 

•7 etant convenablement cboisie, en sorte que ^ij^^Sliji 
remplace ajf par q//. On a d'ailleurs, k^ ^tant convenable* 
ment choisi, oj^-szah^ et oj^ ^ahfy puisque B remplace oj^ 
par o^'/y en sorte que 






En continuant de la sorte et remarquant que les lettres 
q;\*, ah^^ ... d'une part, les lettres a,/, ahf^ ... d'autre part, 
sont respectivement identiques aux lettres ay,", ojf^ aj^^ ... 
d'une part, et aux lettres a//, O;/, O;/, ... d'autre part, on 
Toit que les lettres qa'on obtient & la premiere ligne et & la 
deuxi^me ligne de ^iJ^^Slij^ sont diferentes dans chaque 
ligne, et en nombre g, Cette demi^re substitution remplace 
done les elements de la a^™® ligne du tableau (1) par les 
^Idments correspondants de la /8^°*® ligne, c&.d. se confond 
avec 8. 

Les substitutions 2»j,, dont F est deriv^, sont done 
^changeables k toutes les substitutions de Gy et par suite 
les substitutions de F sont toutes echangeables k toutes les 
substitutions de G, D*ailleurs une substitution ^changeable 
a toutes les substitutions de G est de la forme 2ij, et fait 

}>artie de F d'apr^s ce qu'on a vu: F est done forme de 
'ensemble des substitutions Echangeables k toutes celles de G. 
Les substitutions de F sont de plus toutes de la forme 2ij,, 
et ces substitutions, en nombre ^', sont identiques g k g. 
F renferme par suite au plus g substitutions distinctes, et, 
comme il est transitif, il renferme exactement g substitutions, 
et sou ordre est egal k son degrE, c.i-.d. que F est regulier. 
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Nous retrouvons ainsi les proprieties principales des groupes 
reguliers conjoints donn6es par M. Jordan ; si d'ailleurs nous 
admettons la definition plus g^nerale des conjoipts que nous 
avons donn^e plus haut, nous avons le theorem e suivaut. 

Thiorhne. Si Tun des conjoints est r6gulier| il en est de 
mSme de Tautre. 

II. 

Donnons maintenant quelques propriet^s des conjoints. 
P. On a ^videmment 

Say'^Safi = SyaS^fi = 8y^. 

Des proprietes semblables ont lieu pour les substitutions 
2a/9 dont r est deriv6. 

2°. On pent dans le tableau (1) permuter d'une mani^re 
quelconque les lignes et les colonnqs sans que ^ et F changent. 
line ligne ou une colonne ne contenant pas deux lettres 
identiques, ou pourra disposer les colonnes par ezemple de 
fa<;on que a/ = o/. 

Supposons que G soit rSgulier; nous venous de voir qa'il 
en est de m^e de T. La substitution 

\t*I J t*|j • • • / 

donne 8 J = (a/, a/, ...). 

Si ff est impair, les ff substitutions 5,/ obtenues en faisant 
varier i sont diff6rentes; car soient 8j*—8J avec i^Jj et 
X^, \j les ordres de 8^.^ 8^ qui sont des nombres impairs 
puisqu'ils divisent ff» On aura 

en sorte que X, divise 2X^, par suite X^ ; on verrait de mftme 
que X, devise X^, ce qui donne X^.= X^. D'alleurs X^ 6tant 
impair, si on prend u^ tel que 2u^ = 1 (mod. XJ, on aura 

avec J^i^ ce qui est absurde.* Done les ff substitutions 

* Le mSme raisonnement montre que li 5„ 5,, ..., 8^ Hont les substitutions 
d'un groupe G quelconque d'ordre ^, et si p est premier a ff, les ff substitutions 
^I'l S/) •••> ^<^ sent distinctes et reproduisent dans un ordre different /S„ 5,, ..., Sg, 

VOL, XXVII. S 
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S,/ Bont diflKrentes, et puisque O est rSgdier, les ff valeurs 
de a^ correspondantes doivent 6tre diflF6rentes, c. k, d. que la 
diagon^ile Oj , ...,«/,...}«/ contient g lettres distinct es qui 
Bont, dans un certain ordre, les lettres a^, a„ ..., a^. 

Si au contraire g est pair, les g substitutions 8^^ seront 
toujours diffdrentes, et on aura autant de valeurs de 8^* 
^gales a I qu'il y a de substitutions d'ordre 2 dans G. La 
diagonale a,\ ...,«/, -.. «/ contiendra done autant de lettres 
a/ identiques k a/ qu'il y a de substitutions d'ordre 2 dans G. 

Done : — 

Si les deux arrangements formes par les lettres de la 
premiere ligne et de la premifere colonne du tableau (1) sont 
identiques, ce qu'on pent toujours r^aliser en permutant les 
lignes ou les colonnes de ce tableau, et si O est r^gulier, la 
condition n^cessaire et sufiBsante pour que les g lettres de la 
diagonale principale issue du sommet sup^rieur gauche da 
tableau soient diffiSrentes est que g soit impair. 

3**. Le raisonnement fait k la page 121 sur yS et 2, G^ et T 
est encore applicable quand O n'est pas r6gulier. On pent 
raisonner de m^me pour les substitutions ^changeables k toutes 
les substitutions de f : la condition n^cessaire pour que S soit 
^changeable k toutes les substitutions de F est qu'on puisse 
trouver g nombres a, ^, 7, ... dgaux dans un certain ordre 
k 1, 2, ...,y et tels que 

Un raisonnement analogue k celui de la page 122 mon. 
tre ra d'ailleurs que cette condition est suffisante. 

Le nombre des substitutions 8a'^ 6tant ^*, il y aura au 
plus ff substitutions, toutes contenues dans Oy ^changeables a 
toutes les substitutions de F; s'il y en a au moins g^ O 6tant d6riv6 
des substitutions /Sa'/S', toutes ses substitutions jouiront de la 
m^me propri6t6 et devront 6tre de la forme 8a'^', en sorte 
que O sera d'ordre g et r6gulier, ainsi que F. S'il y en a 
moins de g^ O 6tant transitif et d'ordre >g contiendra des 
substitutions non dchangeables k toutes celles de F ; O hq sera 
pas r6gulier, pas plus que F. Done : 

Le groupe des substitutions dchangeables a toutes celles 
d'un des groupes conjoints d6riv6 du tableau (1) est contenu 
dans I'autre conjoint, d'ordre < g^ et form6 de substitutions 



* Lea substitutions de ce groupe, ^ part Tunit^, deplacent g lettres, puisqu'il 
en est de meme de 8^q ou-S^o, et par suite Tordre de ce groupe tst un diyiseur 
de 5'. HP 
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de la forme Sap oa Sa/?. Son ordre ne peut dtre ^gal k g. que 
81 les conjoints sont r^guliers. 

4®. Supposons que, par permutation des lignes ou des 
colonnes, on puisse rendre le tableau (1) sym^trlque par 
rapport k une diagonale, et admettons que cette permutation 
ait 6t^ faite. Si cette diagonale est celle qui contient o^*, en 
faisant tourner le tableau de ISO*" autour d'une colonne^ oa 
.obtiendra on carrd donnant les m&mes groupes Q et F, et qui^ 
en changeant les indices, prend encore la forme du tableau (1), 
et est maintenant sym^trique par rapport & la diagonale 
contenant a/ : il sufiBt done d'examiner ce dernier cas. 

Alors, la condition d^cessaire et sufBsante pour la sjm^tria 
en question est o/ = a^* quels que sclent i etj. 

Les substitutions 



et 






sont identiques. Les deux conjoints Q et Fsont identiques^ 
et, par suite, si G est rSgulier, il est form6 de substitutions 
6changeables. De plus, d'apr^s ce qu'on a vu tout-a-1'heure, 
les substitutions ^changeables a toutes les substitutions de Gt 
sefont contenues dans Q. Done : 

Si par permutation des lignes ou des colonnes le tableau 
(I) peut 6tre rendu symftrique par rapport i. une diagonale, 
les deux conjoints sont identiques r Tun des conjoints contient 
toutes les substitutions qui sont ^changeables k toutes sea 
substitutions, et, s'il est r6guiier, il est formS de substitutions 
^cbangeables. 

Etablissons la riciproque pour-les conjoints r6guliers. La 
condition n^cessaire et suffis^wite pour que deux conjoints G et 
r r6guliers soient identiques est que le groupe G soit form6 de 
substitutions ^baugeables^ Supposons done que ceci ait lieu. 

Dans le carrd (1) qui correspond a G permutons par 
exemple les colonnes de fa^on que les arrangements fopmSs 
par les lettres de la premise ligne et de la premiere colonne 
du nouveau tableau (1) abtenu soient identiques, c.k.d. que 
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Oo aura 

o _ /a»»S 0;,N a*i\ -A 

8^fi rcmplace a/ par a/ et 2,^ remplace a^ par a/ = a,^ ; (? et 
r <^tant identiques et r^guliers, O ne contient qa'ane substitu- 
tion remplai^ant a^ par a/, et 

D^s lors, & cause de (i;\^^a/i^ quel que 8oit^\, il faudra 
ajf^a^'i] ^tant d'aillcurs quelconque, le carr^ (1) sera 
Bjm^trique par rapport k la diagonale a^^y ..., af. 

La condition n^cessaire et suffisante pour qu'un groupe 
rSgulier coincide avec son conjoint (ou soit forra6 de substitu- 
tions ^changeables) est c^vlq la tableau (1) qui lui correspond 
puisse, par une permutation de ses lignes ou de ses colonnes, 
6tre rendu sjm^trique par rapport k une diagonale. 

III. 

Etudions maintenant le groupe H=z{0, T) d6riv6 de deux 
conjoints 6^ et F : £ est transitif, cherchons a quelles conditions 
il est primitif. 

Supposons que H ne soit pas primitif; sMl ad met une 
repartition de ses lettres en systfemes de non-primitivit6* de 
n lettres et si ff^mn, cette repartition sera 6videmment com- 
mune h G et r. On pourra toujours par une permutation 
convenable des colonnes du tableau (1) faire en sorte que les 
syst^mes soient 

(3) a J, ttj , ... a^ , ... a ^^hi'** ^ (fn)»j 

Si ensuite on permute convenablement les lignes du 
tableau (1), on pourra faire en sorte que a,** = aa* et ecrire les 
Byst^mes (3) sous la forme 

(4) a,\ a/, ... a;, ... a/"^\ ... a^^^^^J" ; 

Ceci pos6, soit 

* Jordan, TraUe des SubstUutionSf p. 84. 
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a 



a 6tant quelconque ; bI ^ < - < A + 1, lea n lettres a ", ... a " 

n 

coiDcideront ^ I'ordre prfes avec cellea du (0 + 1)^"* syst^me 

(3) oa (4), puisque a^ en fait partie. 11 en sera de mSme 

pour les n lettres «»', ..., a^. 

Plus gSuSralement, cousiddrons le carrS 



(5) 



/ 0n+l <>fi+l 0f»+l 

^t/^rH-l » ^t/.»+2' ^(^+1)«* 

<^n+2 <^n+2 <>ii+2 

^^fi+l> VfH-2^ V+l)n» 



(</»4-l)n (<^+l)n fl(^+^)» 



La consideration de la substitution 8,a avec A < - < 6 + 1 

* ^ n"" ^ 

montre que dans chaque Hgne de (5) les lettres appartien- 

nent k un m^me sjst^me (3) ou (4). La consideration de la 

substitution 2,^ avec ^ < - ^ ^ + 1 montre que dans chaque 

colonne de (5) les lettres appartiennent k un mSme syst^me 
(3) ou (4). Mais si deux syst^mes ont une lettre commune 
ils sont identiques : une quelconque des lignes de (5) ayant 
une lettre commune avec une colonne arbitrairement choisie 
de (5), on en conclut que toutes les lettres de (5) appartien- 
nent h, un m^me syst^me (3) ou (4), et que les lignes et les 
colonnes de (5) contiennent chacune dans un certain ordre 
les lettres du m6me syst^me. Done je dis que (? et r sont 
composes. 

En eifet, consid^rons par exemple la substitution 8^^. 
D'aprfes ce qu'on vient de voir pour le carr6 (5), 8^^ sera de 
la forme 









^%«+i> ^%n+i» •••> ^%+i)n ^**°* ^^^^ ^" otAtq different les lettres 
du mfeme syst^me (3) ou (4) que aV„+i, «V„+a> •••! ^V+i)** 

[)uisque n ^ 2. /S,. permutera exclusivement entre elles les 
ettresi de chacun aes systfemes (3) ou (4). D'ailleurs I'en- 
semble des substitutions de O qui permutent exclusivement 
entre elles les lettres de chacun des syst^mes (3) ou (4) forme 
evidemment un groupe permutable aux substitutions de G. 
Far suite O est compost ; on verrait ^galement qu'il en est 
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de m6me de T et de H; QjT et H sont de plus composes 
avec des groupes intranBitifs. 

Thiorhne, Le groupe dSriv^ de deux conjointB ne peiut 
gtre Don-primitif que s'il est compost, et que si chacun des 
deux conjoiDts est compost avec un groupe intransitif. 

Corollaire. Si Tun des conjoints est simple, le groupe 
d^riv^.des deux conjoints est primitif. 

D^signons le carr6 (5) par -4 . t^i- I^a disposition des carr^s 
-^tti ^^^^ ^^ tableau (1) est la suivante * 



>+i 



(6) L , 

W K K^ 



4-<Hl 



Nous avons vu qu'au carr6 (5), par suite k A V^^^ cor- 

respondait un seul des syst^mes (3) ou (4). Si Ton regarde 

comme identiques les symboles A^ qui correspondent k un 

m^me syst^me, le carr6 (6) est analogue au carr6 (1) : on 
pent lui faire correspondre deux conjoints Q' et r', I'un d6riv6 
des substitutions entre les lignes de (6) ^ISment k dl^ment, 
I'autre des substitutions entre les colonnes^ 
AlorSy soit 



^ \afa/...a/J 



une substitution de G. Les lettres a,", a,", ...,«/ font par- 
tie d'un certain nombre de carr6s Av,^ compris dans une 

mfeme ligne de (6) ; de mfeme pour a/, o/, ..., a/. De plus 
les lettr.es af et a^" dont la premiere est substitute a la 

deuxifeme par 8^^ font partie de deux carr6s AV^^ situds dans 

la m6me colonne de (6). U en r^sulte qu'k la substitution 
Safi de O correspond une substitution Sa'^" de 0\ et une seule; 
la substitution Sa'^' peut d'ailleurs ^tre regard^e comme 
repr^sentant une substitution entre les syst^mes (3) et (4), 
et cette substitution sera prScisdiment celle qu'op^re 8^^^ entre 
ces syst^mes. 

O' 6tant d6riv6 des substitutions Sa'fi et O des substitu- 
tions 8afi^ O' sera le groupe d6riv6 des substitutions op6r6es 
par O entre les systfemes ; demSme pour r' et r. 
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Le gronpe E' = (0\ r') sera done le groupe des subatitu- 
tions op6r6es par H entre lea ayst^mea (3) et (4). On voit 
facilement que la condition niceaaaire et auffiaante pour que H 
Boit primitif eat que la repartition (3) aoit maxima parmi lea 
r^partitiona communea k ^ et r* 

Remarque. Le carr6 (6), oil Ton regarde comme identi- 

quea lea aymboles -^tt^ correapondant k un mSme ayatfeme 

(3) ou (4) donne un carr^ analogue au carr^ (I). 

Chacun dea carr^a -4^^^ eat d'ailleura analogue au carr^ (!)• 

Inveraement, cohaiderona un carr6 (6) forme avee m 
el6menta ct„ a„ ..., a^ r6p6t63 chacun m foia, et ne contenant 
paa dana une quelconque de aea lignea ou de aea colonnea deux 
elementa identiquea. Aux m ^lementa identiquea k a^ da 
carr6 (6) faiaona cbrreapondre m carrSa form6a chacun avee 
lea mSmea n ^I^menta a^*, a/, ..., aj, chacun de cea n carr^ 
ne renfermant paa deux ^l^menta identiquea dana une quel* 
conque de aea lignea ou de aea colonnea, et auppoaona que les 
mn ei^menta a/, a,*, ..., a,/, a/, ..., a^** aoient diatincts. En 
diapoaant dana le carr^ (6) k la place dea m ^l^menta identi- 
quea k a^ lea m carr^a de n 6i6menta a/, ..., a^ correa- 
pondanta, on obtient ^videmment un carrS jouiaaant de 
propri^tSa analogues k eellea de (I) c. k. d. form£ avee mn 
ei^menta, et ne renfermant paa deux ^ISmenta identiquea dans 
une ligne ou une colonne quelconque. Lea deux conjoints 
correapondanta aeront 6videmment compoaSs chacun avee un 
groupe intransitif, et admettrona une repartition commune de 
leura lettrea win, a,*, a,', ..., aj formant un ayat&me de la 
repartition quel que aoit t. 

Cas oIl les conjoints sont rSguliers, Ce qui pricfede est 
applicable aux conjointa reguliera ; maia, a leur ^gard, on peut 
aller un peu plua loin, et deraontrer que si I'un des conjoints 
est reguher et compose, il en eat de meme de I'autre. 

Soit G un dea conjointa qui est regulier et compose avee un 
groupe K'd'ordre n. On sait que r est regulier; je dia que r 
e&t ausai compose avee un groupe d'ordre w. 

En effet, O etant regulier, chacune-de aea aubatitutlons 
(a part Tunite) deplace toutea lea lettrea reguliferement, et il 
en est de mSme pour celles de K, Le groupe K permutera 
done tranaitivement lea lettrea de (? w k w, et puiaque K est 

Sermutable aux aubstitutiona de (?, G admettra une repartition 
e aea lettrea en ayatfemes de non-primitivite de n lettrea*, 

* Jordan, TraUi des Substitutions, p. 41. 
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K effectuant d'ailleurs entre lea n lettrea de chaque sjst^me 
les substitutions d^uD groupe regulier. 

On pourra disposer lesjignes et les coloniies du tableau (1) 
correspondant & (? de fac^on que les syst^mes soient encore 
les systdmes (3) et (4), et qu'on ait de plus a^ = a/. Con- 
Bid^rons un carr^ (5). L'ensemble des lettres d'un syst^me 
(3) ^tant remplac6 exclusivement par I'ensemble des lettres 
aune ligne de (5) dans une substitution 8^a de O^ avec 

^ < - < ^ + 1, chaque ligne de (5) est un des systfemes (3) ; 

en particulier, cela a lieu pour ^==0. Mais, de plus, K 
permute transitivement les lettres de chaque syst^me (3) et 
contient toute substitution de O qui reniplace une lettre d'un 
syst^me (3) par une lettre d'un m6me syst^me, sans quoi Q 
contiendrait deux substitutions rempla<;ant une lettre par une 
autre lettre et ne pourrait 6tre r6guiier comme on le voit 
facilement. D^s lors, puisque, d' apr^ (4), les substitutions 
fia/3, avec 

(7) ^<?»* + l, ^<^<^ + l, 

simultan^ment, remplacent une lettre a,*^ d*un syst^me par une 
lettre af d^un mdme syst^me, ces substitutions 8^^ font partie 
de K\ toutes les substitutions 8^^ satisfaisant aux conditions 
(7) font partie de K et permutent exclusivement entre elles 
les lettres de chaque syst^me (3) ; d'autre part elles substituent 
les lettres d'une ligne de (5) qui ferment un systeme (3) aux 
lettres d'une autre ligne de (5) qui ferment aussi un syst&me 
(3) ; ces deux derniers syst^mes doivent done co'incider et les 
lettres de (5) font toutes partie d'un m^me systeme (3). 

II en r^sulte immediatement que r admet aussi une reparti- 
tion de ses lettres n & n, repartition qui lui est commune avec 

O et n'est autre que (3) ou (4). En raisonnant comme nous 
I'avons fait au d^but de ce paragraphe dans le cas des can- 
joints ayant une repartition commune, on voit que r est 
compose avec un groupe intransitif ; on pourra choisir d'ailleurs 
ce groupe comme derive des substitutions 2a'/3' avec a < n, 
/8' < 97, car ce qui prdc^de montre de suite que ces substitutions 
permuteront exclusivement entre elles les lettres de chaque 
systeme (4). F 6tant regulier, et la groupe derive des 
substitutions 2a'^ que nous venons de fixer etant transitif 
entre les lettres de chaque systeme, ce dernier groupe sera 
d'ordre ti, et F sera comme O compose avec un groupe 
intransitif d'ordre w. 

• On peut done dire: 
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ThSor^me. Si I'an des conjoints est r^gulier et compost 
avec un groupe d'ordre n, il eo est de mdine de Tautre. Si 
Tun des conjoints est r^gulier et simple, il en est de m6me de 
I'autre. 

Supposons tonjoars les deux conjoints riguliers : s'ils ont 
Cjuelque substitution 8 commune on pent toujours la choisir 
a'ordre premier. 8 faisant partie de I'un des conjoints r est 
^changeable k toutes les substitutions de I'autre O ; 8 faisant 
partie de O est ^changeable k toutes les substitutions de F. Le 
groupe des puissances de 8 est done permutable aux substitu- 
tions des groupes (7 et r qui sent composes : la seule excep- 
tion est le cas oti le groupe des puissances de 8 coincide avec 
G^ par suite avec F, puisqu'il est commun k ^ et F et que Q- 
et F sont de mSme ordre. 

Ainsi, k part le cas oil fl^ et F sont d'ordre premier, ils ne 
peuvent avoir quelque substitution commune que s'ils sont 
coDapos6s. 

Le groupe H d^riv6 de (? et F est d'ailleurs ici, ainsi qu'oa 

le verrait facilement,* d'ordre ^ , L 6taiit I'ordre du groupe 

des substitutions communes k (7 et F. 

Quand done ^ et F sont simples, k part le cas oti ils sont 
d'ordre premier, le groupe H=(Gy F), qui est alors primitif, 
d'aprfes ce qui pr^c^de, a pour facteurs de compositionf g et ff^ 
et est d'ordre y'. D'oti ce th^or^me : 

T7iSor^me.X Le groupe d6riv6 d'un groupe r^gulier simple 
et de son conjoint est primitif, d'ordre y', de facteurs de com- 
position ff et g^ sauf c[uand g est premier. 

D'ailleurs, on sait, d'apr^s M. Jordan, qu'k tout groupe 
d'ordre g on pent faire correspondre un groupe rlgulier 
d' ordre g qui lui est holo^driquement isomorphe.§ Le thdor^me 
pr^c^dent donne done : 

ThSorhne.W A tout groupe simple d'ordre g non premier 
on pent faire correspondre un groupe primitif d'ordre g^^ de 
degr^ g^ de facteurs de composition g et g. 

Cas oh les deux conjoints sont identiques, Comme nous 
I'avons TU ce sera en particulier le cas si le tableau (I) est 
sym^trique par rapport k une diagonale ; alors fi^= ( 6?^, f)= G. 
!Nous avons vu que 5"ne pent fetre non-primitif que si G est 

* Serret, Al^ebre Superieure, t. II., p. 288 j voir aossi notre ThSse de Doctorat, 
p. 104. 

t Jordan, TraiU des SvhstitutionSj p. 41. 

j Voir notre ThSse de Doctorat, p. 81 ; Theorfeme XI7. 

§ Jordan, Traite des SubaitiUions, p. 66. 

Il Voir notre Th^se de Doctorat, p. 81 ; Th^r^me XY. 
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compost, avec un groupe intransitif et que si O est simple, 
H est primitif. D^ailleurs si O est cainpos6 avec un groupe 
intransitif, il ne pourra 6tre primitif.* Done : 

Th^eme. Quand les deux conjoints sont identiques k ud 
mfeme groupe Q^ ce qui a lieu en particulier quand le tableau 
(1) est sjm^trique par rapport h, une diagonale, la condition 
D^cessaire et suffisante pour que G soit primitif est qu'il ne 
soit pas compost avec on groupe intransitif* 

Taulow€, le 12 Mai, 1894.) 



APPLICATION DE LA TH^OEIE DES SUBSTITUTIONS 
A CELLE DES OAEEES MAGiaUES.f 

Par Edmond Maillet, Ingenieur des Ponts et Chauss^es, Rue des 
Jardins 3, Toulouse. 

COIT un carr5 -4, de cdt6 «, form6 avec les n" premiere 
nombres 0, 1, 2, ..., n* — 1 j les n' premiers nombres sont 
tons de la forme a + an, oti a et a prennent toutes les valcure 
0, 1, 2, ..., fi — 1. 

A ce carr6 on pourra faire correspondre deux carr6s B et 
B\ I'uu formd avec les quantity a, 1 autre avec les quantit^s 
a, et tel que les quantites a et a faisant partie dans j5 et f 
respectivement de la t^™® ligne et de laj*^™® colonne soient 
celles qui entrent dans le nombre a + an faisant partie dans A 
de la t^°*® ligne et de la^^"® colonne. 
Consid^rons par exemple le carr^ B. 



* Jordan, Traite des Substittaionsj p. 41. 

t Soit on carr6 de odt6 n f onn6 avec n^ nombres cons6cutifs 

f o' , 6' , c' , ..., r , 
J a" . b" , c" . ..., r . 



o'"> M"), c(»), ..., ZH. 



Si dans chaqne Kgne et chaqne colonne la lonime des n nombres qiri j sont 
contenns est 6gale ^ une mSme qaantit^ q^ le carr6 est dit semi-masque; si 
de plus la somme des n nombres contenus dans chaqae diagonale principale est 
igale k q, le carr6 est dit magique ; si de pins la somme des n nombres contenu» 
dans chaque diagonale complete est ^gale ft q, le carr^ est dit diabolique. 
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(1) B^ 



II pourra se faire que, pour toute ligne ou pour toute 
oolonne, lea nombres a/ soieut tous diffSrents ; de mSme pour 
le tableau E. Cela aura lieu par exemple quaud ou part da 
carr^. 

^23, 11, 4, 17, ^ 

19, 7, 20, 13, 1, 

10, 3, 16, a, 22^ 

6, 24, 12, 0, la, 

's. 2, 15, 8, 21, 14, 

qui donne les carr6s ^ISmentaires, 



A = 



^3, 1, 4, 2, 0, 

4, 2, 0, 3, 1, 

5,«|0, 3, 1, 4,2, A' = 

1, 4, 2, 0, 3, 

[2, 0, 3, 1.4, 



/4, 2, 0, 3, t, 

3, 1, 4, 2, 0,. 

2, 0, 3, 1, 4, 

1, 4, 2, 0, 3, 

\0, 3, 1, 4, 2. 



Nous consid^rerons exclusivement les carr^s A condulsant 
h, des carrAs B eX E jouissant chacun de cet^e propri6t6 aa 
luoius pour toute ligne ou pour toute colonue. 

Supposons par exemple que dans B elle ait lieu pour toute» 
les lignes ; Scrivons Tun aurdessous de Pautre les ^l^ments de^ 
la(l+^*)^°»« ligne et de la(l-irA)^°^« ligne de 5,,ainsi qu'it 
suit : 






On sait que la notation (2) repr^sente une substifutionf;. 
d£signons-la par Sj^,. En faisant varier j et k de toutes les 
manidres possibles, on obtiendra un certain nombre da 



* La consideration des carr68!616inentaire8. BetR serait dne IL La Hire. Y oir i c&. 
snjet, Le probl^me d'Euler et les carr^s magiques, de M. ITroloWi p. 80 (Saint-^ 
Fetersbonrg, imprimerie TrenkS et Fusnot, 1884). 

t Voir par exemple Seiret, Algibrt Superieur^ 1889> t. II, p. 24i. 
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labstitutions : le groape O diriv^ de ces substitutions lea 
coDtiendra toutea et pourra 6tre regard^ comme correspondaut 
k S, 

II pourra d'ailleurs se faire que la propri^t6 qu'on a 
luppos^e avoir lieu pour les lignes de B ait lieu aussi pour 
lea colonnes. C'est par ezemple le cas pour £, et B^. 
Alors, en operant sur les colonnes de B comrae on Ta fait sur 
lea lignea, on pourre faire correspondre k Bna aecond groupe 
O^ d6ny6 dea aubatitutiona 






f et Z prenant toutes les valeurs 0, 1, 2, ..., n — 1. Dans ce 
caa on voit de suite aue B ne contieudra pas deux SlStnenta 
identiques dans une ligne quelconque ou dans une colonne 
quelconque. 

fi^ciproqueroent) soit G un groupe d^rivi de n substi- 
tutions entre n lettres ou nombres 0, 1, 2, ..., n — 1. Chacune 
de ces n substitutions pourra toujours se mettre sous la forme 
^o») ^ prenant auccessivement les valeurs 0, 1, 2, ..., n-l, 
aelon que Ton consid^re la premiere, la 2*"% ..., la n*"® de 
ces n substitutions ; a^", a^j ..., a^^^ d'une part, a^*, a^*, ..., a\^^ 
d'autre part, d^signant n SlSments ou nombres 0, 1, 2, ..., n - 1 
dans un ordre different ou non. 

On volt imm^diatement* qu'aux n substitutions S^^ ou an 
groupe (7, on pourra faire correspondre un tableau B analogue 
k (1), oil la (1 + k)^^ ligne sera form6e des 616ments ou 
nombres que S^ substitue respectivement k a^°, a^^ ..., a,^i*. 
Ce tableau B ne renfermera pas deux S14ments identiques 
dans une m6me ligne, d'apr^s la definition des substitutions, 
et jouira par suite des propri6t6s suppos^es aux carr^s B et B* 
que nous avons consid^r^s. Enfin le groupe correspondant 
k B %e confondra avec &, car il est d^rivi des substitutions 8jj^<i 
par suite dest substitutions /8^^, puisque Ton ^videmment 

En operant sur un second groupe G\ analogue k O^ 
•t diffigrent on non de O^ on pourra former un second tableau 
B' analogue k B. 

* Ce mode de representation des groupes de substitution, (][ui peut ne pas 
oonvenir H toos les groupes, a ^i^ indiqu6, pour les groupes transitifs dont I'ordre 
€gale le degr6 (groupes r^guliers),' par M. Cay ley {American Journal of Mathemaiies, 
tome I, p. 60 et 174. et tome Xl, p. 139). ^Certains groupes peuvent aussi Stre 
xepr^sentes par des rectangles, des parall^lipipedes rectangles, des cubes de nombre 
et peat-Stre auasi par deg figures analogue! dans des espaces 4 plusde b dimensions* 
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SI alors DOUB formons an carrS A tel que I'^ISment de A 
appartenant ^ la (1+^)*"® Hgne et & la (l+t)*°® colonno 
Boit a/ + a/n, le carr6 -4 sera form6 avec n* Dombres in 
fSrieurs k n\ II y aura k examiner si cea n' nombres 
Bont distincts et si le carr^ A jouit de certaines propri^t^s, 
comme par example d^&tre magique ou semi-magique. La 
condition n^cessaire et suffisante pour que le carr^ A soit 
form6 avec n' nombres distincts est ^videmment que, h 
itSLUt un quelconqne des nombres 0, 1, 2, ..., n — 1, aux 
n valeurs des a/, Sgales k b^ correspondent n valeurs des 
a/ distinctes, ou que k un alignement formS dans B par les 
n nombres ^gaux k b corresponde dans B' un alignement 
de n nombres distincts. 

Plus g^n^ralement, on pourra op^rer sur un transform^ 
quelconaue de 0^ et sur un de G\ par des substitutions entre 
les nombres 0, 1, 2, ..., n— 1, comme on I'aura fait sur G et 
O'. On remarquera d*ailleurs que la carr6 analogue k B cor- 
respondant au transform^ U'^OUde G par une substitution U 
s'obtiendra simplement en effectuant dans B la substitution U. 

On remarquera 6galement que, dans le carr^ By on pourra, 
sans changer Gy permuter d^une fa^on quelconque les lignes 
et les colonnes; de m^mepourf ; puis op^rer encore sur les 
nouveaux carr^s obtenus. 

En r^suin^, dans certains cas, on pourra faire correspondre 
k un carr^ form4 avec les n' premiers nombres et de c6t^ n au 
moins deux groupes de substitutions, diff(6rents ou non, entre 
n lettres ou nombres. 

B^ciproquement, dans certains cas, on pourra faire corres- 
pondre k deux groupes de substitutions, diff^rents ou non, entre 
n lettres, et d6riv6s cbacun de n substitutions, un carr^ de 
c6{& n formS avec les n" premiers nombres. 

On pourra done se proposer les deux probl^mes suivants : 

l^ Etant donnas un carr6 de c6t£ n formS avec les n' nom- 
bres 0, 1, 2, ..., n*— 1, trouver, s'ils existent, les groupes de 
substitutions correspondants. 

S^ciproquement : 

2°. Etant donnas deux groupes de degrfi n diriv^s cbacun 
de n substitutions, trouver, s'ils existent, les carr^s de c6t6 n 
formes avec les n" nombres 0, 1, 2, ..., n*— 1, et corres- 
pondants. 

On pourra ^videmment, dans le cas du second probl^rae, 
restreindre rStendue de la question en supposant que les carr^s 
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cherch^s jouissent de certaines propri^tSs, comme d^6tre semi- 
magiqaes^ magiques ou diaboliques.* 

Garrisformfa avec le» n* premiers nombrea. 

La condition n^cessaire et suffisante pour que la carrS A 
d6riv6 de -B et de J? aoit form6 avec lea w* premierg nonibres 
est qu'& tout allgnement form^ dans B par n nombres ^gaux 
corresponde dans B' un alignement form6 avec les n nombres 
in6gaux 0, 1, 2, ..., (n— 1) dans un ordre quelconque. 

Soit alors 



a/ , a/ 



a: 

9 **! 



Consid6rons un carr6 B^ dont cbaque ligne soit constitute 
par lea n nombres ^gaux k une des quantity 0^ 1, 2, (n- 1) 
faisant partie de B^ et soit 



1 n-i T ii-i »«-i 



• A un carr6 magique de c6fc6 n ne correspond pas toujours un groupe, aa 
moins avec la definition que nous avons donn^e des groupes coprespondantiL 
dMnition qui eat yraisemblablement susceptible d'extension. Ainsi le carr4 
magiquo . 

'^ 6, 21, 24, 7, 2, 

6, 11, 16, 9, 19, 

4, 10, 12, 14, 20, 

23, 15, 8, 13, 1, 

^22, 8, 0, 17, 18» 



^,= 



qui conduit anz can6s 



^1,1,4,2,2, 

0, 1, 1, 4, 4, 

B,=( 4, 0, 2, 4, 0, 

8, 0, 8, 8, 1, 

2,8,0,2,8, 

n*a pas de groupe correspondant. 
tin carr6 jB de la forme 



J?/= 



( 1, 4, *, 1, 0, 
1, 2, 8, 1, 8, 
0, 2, 2, J^ 4, 
4, 3, 1, 2, 0, 

\^4, 0, 0, 8, a» 



(0, 1, 0, 1, 

1, 0, 1, 0, 

0, 1, 0, 1, 

1, 0, 1, 0, 

a aussi pour groupe correspondant le groupe d6rivS des puissances de la subsMtu- 
tiou (0, 1). Nous no nous occnpou pas id des extenAlons semblables de la d6fiuitioA 
des groupes correspoudants. 
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avec h^* = b*=i...= b\^^f chaque colonne de jB^ contenant 
n nombres distincts* 



Soit UD carrS 



'c; 



0= 






1 n-1 



ayant dans chacune de ses llgnes n ^l^ments distincts et farm£ 
avec les n nombres 0, 1, 2, ..., w — 1 r^p^t^s n fois (on obtient 
par exemple un carr6 de ce genre en faisant tourner le carr6 
£ de 90° ou en prenant G=B, quand B n'a pas deux 616- 
ments identiques dans une qaelconque de ses lignes ou de sea 
colonnes). 

Formons un carrS 

d^ y d^ , ..., er^_,, 
> 

7 11-1 7n-i Tn-l 

% 9 ^t > •••; "1.-1 J 

en substituant dans B k T^l^ment a^ repr6sent6 dans B^ par 
b( r616ment c/ du carr6 (7. On voit de suite qu'k tout 
alignemeni de B form6 de n nombres 6gaux k bl correspondra 
dans D un alignement form6 avec les n nombres d'une Hgne 
de C, c'est-k-dire n nombres diffiSrents. Done, en prenant 
I) = B'j le carr6 A d6riv6 sera form6 avec les n' premiers 
nombres. 

On pourra 6viderament supposer qu'on permute pr^alable- 
ment dans B^ les lignes, les colonnes, ou, dans cbaque ligne 
de Bq les Elements d'une mani^re quelconques. 

On voit ainsi que D possMe un syst^me de n alignements 
distincts, n'ayant deux k deux aucun Element* commun, qui 
ne se confondent pas avec les lignes ou les colonnes, formes 
chacun de n nombres distincts et tels que les n alignements 
correspondants dans B soient formes chacun de nombres 
6gaux. 

B6ciproquement soit D un carr6 poss^dant n alignements 
distincts, n'ayant deux k deux aucun emplacement commun et 
form6s chacun de n nombres distincts. Si on substitue aux 



* L Pigment pent 6tre consid^r^ an point de vne de sa yalenr nnm€riqn& on <ite 
Bon emplacement. II a pn nous arriver de prendre le mot 616ment dans run oa 
Vautre sens. Nous ne crojons pas qu'il puisse en resulter grande confosioo. 
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^l^ments de ces n alignements n nombres ^gaux k nn seul dea 
nombres 0, 1, 2, ..., (n — 1) pour chaque alignement, de fa^oa 
que les nombres d^un alignement ue soient pas r^p^t^ dans 
un autre, on obtiendra un carr6 B tel que le carr6 A d6riv6 
de B Qi Aq B = D soit form6 avec les n' premiers nombres. 

CarrSs semi-magiques. 

Supposons en particulier que le carre D dont nous venons 
de partir jouisse des propri^t^s suivantes : 

1^. II n*a pas deux 61^ments identiques dans une ligne oa 
dans une colonne quelconque. 

2^. Les n alignements distincts penvent 6tre choisis de 
faQon qu'aucun d'eux n' ait deux ^l^ments communs avec une 
ligne ou une colonne quelconque de Z>. 

II en r^sulte que chaque alignement, qui contient n ^l^ments, 
aura un ^l^ment et un seul commun avec une ligne ou une 
colonne quelconque de D. 

On aura done dans chaque ligne ou chaque colonne de B 
un 61Sment et un seul qui soit 6gal & un des nombres 
0, 1, 2, ..., n - 1 arbitrairement choisi, et B n^aura pas non 
plus deux 61^ments identiques dans une ligne ou une colonne 
quelconque. 

B jouira Sgalement d'une preprints semblable k la seconde 
des propri^t^s que nous avons suppos^e k D. On le voit 
facilement en remarquant que les n alignements distincts de B 
seront les alignements de B correspondant aux n alignements 
de D formes chacun par n nombres 6gaux. 

B et D jouissent done de propriSt^s correspondantes. 

Consid6rons maintenant le carr6 A d^riv^ de B et do 
^ = Z>, et formons par exemple la somme des nombres con- 
tenus dans une ligne de A. Cette somme sera 2js + n2^', 
Sf et 2j3' ddsignant la somme des 6I^ments contenus dans la 
ligne correspondante des carr^s B et B' respect! vement. 

Or chacune de ces lignes renferme dans un certain ordre 
le& n Elements distincts 0, 1, 2, ..., n - 1. Done 

n(n-l) n(n^l) _ (n + l)n(n^l) 
^^- 2 ' ^'" 2 ' ^B+n^.^-^ . 

De m6me pour une colonne quelconque ; il en r^sulte que 
la somme des nombres de toute ligne ou de toute colonne 
de A est une mdme quantitS^ et par suite que le carr^ ^ est 
seml-magique. Done : 
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Thiorhne.-^^oii un carr6 -B de c6t6 n form6 avec les n 
nombres 0, 1, 2, ..., n~ 1 r^p6t^3 chacua n fois, et qui ne 
renferme pas dans une ligne ou une colonne quelconque deux 
616ments identiques. Si on peut trouver dans B' n aligne- 
meuts form6s chacun de n nombres distincts, n'ayant deux k 
deux aucun emplacement commun; et n'ayant avec chaque 
ligne ou chaque colonne qu'un emplacement commun ; si alors 
on substitue aux nombres de chacun de ces alignements n 
nombres identiques k Pun des nombres 0,1, 2, ..., n — 1, de 
fa^on que les nombres substitu6s soient distincts d'un aligne- 
ment k I'autre, on obtient un carr6 B tel que le carr6 A d6riv6 
de B et de B est semi-magique. 

On peut d'ailleurs montrer qu'il existe des carr^s B' 
jouisaant des propri6t^3 suppos^es. 

Consid^rons un groupe r6gulier G de substitutions, c'est- 
&-dire un groupe transitif et dont I'ordre ^gale le degrS* 
Supposons qiie ce degr6 soit un nombre n impair, et repr^- 
sentons les 616ments par 0, 1, 2, ...i (w — 1). 

Nous pouvons representor ce groupe par un carr6 n'ayant 
pas deux elements identiques dans une ligne ou une colonne 
quelconque, et qu'on pourra 6crire : 



■'^o' 


) 


d: 


) 


..., 


^»-u 


d} 


) 


d.\ 


> 


*••) 


^^^ 


}?. 


dr\ 


..., 


dd 



Nous pourrons supposer qu'on y ait ordonn^ les lignes ou 
les colonnes de fa<;on que d^^d^* auel que soit t. Je dis 
qu'alors les n 616ments d^y d^^ ..., d^:; sont distincts. 

En effet, supposons qu'on ait d^ s dj. Soit 
a _ /^o J d^ , .r.\ 



on aura: 



puisque dj = d^, 
De m^me 






j 6taut different de t. 

VOL. XXVII. U 
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O £tant r^ralier ne peat renfermer deux BubsHtations 
diHttnctes reropTa<^ant un mftme iliment d^ par un meme 
^l^inent d^ s dj. Dodc 

Soient X^ X^ les ordres respectifB de S^ 8^ qui sent 
impairs puisque n eat* impair. On peat trouTer u^ tel que 
2tt^ = ly (mod. Xj ; alora : 

ce qni donoe 8^ *= 1, en sorte que X^. 5tant impair divise X^ ; 
on verrait de meme que X^ doit diviser X^ et par suite que 
X^s\^ ce qui exige, 

alors qu^^videmment 8^ diff^re de 8^ puisque ces deux 
substitutions remplacent un meme nombre d^ par des nombres 
dj et d^ difF6rents. L'hypothfese d* = dj avec i^J conduit 
done k une contradiction et les n 616ments de la diagonale 
d^y d/, ..., d^\ sont distincts. 

Dans le carr^ D, amenons une colonne autre que la 
premiere k la place de la premiere, la deuxi^me colonne par 
example. Puis permutons les colonnes autres que la nouvelle 
premiere colonne ainsi obtenue et les lignes, de fa9on que le 
nouveau carr6 



-E= 



obtenu par ce moyen soit tel que e^^e^* = d^=dj quel que 
soit t. 

A cause de I'^galit^ e^^ = e* quel que soit t, la diagonale 
e/, e/, ..., el^\ du nouveau carr6 contient encore n 616ments 

distincts. Les ^l^ments de cette diagonale occupaient certaines 
places dans le carr^ Z>; je dis qu'aucun d'eux ne se trouvait 
dans la diagonale d/, rfj*, ..., rf^rj. 

En efft't, soit 
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On a e^^d^j e/=e^*»rf/=<7^*, en sorte que /8[^ = 2l., le 
groupe G 4tant r^gulier, et que rf/ = c/. Dfes lore les deux 
diagonales considir^eB renfermant chacune n £l^ments distinctS| 
le seul 61^ment de la seconde qui pouvait occuper dans la 
premiere la place d* doit 6tre ^gal k «/, et par suite est e*. 

Or soit d^^ remplacement qu'occupait e^ dans D. On a 
A^fcO et Agfc 1, puisque e^^d^ et que a^^d^ et d^^d^. 

e/ se trouvait dans 2> dans la mSme colonne que ^/, qui est 
6gal k rf/, et rf/ dans la m^me colonne que d^\ mais e? 6tait 
dans D dans la m6me ligne que e^y par suite dans la (k + 1)^^°* 
ligne, avec k>\^ c'est-k-dire dans une ligne diff£rente de celle 
oil 4tait rf/; par con^^quent, k cause d?^e^y e^ ne se trouvait 
pas non plus dans la mdme colonne que a^°, sans quoi une colonne 
de D aurait renferm^ deux ^l^ments identiques, contrairement 
k ce qui a lieu. On en conclut que e/ ne se trouvait pas dans D 
dans la m^me colonne que d^j et, a fortiori, que e^ n'occupait 
pas dans D la place d^. 

II en r^sulte, puisque i est quelconque, qu'aucun des fig- 
ments de la diagonale e^°, e^ ... e'^^ de E n'occupait dans D 

un emplacement de la diagonale d^^ d^ ,., d^^. 

En considSrant la 3^°^^ colonne de D et operant sur elle 
comme nous Tavons fait sur la 2^^*, nous trouverions un carrS 
-Fanologue a Z> et -Bet dont la diagonale/j^'*,/j* ...y^| jouirait 

par rapport aux diagonales correspondantes de 2) et ^ de pro-^ 
pri^tds analogues a celles que nous venous d'^tablir ; et ainsi 
de suite. 

On obtient done n carrf s Dj E, Fj ... dont les diagonales. 
d^^ d^ ... c^l, ... renferment chacune n 614ment3 distincts. 

Considirons les n alignements formes dans D par les emplace-^ 
ments qu^occupent primitivement dans D les figments de ces n 
diagonales ; supposons que ces alignements ne soient pas dis^ 
tincts et que deux d'entre eux, ceux correspondant k E qX F 
par exempie, aient un emplacement commun. Pour former F^ 
on pent ^videmment d6duire E de Z>, puis F de E] dans cea 
transformations, deux alignements ayant un emplacement 
commun se transforment en deux alignements ayant un em- 
placement commun ; d'apr^s I'hypoth^se que nous avons faite 
les ^l^ments de la diagonale de F^f^^f^^ •••♦/111 occuperaient 
dans ^un alignement ayant avec la diagonale e ®, 6^, ..., e||_J un 

emplacement commun, ce qui n'a pas lieu, puisqu'on pent 
raisonner sur E et E comme nous Tavonfl fait sur D et E.. 
Douc les n alignements de D que nous avons consid^r^s n*onJt 

Digitized by VjOOQIC 



142 



M. Maillet, Application de la ihSorie dea 



deux k deux aucun 616ment commun ; chacun d'eux est d'ail- 
leurs form6 de n nombres distincts et n'a avec une Hgne ott 
une colonne quelconq[ue de D qu'uQ emplacement commun, 
puisquMl en est ainsi par exemple pour I'alignement 
f^yfi) '^'if^n-i ^® -^dans le carr6 JPet que les 616ments d'une 
Hgne ou d'une colonne de F occupent dans D une mSme Ugne 
ou une mSme colonne. 

Le carr6 D remplit done les conditions pr6vues au th6orfeme 
pr6c6dent pour le carr6 B et on en conclut ; 

ThSorlme, A tout groupe rfigulier de substitutions d'ordre 
n impair on pent faire correspondre au moius un carr6 semi- 
magique, de c6t^ n. 

On sait qu'& tout groupe de substitutions correspond un 
groupe r^gulier de m^me ordre^ ; done 

Thiorime, A tout groupe de substitutions d'ordre n impair 
on pent faire correspondre au moins un carr6 semi->magique de 
c6t6 n. 

Dans ce dernier th^or&me la notion de groupe correspon- 
dant doit ^videmment ^tre con^ue.dans un sens plus g^n^ral 
que d'apr^s notre definition, 

CarrS magique d^duit du groupe des puissances de la 
substitution (abode). 



6a + 2 


5b + a' 


bo + b' 


bd+c' 


10 + d' 


5J + d' 


5c +2 


3<i+a' 


10 + i' 


5a +o' 


5c + c' 


5^4 d' 


12 


5a + a' 


bb-vb' 


5d + A' 


10 + c' 


ba + d 


5J+2 


5o + a' 


10 + a' 


5a + J' 


bb^c' 


5c +d' 


bd+2 



Dans ce carr6 on pent donner k a, J, c, d dans un ordre 

iuelconque les valours 0, 1, 3, 4 ; de m^me pour a', b\ c', d\ 
le carr6 obtenu est jmagique. 



. ♦ Jordan, TraiU des SubsiUudom, p. 68. 
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Carrfi maglque d^duit du groupe transitif d'ordre et de 
degr^ 9 foi*m^ des puissances de la substitution {abcdefghk). 



CO 


+ 

eg 


+ 


+ 


+ 




> 


+ 


+ 


+ 


s 

CO 


+ 


+ 


+ 


+ 
Pi 


+ 


+ 


+ 




+ 

9> 


^3 

+ 

CO 

CO 


+ 


+ 




+ 






+ 


+ 




+ 

CO 




+ 

Oi 


+ 






N3 

+ 


+ 


+ 


+ 


5 




+ 


+ 

Oi 


+ 


+ 


+ 




4- 


+ 


+ 

CO 




+ 
•<> 


^3 
+ 
Oi 


+ 








+ 




+ 

CO 




+ 


+ 




+ 


+ 


> 
^ 


+ 


^3 

+ 


+ 

CO 


+ 






+ 


> 

s 




N5 

+ 


+ 


+ 





Dans ce carr6 on peut donner k a, 5, o, rf, «,y, g^ h dans un 
ordre quelconque les valeurs 0, 1, 2, 3, 5, 6, 7, 8; de m^me 
pour a , 5', c , cT, e\ /', y', A' ; le carr6 obtenu est toujours 
magique. 
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Carr6 magique d^duit du groupe transitif d'ordre et 
de degr6 9 d6riv6 des substitutiona (abc) (def) (ghk) et de 
iadff){beh)(c/k). 



CO 






+ 


-f- 


+ 


+ 


+ 


4- 


^5 

+ 


CO 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


> 

<? 


+ 


+ 


+ 




+ 


+ 




+ 


+ 


+ 


+ 


+ 
CO 


+ 




+ 


+ 




+ 






+ 


o 






+ 




4- 




"e 

i 


+ 


+ 


+ 

CO 


04 


+ 


N5 






+ 






+ 


+ 
CO 




+ 


+ 


+ 




^3 

+ 


+ 




+ 


+ 

CO 


+ 


+ 


+ 








> 




+ 


+ 

CO 



Dans ce carr6 on pent donner k a, J, c, cZ, e, /, g^ h dans 
un ordre quelconque les valeurs 0, 1, 2, 3, 5, 6, 7, 8; de 
in§me pour a, b\ c\ d', e'y/'^ g\ K\ le carr6 obtenu est 
toujours magique. 

Toulouse, h 12 Mai, 1894. 
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NOTE ON GEODESIC TOESION. 
By Q. B. Mathews. 

T ET P be any point of a curve drawn on a given surface : 

Pr, PN^ PB the tangent, principal normal, and binonnal 

of the curve at P; PO the normal to the surface at P(fig. 36). 

Let P'T\ P'N\ P'B\ FO' be the corresponding lines for 
a consecutive point P' on the curve. 

Let BPO = e, B'P' G' = ^ + de. 

Then if PF = da, the system of axes PT, PNy PB can be 
brought into the position P'T', P'N\ P'B' by means of a 
translation (dsj 0, 0) followed by a* rotation (- rds^ 0, Kds)^ 
T, K being the tortuosity and curvature at P. 

The line P(?, supposed rigidly connected with the moving 
axes, will be brought into the position P'(?j, coplanar with 
FN\ P'B' and such that B'P' 0^ = d. 

Hence a further rotation (- rf^, 0, 0) will bring PO^ into 
the position P' 0\ 

On the whole, then, the transition from PG to PO' is 
effected by a movement compounded of the translation 

(t&, 0, 0) 
and the rotation 

(-rds-dd^ O^/cds). 

•Now by the definition of the geodesic tortuosity 7, the first 
component of the rotation last written is — yds, with a con- 
vention as to the sense in which 7 is to be reckoned positive : 
therefore 

t^ds s= rds + ddj 

d0 

7 = T+^. 

This is the formula obtained by a much more laborious 
process in Laurent's TraitS d^ Analyse, t. Vii., p. 25. 

When the curve is a line of curvature 7=0^ and conse- 
quently • 

d0 ^ 

which is Lancret's theorem. 

In order to realise more thoroughly the meaning of this 
result, consider the osculating plane at P, and the normal plane 
to the surface which contains PT. Let the point P move 
along the curve, PT moving with" it so as always 
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to touch the curve, and let the two planes through FT 
rotate about it in such a way as always to remain the 
osculating plane of the curve at Pand the normal plane to the 
surface specified above. Then — t measures the rate (per unit 
of arc) at which the osculating plane turns round PT^ and 

— -J- the rate at which the normal plane turns round. If, 

then, a plane be drawn through PT bisecting the angle 
between the other two planes, the rate at which the new plane 
turns round is one half of the geodesic tortuosity. The rota- 
tion is, of course, relative to fixed axes with which the moving 
axes for the moment coincide. 

Most of the corollaries given by Laurent follow very easily ; 
there is one, due to Serret, which admits of a simpler demon- 
stration than that given in the treatise. The theorem is this : 

If a line of curvature, 0, drawn on a given surface is plane^ 
then the cuspidal edge of the developable generated by the normals 
to the surface at points on the line of curvature is a helix. 

To prove this we observe that since t = and 7 = It 
/If) 
follows that -7- = : hence the normals are all inclined at the 
as 

same angle to the line which is perpendicular to the plane of G. 
Call this angle a. Now take a sphere, centre and radius 
unity, and draw radii of this sphere parallel to the generating 
lines of the developable. The extremities of these lines will 
trace out a small circle on the sphere of angular radius a. ^ If 
radii of the sphere are drawn parallel to the binormals of G 
their extremities lie on another small circle parallel to the 
former and of angular radius ^tt — a. Let OT, 0T\ OB, OB 
be' radii corresponding to two consecutive tangents and two 
consecutive binormals. Then if k^ t are the curvature and 
tortuosity at the corresponding point on the cuspidal edge, 

/c : T = angle TOT' : angle BOB\ 

Now the spherical arcs Tj5, T'B' cut the small circles at 
right angles : hence 

angle TOT : angle BOB' = sin a : sin (^tt - a), 
and therefore - = tan a, 

a constant ; and this proves the theorem. 
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ON THE REDUCTION OF KRONEOKER'S 
MODULAR SYSTEMS. 

By Harris Hancock. 

Introduction. 

nPHE discovery of the modular systems by Professor Kronecker 

is one of the greatest steps that has been made towards the • 
advaDcemeut from the usual theory of numbers to the arith-* 
metical treatment of integral functions with indeterminate 
coefficients. 

By means of these systems the theory of higher congruences 
is set forth in a new light, and many fields belonging to the 
theory of numbers which have hitherto been widely separated 
may, by means of them, be brought into closer connection. 
For example, a close intimacy i» revealed between the theory 
of algebraic forms and that of the ideal numbers, and in either 
case the advantage of much greater generality is derived. 

On the one hand the theory of integral algebraic forms may 
be subjected not only to multiplication but also to addition, 
subtraction and division in the same way that integral algebraie 
functions are treated ; and, on the other hand, the theory of 
ideal numbers as well as the theory of complex systems of 
nujnbers, which before the introduction of modular systems 
had been treated only under limiting conditions, may, by the 
means of these systems, be treated in a complete and simple 
manner. 

The reduction of complex numbers into their ideal prime 
factors is nothing else than the reduction of modular systems 
into their irreducible factors, so that the abstract properties of 
ideal numbers take now a concrete form. We have also a 
higher plane for the consideration of geometrical questions ; 
for, consider a modular system consisting of three variables, 
and let these three variables form a system of coordinates in 
space. Th^n, surfaces may be represented by modular systems 
of the first kind, curves by modular systems of the second 
kind, and systems of points by modular systems of the third 
kind. 

The notion of modular systems is first given in Kronecker's 
Festschrift zu Herrn Kummer*s Doctorjuhildum^ which is 
reprinted in Crelle's Journalj Vol. xcii., pp. 1 — 123. 

In this memoir applications are made to purely arithmetical 
VOL. XXVII, X 
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questiong ; and again (Crelle^ Vol. XCIX., pp. 329—371) Prot 
£[ronecker makes beautiful applications of modular systems to 
elementary algebraic questions^ deducing results in very precise 
and more general forms. 

I have made great use of these two papers In the prepara* 
tion of the following article, in fact, the first four or five pages ' 
of my work, which contain the principal definitions and the 
conception of the theory of modular systems, have been taken 
almost directly from these papers^ 

I have also used freely notes on the subject which I had the 
privilege of taking from Professor Kronecker during the 
Winter Semester 1891 — 92, and in a conversation with him 
was suggested the problem of the reduction of those modular 
aystems, the results of which are given Arts. 36 et seq. 

In closing I wish to express many thanks to Prof. Hensel 
of the Berlin University for reading the manuscript and 
making many suggestions. 

1. Gauss (Art. 1, Dtsq. Arith,) makes the following 
definition : if the difference of the numbers a and b is divisible 
by m^ then a and b are said to be congruent with respect to m^ 
if not, incongruent ; we call m the modulus^ and each of the 
numbers a and b in the first case is said to be a residue of the 
other, and in the second case a non^esidue. 

And again (Art. 2) all residues of a given number a with 
respect to a modulus m are embraced under the form 

a + ^m^ 

where h is an indeterminate integer. 

Hence the totality of all integers that are expressible id 
the form 

...a — 8m, a — 2m^ a - w, a, a-^-m^ a + 2m, a + 3m, ... 

is denoted by saying that they are congruent to a, modulo m, 
and the series of numbers a-h-km is completely determined 
through two quantities, viz. the fixed modulus m and any 
other term of the series. 

2. Following Kronecker Q Crelle,' Vol. 99, pp. 330 et seq.), 
we define two Imear forms of any variables x and x\ 

a + iaj, a' + b'x\ 

as equivalent to each other, if the one can be transferred into 
the other by an integral substitution 
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The necessary and sufficient conditions for this eqaivalence 
«re therefore 

hss±b\ a = a (mod. i), 

«o that the conception of the congruence of the numbers 
a = a (mod. m) is quite the same as the conception of the 
equivalence of the linear forms a + mx co a' + mx. 

3. The natural extension of the conception of the ^^ con* 
gruence with regard to one modulus" to the more general 
conception of the " congruence with regard to a system of 
moduli" is at once suggested, when, instead of the linear 
forms with one variable,' we consider linear forms with any 
number of variables 

a + w^ajj + wtjOJ, +•••+ mfjjXfi j 

and, as. above, we define two forms, 

a + S m.x.. a' + 2 wi'kOj^, 

as equivalent to each other, when the one can be transferred 
into the other by the integral substitutions 

^» = ^Ao + 2 c^oj'k, x\ = c'ko + 2 c'^Xj^ 

M = l, 2, ..., M 
U = l, 2, ..., vj' 

Hence, the necessary and sufficient conditions for the 
equivalence of the forms 

h^fl K=¥ 

a + 2 Wj^a?^, a + 2 m^x^ 
4=1 #c=l 

are expressed by the equations 

{A.) a = a' + 2 c'^t^m^^ a' = a + 2 c^mj^ 

(5.) «i* = 2 c\jjn\, m', = 2'c^m^, 

A = l, 2, ..., ^\ 



/A = l, 2, ..., tM\ 
\« = 1, 2, ..., vj' 



The integral coefficients c and c' in equations (A.) and (5.) 
have special values. Let them have any integral values; 
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then, as in the case of one modulus, the ^^otalitj" of the 
numbers that are expressible in the form 

a + 2 Cjjn. 
A=i * 

is denoted by saying that they are congruent to each other 
with respect to the modular system (m„ m„ ..., ?n^). 

For brevity, we call this last modular system M. And any 
quantity t belonging to the form 

a + 2 Cjjrn. 
wc write in the form 

< = a (modd. m^y wi,, •••, wi^), 
or briefly < = a (mod. M). 

In other words t is expressible by means of the quantity a 
and linear terms in the ?n^s with integral coefficients; and, 
when a does not occur in the form, ^ is a linear homogeneous 
function of the m^s with integral coefficients, and may be 
written 

t = (mod. M). 

4. If we take into consideration the relations (5.) above, 
the totality of the numbers which come under the two forms 

a + S Cjjfnj^y a' + S c'^^m'^^ 

is the same, so that the conception of the equivalence of the 
two modular systen^s 

is a natural consequence. These equations (2?.) are therefore 
known as the characteristic for the equivalence 

(?Wj, w„ ..., m^) ro (tWj', w,', ..., wi/). 

Hence, the necessary and sufficient conditions for the 
equivalence of the linearr forms 

h=fji tc=v 

a + 2 w^o;^, a' + 2 m^'x^' 

ftre expressed by the congruence 

a = a (modd, Wj, m„ ..., rw^), 
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together with the equivalence 

(wij, wij, •••} rriii) oo (m^ m^^ ...^ iw/), 

5. Let M' denote the modular system (w/, m/, ..., wiy'), 
and suppose that each of the elements ni is congruent to zerO| 
modulo M] then, if 

a = a (mod. Jf '), 
it follows that 

a=ia (mod. M). 

For, from the definition, 

a- a ^ffjTn^ + y,w,' -f ...+ 5'v»i/, 

where the ^^s are integers; and, since each m! is a linear 
homogeneous function with integral coefficients of the m\ it 
is clear that 

« - «' ^9x\^i + 9%K^t +•••+ fl^r^M^MJ 

where the A's are also integers; i.e, 

a — a=0 (mod. Jlf ), 
or a = a (mod. Jl/). 

In this case the modular system M' is said to contain the 
modular system M. Hence, from our notion of equivalence 
above, two modular systems Jif and if' are equivalent, when each 
element of either system contains the other system, or, what 
amounts to the same thing, when every element of one system 
can be expressed as a linear homogeneous function with 
integral coefficients of the elements of the other system, and 
vice versa. 

Again, if 

a=0(modd. M'yM)^ 

and if each element of M' contains Jf, i.e., if it is congruent to 
zero, modulo M^ then M' can be omitted from the above 
system, leaving simply 

a = (mod. M), 

For a = 0(mod. Jf) 

means that a is a linear homogeneous function of the m\ and 
since the m"s are linear homogeneous functions of the m's, the 
system M' can always be formed when we have the system Jf, 
so that M' in the modulus gives us nothing new. 
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Hence ani/ element may be added to a modular system or 
taken away from it^ when this element is a linear homogeneous 
function of the remaining elements of the modular system. 

6. The qaestioD naturally arises how can we reduce 
modular systems to their simplest forms? 

Let us first consider a system (wij, m„ ... m^i)^ where the 
fw*s are all integers, and let wi^ > m, > «» > ... > aw^. 
Suppose that 

— 1 = flF -}- -L where a is an integer, 

BO that m/ = m^ — qm^. 

This m/ is a linear homogeneous function of m^ and m^ 
and besides contains the G.C.D. of m^ and m^ as a factor. 

Hence, instead of having m^ in our modular system, we 
may have another equivalent modular system in which 971/ 
takes the place of m^^ this m/ being a smaller integer than 

(Wj, «tj, ... m^x) ^^ (jn^ ) w,) ••• m^i) j 
and continuing this process, we finally have 

(m^, m„...m^) 00 (0) 
where t is the G.G.D. of the elements that compose the system. 

7. Let B\ B'\ ..., £<") be n indeterminate variableSi 
indeterminate in the sense that at any moment we can give 
them determinate values. All rational functions of the B^s 
constitute what may be called the ^^ realm of rationality^^ 
(Kationalitats-Bereich) (B\ B'\ ..., £<">). The realm of 
rationality contains therefore all those quantities which are 
rational functions of the quantities -B', -B ', ..., 2i^"^ with inte- 
gral coeflScients. If the variables B\ B'\ ... are independent, 
the realm of rationality is said to be natural; and when only 
integral functions of the B^% with integral coefficients appear 
we have an " integral-realm." 

The realm of integral numbers is thus extended to the 
one which embraces the conception of all integral functions 
with integral coefficients, and that these functions are suscep- 
tible to an arithmetical treatment lies in the fact that every 
integral function with integral coefficients has the funda- 
mental property in common with integers, viz., the unique 
multiplicative decomposition into prime quantities. 
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8. Proceieding further we may extend the conception of 
congruences (Arts. 3 and 4) to the more general case where 
A^ M^j J/„ ... J/^, A\ M\M^% ... MJ are integral quantities 
of the realm of rationality {B\ E\ ... 5<"0- We define 
the equivalence of two modular systems 

(jf„jif.,...if,), (Jii;',jif;,...if;), 

and thov congruence of two quantities A^ A' with regard to 
one of these modular systems, by a system of equations 

{A). A^A' + ^ C^ Mi, A^A\^G^ Jf„ 



/A = l, 2,...M 
V«=l, 2,... I'/ 



in which the (7's and (7's are likewise integral quantities of 
the realm of rationality {R\ E\ ... R?^). 

These same equations serve also to define the equivalence 
of the linear forms 

A=l #c=I 

since by means of equations (A) and {E) these forms may be 
transformed the one into the other by means of substitutions 
with integral coefficients which belong to the realm of ration- 
ality (JJ'j R'\ ... £^"0; ^°^ ^^® equivalence of these two 
linear forms is in its turn characterized by the congruence 

^ = 4'(modd. if,, Jtf., ... m;), 

in connection with the equivalence 

{m,, jif„ .;. m;) oo (if/, m;, ... m:). 

Again, if the fi congruences 

i/4=o, (modd. m;, if,', ..., m:\ 

(A = l,2, ...,aa) 

exist, the modular system (if., M^^ ..., if^) contains the 
system {M^^ M^^ ..., MJ)^ and if the systems mutually contain 
each other we have the equivalence 

{M,, if„ ..., m;) CO {m;, m;, ..., m:).^ 

* Cf. KioDecker, CrdU^ Vol. xcix.» pp. 832, et seq., and also Crtlle^ 
ToL zoxi., pp. 77, et seq. 
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9. If any modular system (Jlfp M^ ..., J/^) contatin* 
another system (il//, M^^ ..., MJ)^ tlien any linear form corre- 
sponding to the first system contains any linear form 
corresponding to the second system, i.e. 

^Mj^Xj^ contains I,MJxgj 
h « 

if the x'^B are linear homogeneoas functions of the x^a. 

K=V 

For if Jf»=SO^i/,', 

then 

h=\ A=l <C=1 IC=1 . A=l 

K=V ^ h=fl 

= 2 M^'xJ^ since by hypothesis xj ^ S G^Xjn^ 

K=l k=il 

10. It 18 evident that any system (Jfj, Jlf„ ..,, M^) may he 
transformed into an equivalent system by adding to or sub^ 
tracting from any element in the system one or more of the 
other elements. 

e.g.^ (ifj, if„ ..., Jlf^)oo (M^ + J/,, If^, Jf„ ..., Jf^) 

ro (J/j + ilf„ ilf,, ..., m;). 

If any element in the system is unity^ then the system: 
reduces to unity and may be called the unity-system. 

11. The Greatest Common Divisor of two systems is 
defined as the aggregate of the elements that form both 
systems. 

Thus the a. C. D. of 

(jf,, j/„ ..., m;) and (m;, m;, ..., m:) 
is (jf„ if„ •.., M^, m;, m;, m:). 

This is quite analogous to the G. c. D. of common numbers, 
for firstly^ (Jf,, Jlf„ ..., M^^ i//, Jlf,', ..., M^) is a divisor 
of the two systems 

(iif„ if„ ..., m;) and (iif/, m;, ..., if/), 

and secondly any modular system of divisors which is contained . 
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in both the original systems is contained also in the third 
system ; for it is clear that if (N^, -W,, ..., N\) is contained in 
both (M, if„ ..., M^) and (il//, M^\ ..., Jf/), then it is 
contamed in (Jtf^, M^^ ..., Jkf^, Jf/, if/, ..., Jf/), since 
(Jf„ jy^, ..., Mf,y Jf/, i^', ..., if/) is expressible linearly 
in terms of (N^, iV',, ..., Nx). 

12. Multtplicatton and Division. If (if„ if,, ..., Jfji) 
denotes one modular system and (if/, if/, ..., i//) another, 
then the multiplication (or composition) of these two systems 
gives rise to /i.v elements, each of these bein^ the product 
of any term in the first system by any term m the second 
system, and the composed system may be said to contain the 
other two systems 9^ factors or divisors* 

13. When a modular system is not decomposable into 
other modular systems (in the sense of equivalence), it is 
known as an irreducible modular system. Irreducible modular 
systems that do not contain other modular systems of the 
same kind (cf. Art. 24) are called prime modular systems, 
and when the o. c. D. of two systems is equivalent to unity^ 
the two systems are relative prime to each other. 

14. If (M') is one modular system and (M") another 
modular system, and if 

(if') ro (if"), 

it is clear that 

where (^M) denotes any other modular system. 

The linear form of the product of two modular systems is 
the product of the linear forms of the two systems and can be 
reduced from them by means of a bilinear substitution* 

15. In the case of common numbers we know that if 

m.m =0 (mod. m), 

then m' = (mod. , ^ ,\ .* 

\ (m, m )/ 



* We use the notation (m, m') to denott the G. c. D. of the two namben 
m and m'. 
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For iDQltiplying both sides of this congraence by (m^ m'), 
we have 

(m, m') m" = (mod. m), 

or (fnm\ mm") = (mod. w), 

therefore m\ m = (mod. m\ 

Agabi m = (mod. J^,^^ nA i 

tn ftk" 
where t^V — ttt is the L. C. M. of m' and m". 
(m , TO ^ 

In precisely the same manner, if F^ O' and Q" denote 

modular systems, and if i^= (modd. Q\ Q"\ then 

Q'. O" 



F^0{rn^-^^ 



16. If the prodnct of two modular systems is divisible by 
a third modular system which is a prime system, and if 
the first system is relative prime to the third system, then the 
second system must be divisible by the third. 

For if {M') (Jf ") = (mod. M), 

then {M\ M) (Jf ") = (mod. M). 

But by hypothesis (Jf ', Jlf) oo 1, 

therefore (J£") = (mod. M). 

A more extended proof of this proposition will be given 
later (Art. 20). 

17. A generalization of FermaCa theorem* 

If a?^, a;,, *.., oTv be any v variables, then it is clear that 

(aJ, + a;, + ...+ a?,)'' = a:j' + 0?/+...+ »/ (mod. jp), 
where J? denotes any prime number, i.e., 



(h=v \P h=v 
SxJ =Sa;/(mod.i7). 

2 i»/J = 2 ar/'(mod.^); 
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and, in general^ 

2 a; J =Sar/(mod.p), 
S a?^j =2 a?^ (modd. p^ xf — ajj, a?/ -a?„ ..., a?v**^- a?v). 



A special case of this theorem is when all the a;'s are made- 
equal to unity. We then have 

m^ = m (mod. ^). 

18. Reduction of an integral function into its irreducible^ 
factors. 

As in the case of common numbers the determination 
whether or not they may be resolved into divisors is com- 
pletely accomplished by a finite number of operations, so by 
a finite number of operations we must show whether an 
integral function of x with integral coefficients has, or has 
not, rational divisors, i.e, whether a given quantity of the 
integral realm may or may not be represented as the product 
of two quantities belonging to this same realm. 

Let / (x) = c^ + c^x + c^x' +. ..+ c^sc* = (mod. p)y 

where the c's are integers and ^ p - 1 . 

Also suppose that (c^,, c^, c,, ..., cj ro »i, 

80 that f(x) = m (a,, + OjO; + a,aj'+ .•.+ ajjc") j 

resolving m into its prime factors, we have 

Now write /(^) in the form 

where ^ (or) is of degree £ ^n or i (n - 1) = y, according as 
n is even or odd. 

We have therefore to consider as divisors of f(x) only 
those functions whose degree are equal to or less than v. 
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If there does exist any divisor if> (x), then we may write 
the product 4> (^) ^ (^) '^^ the form 

* (a?) yp (4?) = (a,+ a,x +...+ ajxT) ($,+ 0,x +...+ i9,^«"^), 

where m^v, and where the a's and ^*8 are integers, such 
that 

Hence the a's must be divisors of the a's. 

Let r^y r^p r,, ..., n be positive or negative integers differing 
from each other to the modulus (v + 1)^ and form the v + 1 
equations 

• • • 

• • • 

• • • 

Corresponding to r^, r,, ..., n we have a certain set of 
divisors (or/^r)^ which may be written 



/(r.) 
fir.) 



• , • • • • 

Qry y Uy | Qfy • * * * I ^ 



If, then, there is a divisor 4> K), it must be one of the 
divisors that stands in the (ic+lf^ line, and we have only 
a finite number of systems of divisors to discuss in order to 
find I' + 1 values for <^ (r). If there are not v+l values, then 
the given innction is irreducible ; if we can find v+l 
values, then ^ [x) is completely determined by Lagrange's 
formula of interpolation, and may be written in the form 



n-r. 



(K^Oy 1, 2, ..., y\ 

\ h>K ;• 

By continuing this process, it is seen that 
where the ^'s are irreducible functions of x. 
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19. Proceeding in the same manner with functions having 
two or more variables, we may write 

/(*, y) =/. W + #. (') + !/X W +...+ y'A W. 

Considering this as a function of y alone, the functions of x 
taking the place of constapts, we may proceed precisely as 
above in the case of one variable, and by induction applying 
this method to 3, 4, ..., m variables, we thus obtain the 
complete reduction of an integral function of m variables.* 

20. It remains yet to show that this decomposition into 
factors is an unique one. To do this we have to prove the 
following lemma : 

Lemma. If ^ (x) .i/^ {x) = (modd. ^,y W), 

and if ^ (x) is not = (modd. Pj/{x))j 

then i// (a?) = (modd. /?,/ (a?)), 

where /(a?) is an irreducible function of x (mod. p). 

1°. We consider the case where the modulus consists only 
of a prime number, and let 

^ (or) = a ar" + a^-i«"*"* +..., 

xl, {x) = bjxT -f i^^i^?""* +.... 

Then ^ (a) = a^y* + a^.!**"* +... (mod. p)^ 

^ [x) = by + 4^1^"""* +... (mod. p)y 

where the coefficients have been reduced, so that they are at 
most equal to p—1. 

Hence (x) \f> (x) = afi^"^ + . . . = (mod.;?), 

and since this congruence holds, whatever the value of x is, it 
follows that if 

a^ is not = (mod.p), 

then ^K ^ ^ (mod. p). 

Therefore all the coefficients of x in the function i// (x) are 
congruent to zero, modulo p, and consequently 

^(a?) = 0(mod.2?). 
* 01. again Kroneckcr {CvlU, Vol. 92, p. 11). 

Digitized by VjOOQIC 



160 Mr. Hancock^ On Kronecker^s modular ayatems. 

Corollary. If m.F(x) = (mod. (f> (x)), and if if> (x) does 
not contain a numerical factor^ then necessarily 

F(x) = 0{moA.<l}(x)). 

For m.F(x)=^<l>(x)\P {x) = (mod. w), 

where \p(x) is a quantity belonging to our realm of rationality; 
and if 7/1 =/?!*» ./^,**...., it follows that 

where ypi(x) also belongs to our realm of rationality. 

Therefore -jrA^ F(x) = </> (x) rp, (x) = (mod. <{> (x)), 

%.e.f F(x) = (mod. </> {x)). 

2^. We will prove the same proposition given under 1** 
where now the functions are functions of any number of 
variables and likewise the modulus is an irreducible function 
of the same variables, i^say. Let <f> be expanded in ascending 
powers of x^ so that 

and similarly 

-^ = '/'o + ^\^ + '/'f^' +•••• 

Among the coefficients ^,^, there must be one which is not 
divisible by F^ otherwise ^ would be divisible by F^ which is 
contrary to the hypothesis ; let this coefficient be ^y 

Leaving out those coefficients which are divisible by F^ 
we have, say, 

^ = ^^x* + *;i^.,a?*^' +... (mod. F). 

On the other hand there is a coefficient 4^^, and as yet we 
do not know that it is divisible by F. 

The preceding coefficients may be assumed diviwble by F^ 
80 that 

i// = ^P.^'' + 4'.^,a?''^^+... (mod. i^); 

therefore ^i// = = ^fi^J^" +. . . (mod. F). 

Since X can have any value, it follows that 

4>^4', = 0(mod.i^). 

The quantities ^^, ^'k contain one less variable than ^ 
and i// respectively, and since it was shown that our proposition 



Digitized by 



Google 



Mr, Hancock^ On Kronecker^s modular systems, 161 

was true In the case of one variable (Art. 16), it follows in the 
case of two variables, since ^^ is not =0 (mod. F)j that 
^K = ^^+1 = ^^4, = ... = (mod. F)y and similarly for any num- 
ber of variables ; and finally that 

^-^o + ^i^+ ••• ^ O(mod. F). 

21. Having proven the above lemma, it is easily shown 
that the decomposition of/(a;)(Art. 18) is an unique one. 

For suppose that another decomposition were possible, and 
let it be written 

Then 

(mod. y^.y.**' .../,(»r'./,(«r'' ... ); 

and therefore certainly = (mod. ff *). 

From the above lemma this g ' is contained in some one 
of the ^'s. But since they are ail prime numbers, it follows 
that it must be equal to some one of the p^s. 

Similarly for the functions of x. 

This can be extended to functions of 2, 3, ... n variables 
without any difficulty ; so that the decompositibn of integral 
functions of any number of variables into their irreducible 
factors is an unique one. 

22. The Greatest Common Divisor of integral functions. 

It is clear that, after having reducea two functions to their 
irreducible factors, the G. C. D. of these two functions is 
the product of the irreducible factors common to both 
functions. 

Another method of finding the Q. C. D. is as follows : 

Let the two functions be 

/ (a?) = o^ + a^a? +. . .+ a^aj", 

and /, (x) = J^, + J,a +. . .+ 6^) 

where the a's and i's are integers, and where m^n. 

Divide f\ (x) by /, (a?), and let the quotient be g (x) and 
the remainder r (ar), so that 

A(x)=g(x)f(x) + r(x). 
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Also let g (x) « ^' ^^^ , where ti, is the L. C. M. of the 

fraotions that maj occur in the coefficients of ff (x\ so that 
ff^ (x) has therefore only integral coefficients. Also write 

Henoe 

or «,/.(«)-y,(«)/.(a;)+/.(«) = 0, 

and umilarly 

• «./.(«) -ir,(«)/.(*)+/.(»)=o, 

^.-./^ (^)-9,^ (*) X-i (a?) + /, (^) = 0. 
We must finally come to a result 

/^ (05) may he of the degree zero in «, in which case yj (x) 
and /, (x) hare no common divisor (in the strict sense of the 
word). 

When/,, (a;) is of any other degree in x, it is the Q. C. D. 
of the two given functions. 

23. It follows at once from the above series that 
V n./. (») = (modd./. (x),/, («)), 

nj.ix) = {modi. f,(x),f,(x)), 

\.J..» («) - [raoii-f.., («),/ (»)), 

«v../v-. («) = ("o^id- /' (*))• 
And abo that 

2- /.(iB) = 0(modd./, («),/;(«)), 

/,(*) = 0(modd./.(a!),/,(x)), 

/, (x) = (modd. /,.. (x),/,.j (a:)). 

Digitized by VjOOQIC 



Mr. Hancock^ On Eronecker^s modular systems. 163 

The Jlrst set of relations shows that any of the functions 
of a multiplied perhaps by a constant factor is divisible by a 
modular system, consisting of any two successive and later 
following functions of x ; the second set shows that any one of 
the functions of a; is divisible by a modular system consisting of 
any two successive and preceding functions of x. 

Going backward in tne first set of relations, we find that 

ri,.n,.n, ... n,.j/,(aj) = (mod./v(aj)), 
fi,.n, ... n,.,/,(aj) = (mod./ (a?)). 



w..i/v-i(«) = 0(mod./(aj)). 
Therefore 

«,/«(^) = 0(mod./.(aj)), 

Bj,(x) = 0{moi./.(x)), 

where a^ and s^ are integers. 

Hence (sj, (aj), a,/, (x)) = (mod. /, (a:)), 

and when «, =«, = 1, we have the equivalence 

(/.(a'),/.(a'))~ (/►(«'))• 

As a rule, only in those cases where the coefficients are 
not considered can two modular systems be considered equi- 
valent to one ; and this is the reason why modular systems 
were not discovered sooner. 

This result may be compared with the similar instance of a 
system of two equations with one unknown quantity, which 
represents nothing more than one equation. 

24. If a function of n variables G(ai^y or, ..., xj can be 
represented as a linear homogeneous function of several 
integral functions F^(x^^ x y ..., a:J, F^(x^y x^^ ..., arj, ..., 
F^i^ij ^tf -"9 ^Ji ^^^ coefficients of this function being also 
integral tunctions of a^j x^j •••, ar„, t.^., if 

G(x,, x„ ..., xj = (modd. F,, F,, ..., 2?^), 

then we call the system of elements F^^ F^^ ...^F^ with regard 
to the linear homogeneous functions that are formed &om 
them a modular system of the n^ kind.^ 

♦ Of. Kronecker, CreUe Vol. xoii., p. 72. I translate the word " Stufe '* 
employed by Prof. Kronecker by the English word " kind," in the absence of what 
1 to me a better word. 
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Owing to the congruence 

^(^i) ^t) ••• »n) = O(modd. J?;, JF*,, ... jPJ, 

any one of the variables may be expressed as a function of 
the other n - 1 variables. 

Hence if jB* is the result of substituting a;^ determined 
from any of the functions F^^ -P',? •••, -^1,? in any of the remaining 
n — 1 functions of F^ we have n — 1 quantities jB', iZ",..., R^^\ 
These £'s contain ti — 1 independent variables, and form a 
modular svstem of the n*^ kind. 

A modular system of the 1'* kind contains therefore no 
variable, and consists of a pure number ; a modular system of 
the 2°^ kind contains one variable, &c. 

25. The Beduction of Modular Systems of the second kind. 
When every element of a modular system has as a common 

factor an integer or an integral function of the variables that 
constitute the system, the system is said to be mixed; when 
ther& is no such common factor, we have a pure modular 
system. 

As we may always take out the common factor, we will 
hereafter consider only pure modular systems. 

26. Let us consider the modular system 

in which the F^9 are integral functions of x. 

Suppose that f (x) is the G.C.D. of F^ (x) and F^ (x) ; then 
(Art. 5) we can aad/j(a;) to the modular system, thus having 

{FXx),F,(x),...,F,(x\/,(x)). 

Again, suppose that^(ar) is the G.C.D. of/,(x) and F^(x)f 
and form the new equivalent modular system with the addition 
o( ff(x)y &c. We must finally come to a numerical factor, 
which call m. Our original modular system thus takes the 
form 

iF,(x), F,(x), ..., F,(x)J,(x)J,(x), ...,»«), 

and this (see Art. 5^ is equivalent to C/^ («)»/, (^)) —j m). 

The coefficients m/i(a:),yi (a?) may be reduced so as to be 
at most equal to ?n - 1. 
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27. As an example let us consider the reduction of the 
equation 

This may be written 

(ar' + *+l)(aJ-l) = 0* 

Forming the modular system 

(«• + « + !, 2i:+l), 

and dividing ar' + aj + l by 2^?+ 1, we have the quotient fa? 
and remainder ^z + 1, so that 

or 2(a;" + ar + l)-a:(2jp+l)-(^ + 2)=s0. 

Hence («' + ^+ 1, 2^+1) ro (ar'+a?+l, 2j:+ 1, « + 2> 
And again 2«+ 1 -2(a?+ 2)+ 3 = 0, 

therefore 
(ar' + 2r+l,2x+l,r+2) ro («' + »+ 1, 2^ + 1, ar + 2, S^ 
But 

2ar+l-(a? + 2) = x-l and ar(4r- l) + 2ar+ l = ar* + «+ U 
80 that (x* + « + 1, 2a? + 1) CO (« - 1, 3), 

therefore 3 = (modd. ^' + « + 1, 2x + 1). 

Let u& give * the definite value /o, where p = « • 
Then, since p' + p + 1 = 0, 

we have from the above congruence the following congfruencet 
a=0 (mod. 2p+l). 
Or, in other words, 3 is divisible by 2p + t, 
or S = (2p+l)i7(p). 

g(p) may be determined as follows i 

3 = 4p'-l = (2p + l)(2p' + l). 

Hence fl'0>) = V+l| 

but 2p*+l=p(p-l), 



Digitized by 



Google 



166 Mr, Hancock^ On Kronecker^s modular syaiems. 

Therefore 8 h O(mod. p - 1)^ 

p - 1 being also a divisor of 3. 

Such factors are closely allied to the ideal prime factors 
which are first discussed hj Eummer {Grelle^ Vol. xxxv); 
also see Eronecker {Abhand. der KonigL Akademie der Wis-' 
senschaften zu Berlin 1859), Dedekind {Vorlesungen iiber 
ZaJiUntheorie von Dirichlet § 167), &c. 

It is thus seen that the abstract properties of ideal prime 
numiers take a concrete algebraic form and are capable of 
being treated by the use of modular systems in a simple 
manner. 

28. In the modular system 

suppose that one of the functions of ^) A('} say, has the form 

where a^, the coeflScient of the highest power of x, has no 
factor in common with m ; then we can always multiply /^(jp) 
by some constant factor, so that 

K.a^=l (mod. m), 

where k is the constant factor. 

If, however, the coefficient of the highest power of x in 
each of the functions of x, which constitute the modular system, 
has a common factor with m, we can yet form a function of x 
out of the functions /'i(a;),/,(aj), etc., in such a way that the 
coefficient of the highest power of x in this function shall be 
congruent to unity, modulo m. 

29. It has been shown (Art. 5) that any function of a5, F{x)j 
which is a linear function of the elements of a modular system 
may be added to this modular system without altering the 
equivalence. 

Suppose that 

F{^) =•/.(*) + x'^'/,{a>) + ««+»'+V. W +... 

where w„ w„ ... are the respective degrees of/, {x)^/^{x)^ .... 
In the function so formed all the terms have different degrees 
in X. 

In F{x) collect all those terms that contain ^k, where ^k is 
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one of the prime factors of m, m being equal to p^-p^ •••} 
80 that 

where <!>« {x) does not contain ^« as a factor, otherwise F{x) 
would be divisible hj p^. 

Now, since ^(ar) = (our modular system), 

it follows that 

^^[x) =/?K*K (*) (modular system) ; 

hence *« («)*« ^pj^^if^ (ar)*« (modular system). 

In <^k{p)^ the coefficient of highest power of x does not 
contain p^ as a factor. Call this coefficient 0«. 

Then ^k— aJ is also relative prime to ^k, and we can 

multiply ^K^xf^^y some constant £«, so that 

We may thus form a series of functions of x^ where the 
coefficients of the highest powers of x in each are respectively 

BA 4 = 1 Cmod. pS B,0,\ = l (mod. ;,.*•), etc 

P. P, ' 

It is also to be noted that 

BA ^ = (mod. pS B,G, ^ = (mod. p,*'), etc., 

Px Pt 

= (mod. /?,*•), = (mod. p^)^ 

etc. etc 

We may multiply the above functions of x by such powera 
of X as will make them all of the same degree, so that the 
coefficient of the highest power of x in the function formed by 
the addition of all these funttions will be 



[B,o-.B.a.^...], 



Pt 

and it is clear that this coefficient is congruent to unity, 
n^odulo m. 
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Remark. The residues of an equation of the n - 1 degree 
are at most equal to m" in number, as may be seen from the 
following diagram : 

, , , , 

2 , 2 , 2 , 2 , 



w — 1, wi — 1| wi — 1, in — 1» 

It is clear that, if n be the degree of the function /j (x) 
above, the number of different terms in a complete system 
of residues belonging to any modular system cannot be 
greater than rn (Art. 42) . The determination of this number in 
some possible manner is a problem as yet unsolved. In the 
case of common numbers it is|known that if m is any integer, 
then the number of integers less than and prime to m is the 
well-known quantity ^ (m). 

30. The question arises how is it possible to ascertain 
whether a given function R (x) is prime to a modular system ? 

We must add R(x) to the system (cf. Art. 13), and the 
system thus formed must be equivalent to unity, t.e., if 
(^)/i (^);/t W; •••) ^3 ^^® given system, then 

Suppose that 

(-B,, J?„ ..., RJ) 

is the complete system of residues with respect to the modular 
system (fit,/, (a:),/ W,..). .„ , 

Take out any of these ^ s, say E^^ and we will see that 
R^Rt is also prime to this modular system, or, in other words, 

(5,i?„iw,/,(x),/.W,...)rol. 

Now 

{R,R,, mj, (x), /, {x\ ...) ro (i?„ mj, (a:),/, (x), ...) x 
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This last system may be regarded as consisting of the 
fonr component parts, 

Ii,B,, R, [mj, (j,\ /. W, ...), R, {m, f, (x)J, (x), ...), 
The first and third of these combine into 
The second and fourth combine into 

There remains therefore only 

2Z,and(w,/,(^),/,(4?), ...), 
and these when combined are equivalent to unity. 
Hence {R^R,,mJ,(x\f,(x\...)c^l. 
It is next to be noted that none of the products 
Rfiyy Ri^t) •••) RiRv 

are congruent to each other with respect to our modular 
system. 

For suppose that 

^A = ^A(°^odd. mj,(x\f^{x), ...), 

then R, {R^ - -Bk) = (modd. fw,/, (or),/, (ar), ...), 

and consequently 

(i?, - A) (5o m, f, {x)J, {x\ ...) = 

(modd. wi,/j («),/, (^), ...)• 

Therefore, since (5^, ^)/i(^); /,(«)» •••) ^^ 1> 

B^-B,= (modd. w,/ («),/, (ar), ...). 

And since J3^ and R^ are both relative prime to the 
modular system, the congruence can only be satisfied when 

R^--R.. 

From this it follows that the system (J?„ jB„ ..., R^ i 
equivalent to the system (^A) ^»^.» •••) -B«^v). 
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Hence, also 
'n (« - B,S:) =11 (x - J?0 (modd. m,/, (x),/, (x), ...), 

therefore 5/ n -S«^'>£ n -S«(modd. fn^/^(x)^/^(x)^ .•.). 
CoDsequentlj 

(5;-l)'n i?. = (modd. m,/ («),/,(*), ...)• 
Hence also 
(5;-l) (n^B„ m,/,(x),/.(x)) = 

(modd. »n,/,(;F),/, («),...), 
and finally, sinoe 

S; - 1 = (modd. «!,/. (*),/. (*), ...), 

wbich is a still mare general form of Fermats theorem. 

The above applies literally to auy modular system, provided 
that the system is one of the highest kind^ that is, when in its 
most reduced form it contains one element more than the 
number of variables. 

32. Example in illustration of the residues of modular 
systems of the second kind. 

In the modular system (2, a^j 9n** = 2'=:4 and the four 
residues for the expression c^+ c^x are 

+ 0.x = 0, 

0+l.«=s X, 

1 + 0.x = l. 

To ascertain which of these residue^ are prime to the sys- 
tem we proceed as follows : 

(1 +«, 2, a:') ro (1 + x^ 2,- ar) CO (I + x, 2, 1) co I. 
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Hence 1 and 1 + ^ are tbe residues prime to the system. 

It is also seen that (2, x) is a divisor of the system, the 
complementary divisor being (2, x), 

Memark. We have seen (Art. 20) that if the product of 
two modular systems is divisible by a prime modular system, 
then one of the modular systems in tne product is divisible 
by the prime modular system ; if, however, the modular sys- 
tem is not a prime system, then it is possible that two systems 
(M) and (N) when multiplied together form a system which 
is congruent to zero (mod. this system), without either (ilf) 
or (N) being congruent to zero (mod. this system) as is seen 
in the case of the example : 

(2, x) (2, a?) = (modd. 2, ar"). 

33. We have shown that any pure modular system of the 
second kind may be reduced to the form 

(m,/j(aj),/,(a?), ...)• 

It is possible that more than one constant integer may 
appear in the system, but it was seen (Art. 6) that these may 
be reduced to one ; also/j (a?), /, (x) may have a constant factor, 
80 that we write the reduced modular system in its most 
general form 

(^j»»i/i(«^)>'w/,(jr), ...), 

where nt,, m^ ..., are less than m. 

If the integers Wj, w„ ..., are not all divisors of m, we can 
replace the system (m, m^f^(x)^ ^.^iW •••) ^7 *° equivalent 
system in which all the constant factors of the functions are 
divisors of w. For we may add to the given system any 
element nf^(x)j and we may so choose constants a and /8 that, 
am^ + I3n=t^^ where ^^ is a divisor of m, and similarly for m,, &c. 

34. It is always possible to add to this system a function 
of X whose numerical coefficient is a divisor of m. 

For, making the functions of x that constitute the system 
all of the same degree by multiplymg by powers of x, we can 
80 choose a,, a,, ..., that 

ttjfj + a,*, + ... = 1 (mod. 7n), 

since t^, f„ ... cannot all have a common divisor other than 
unity, otherwise the system would be a mixed system, and 
we would then consider only the pure system contained in this 
system. 
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Call this function /(x), and let 

then if a^ is not a divisor of m, we can transform it into another 
function m which the coefficient of the highest power of or is a 
divisor of m. 

Form another function similarly to /(as), some of the 
elements ^j (a:), y, (a?), being multiplied throughout by some 
constant factor, so that the coefficient of the highest power of 
X in this new function, 5^, shall have no factor in common 
with a^ except unity. 

Then we can always find constants a and 13^ such that 

where <f is a divisor of m. 

We have thus shown in modular systems of the second kind 
that,^r5^, one element can always be made an integer; second^ 
that all the numerical factors of the elements ^functions of x) 
■that constitute the system are divisors of this integer ; third^ 
that a function of a may be added as an element to this system, 
the numerical factor of this function being unity ; fourth^ that 
the coefficient of the highest power of a? in this last function is 
a divisor of w, the constant integer of the system. 

It was also seen ^Art. 28) that a function of x could be 
added to the system m which the coefficient of the highest 
power of X was unity. 

35. If m = /i.r, where /i and v are relatively prime to each 
other, then 

iy^'^J^(x\mJ,(jt)y..). 

For the right-hand side of this equivalence is composed of 
the four elements 

l^^\ (/*wi/,(a;),/i«»,/,(^),...); [vmJXx\ymJ^(x),...)\ 

We can add to the system which contains these four 
elements : 

(a/A+ /3i/)(m, mj^{x\ ni,/,(ar),...) =5(say), 
where a, /8 are so chosen that a/i + iSv = 1. 
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Now the second, third and fourth elements of our systeuL 
contain H^ and we may therefore strike them out, leaving 

which is equivalent ta 

Kwt/,(*),w,^(a?),.-)- 
Therefore since m^p^\p^^. ..., any modular systema 

can be decomposed into 

So that we have only to consider the case where the con^ 
stant of the modular system is a power of a prime 

And since wi^, wi,,..., are divisors of pj^ (Art. 33), the- 
most general form of modular systems that w« have to considec 
is 

86. Before the consideration of the general case, we must 
consider in succession the cases where the prime number- 
occurs to the first, second, third, ... powers, and then, by the 
method of induction, show that our reductions may be applied 
to the case where the prime number occurs to any power in. 
the modular system. 

When the prime enters of the first degree^ the most general 
form of the system is 

in which the functions of x are all integral, and arranged so> 
that the degree of /j{«) is greater than that of/,(aj), the- 
degree of/, {x) being greater than that of j^ [x\ etc. 

We can then take out of /(«) all multiples of /, (a?) aa> 
follows 

j'j being an integer or an integral function of or, and fx (a?) an- 
mtegral function of x. 
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Hence / (*) - qj^{x) +/x(ar) = 0, 

or AW = 0(/(a.),//^)); 

and therefore (/, (a:),/, {x)) <^ (/, {x)J^ [x)\ 

where yx(aj) is of lower degree than either /i(j?) or /,(«). 

Continuing this process, the system finally reduces to the 
form 

Here either fy^^{x) is divisible by fy[x\ and the system if 
then equivalent to 

where fy[x) is an integral function of a?, whose coefficients are 
all positive and less p\ or /,, is a pure number, and then the 
system is equivalent to unity, and ceases to be of interest. 

37. We have shown that the modular system 
can be reduced to the form 

It remains yet to see whether (^, F[x)) is the unique 
reduction of the system. 

iSuppose that another reduction {p^ F^ {x)) were possible ; 
then 

{p,F,{x))co[p,F{x)). 

and therefore -F, [x) = ^ {x).F [x) (mod. p), 

F[x) = yp{x).F,{x){moi.p), 

where [a) and \p (x) are integral functions of x. 

Multiplying both sides of the congruences together, we 
have 

F, [x) .F{x) = 4> [x] xfj [x) F, {x) F {x) (mod. p). 

Since neither F{x) nor F^{x) is divisible by jp, we may 
divide the above congruence by the product F {x).F^{a)^ 
so that 

1 = (f>{x)\l^ [x] (mod. p). 
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Suppose that the degrees of ^ {x) and \p [x) are fi and v 
respectively, so that the congruence takes the form 

(evoj^ + a^^y +...) {/3^' + jS^^^x''' +...) = 1 (mod. p). 

This congruence must exist when the variable vanishes, so 
that 

a;, fiy = (mod. p)^ a^^^fi^i = (mod. p)^ etc., 

%^A = (mod. p)^ %^y^ = (mod. p), etc., 

etc. etc. etc. 

Hence, the congruence is of the form 

(0 + + +•..+ + 1) (0 + + +...+ + 1) = 1 (mod. p\ 

or 4>[x)^yfj [x) = 1, and consequently F^ (a?) = F{x) (mod. jp). 

The coefficients of like powers of x in these two functions 
must be equal, since they are all less than p. 

F[x) is therefore equal to F^[x)^ and (p, F{x)) is the 
unique reduction of our modular system. 

38. The modular system in which the prime occurs raised 
to the second power may be written in its most general form 

We have seen that 

(p, *.{*), ^.(x), .... 4>M) ^ b, ^W) (2). 

in which H{x) is the unique form which the function of x 
must take on the right-hand side of this equivalence. 
From this equivalence it follows (see Axt. 5)* that 

H{x) = S #, (*) g. (x) +pBix) (a), 

«C=1 

where ff^ {x) and H (x) are integral functions of x. 

Hence, we may add E (x) - pH (x) to the elements of (1), 
which then becomes 

ip\ Vfx Wj P/. W) •••) Vfn W) *1 W) 0i W) -1 
...,i^^{x\B{x)-pH{x)\ 



* An J element which stands on one side of an eqniyalence is expressible aa « 
linear homogeneous function of the elements that stand on the other side. 
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or 

pH{x\p,{x), ...,jy^{x\H{x)) (3). 

Again from (2), we have 

4>.(x)^H{x)K{x)-hp<t^.{x) (6), 

(/c=l,2, •..,m), 

where K (x) and <!>« (x) are integral functions of x. 

Therefore if we add i?4>« (a?) to the elements of (3), we may 
omit the functions ^^ (x) from the system which now becomes 

and this system may be written 
But 

(p,/. (*),/, W, ...,/. W, J? W, *« W) ~ (p, i^W), 

where i^(ar) is the only form that the function of x can have 
on the right-hand side of this equivalence. 
Hence (1) may be written 

ip{p,F{x)),H{x)\ 
or finally 

{p\pF{x),H{x)) (4). 

It is seen that a similar result would have been obtained 
if we had considered| instead of the equations (a) and (6), the 
congruences 

J?(«)= S 4>^[x) g^ {x) (mod.|>); ^^ (x) = H[x) K{x) (mod.^). 

IC=1 

As the present paper is interested only in the reduction of 
systems to unique forms, I shall in the further discussion 
consider only congruences. 

It is to be noted both here and in the further discussion of 
the problem that the powers of p serve as indices ; as it is 
seen that no element of the system having p^ as constant 
factor can be associated in the reduction with another element 
having p* as constant factor, where A ^ #c. Following there- 
fore the above reduction backward, it is seen that (4j is the 
unique reduction of the modular system (!)• 
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39. On the reduction of modular systems where the prime 
enters to the third degree. The system may be written 

V^t (*)» •••» ^A. Wr 'A. (*)r •••) (I)' 

We have seen that 

{f,'pF{x\Q{x)\* (2), 

and also that the right-hand side of this last equiyalence is 
the unique reduction of the left-hand side. 

Since each element on the one side of this equivalence is 
expressible as a linear homogeneous function of the elements 
on the other side^ it follows that 

Q {x) = 2*, [x) xp, {x) +2?2*, (x) <f>, {x) (mod, p% 

K A 

pF{x) = -S*,' {x) ^, {x) +p:M^,' («) <l>^{x) {mod.y), 

M. A 

where the indices k and h extend over all the \p^s and ^'s that 
constitute the system, and where ^K(a;), <J*it(ic)> *»' (^)| */(») 
denote integral functions of x. 
Also since 

xl,,(x) = G'(x) G(x)+pF\a)F(x) (mod. p"), 

P4>. {x) = G" (x) G (or) + pF" (or) F(x) (mod. /), 

in which G\a), G" {x), F'(x% F'\x) are likewise integral 
functions of a?, it is seen that we may add GQjo) 9,ndpF(x} 
to the system (1), which becomes 

(/»p!/iW»i>yf(^)>— P*iW»i^<^»Wv^iH ^.(^)» — » 

pF{x), G{x)), 
and this is equivalent to 

{?',?'/,{=')> py,{<'i-pFi'ict{x)), 

in which system we have struck out all the elements^^^K (a;), \pj^ (or). 
But 

(j)*, pF, (as), J?'{a!)) being the unique reduction of 

* Of coarse F {x) is not the same M F {x) of the preceding article. 

Digitized by VjOOQ IC 



178 Mr. Sancock^ On Kronecker*8 modular systemB. 
Hence (3) becomes 

{p\p^F,[a>),pF{,x\ G{x)) (4). 

It is seen that 0[x)^ -^W» ^i(^) correspond each respec- 
tively to an unique reduction. Hence (4) is the unique 
representation of (1). 

40. When the prime occurs In the fourth degree, the 
modular system may be written 

. Xi(»)»X«(^)»-)-(0- 
From the above 

ro{p\fF(x),pG[x\H{x)),'^ 

where the right-hand side is the aniqne representation of the 
left-hand side. From this last equivalence we have 

p*F[x) = ^k, {x)xy (*) +/>2*, («)'/'»(*) +p*2*r (a:)^(«)(mod._p'), 
pa{x)=:^:{x)x,{x)+p-2<i','{x)rp,{x)+p*l<br'{x)<l>r{x)(jaod.p'), 

V W T 

and therefore 

Xv W = E'{x).H{x) +pG'{a;). O (x) ^-p'F'{x)F[x) (mod. p\ 

pi//, [x) = E"{x).H{x)^-pG'\x).G[x) + fF"{x) Fix) (mod. p\ 

p'<l>r{x) =H"'{x).H{x)+pG"'{x).G{x) +p'F''{x) F{x) {moi.p'), 

in which congruences iv(aj), ky (x), ^»(«), S' {x)^^ etc., are 
integral functions of x, and v, tt, t are indices which belong 
to all the V, ^py and ^ respectively. 

From this set of congruences it is clear that i?*JP(a;) , ^ G^ (a?) , n{x) 
may be added to (1), and that then all the terms x^W^ 



♦ The different elements <t>^{x\ <^, (;»;,..., ^fr, («),..., x, W .^ (a^), ^ («), |t?» 

bATe been uaed here for oonTemence, and haye nothing to do with those used m 
the preceding article. 
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p(pw{a!)yp^<f>r{x) may be omitted without altering the equi- 
valence of the Bjstem, leaving 

(/.py.w.p'/.w— .i''^w.i'^(«')'^(*))- (2). 

But from the preceding article 

the right-haad Bide being the unique reduction of the left* 
band side. 

Hence (2) becomes 

and this is the unique reduction of the modular system (1). 

41. Th^ same demonstration may be applied when p occurs 
raised to the 5th power, etc. 

Suppose that the proposition is true for the case when^ is 
raised to the. w— 1 power. We will then have to show that 
the same is true when p occurs to the n^ power. 

In order to condense the system as mudh as possible, in 
place of the elements j?""*0^(«)j p^^'^Qa:), p"~ViW> ®t^-j ^®t ^^ 
write p^'^Kix)^ understanding that p^~\k(x) is simply an 
abbreviation for all the termsp""*0j(a?),j?""V,(^), •••• 

Suppose that * 

oo (/>-S/-"^Gr),p"-»^(^), ...,fR(,x),p8{x\ T(x))i 
and also suppose that the right-hand member of thisequiva- 
lence is the unique reduction of the left-hand member^ then we 
must find the corresponding reduction for the modular system 

(p",2'"-ia(*),p-^;(*),p-v(*),...,Am'w,K(*),c(*)) 

■ (1), 

where hx(x) for example is simply an abbreviation for all the 
elements that have the common factor p"~'. 
By hypothesis 

(i'"-',/V(*),i'"-Ax'(a'). ...,p\'(x)ps:(x), t^'(x)) 

oj {p'-\p'^G,(x),p''-»H,(^), ...,p«i?.(x),;,S,(r), T,(x)), 

the right-hand member being the unique reduction of the left- 
hand member. 
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Hence, it follows that 



^ L-«»^ 



A* X K 

p'-E, (») = St,'{«) tir'ix) +i>2a;(a;)s;{») 



p5, (a;) = 2r,<^'\x) W [x) + p2<r.<"-)(«) ,;(a5) 

** X 

T. (*) = 2a,'"-'>(x) </(') + i'S<'-'"""(«) »:{') 

tr V 

+ ;>'Sp^<"->(x) »-/(x) +...+p"-'Si,x'"-*>(a.) A/(a!) 

K 

(mod. p""') ; 
snd also 

tj {x) = 7;(x) 7; [x) +pS,{x) 8, [x) 

+p'B, H B, {x) +...+p'^H, {x) H^ [x) +p«-'^, {X) G, {x), 

ps:{x) = T;{x)T,{x)^p8;{x)8,{x) 

+p'B^{x) B, {x) +...+p'-'H^{x) H, {x) +p'-'G:{x) G, (x), 

p'^h'ix) = 2;("-"H- T, {x) +p8r'K^) 8, {x) 

p-^ffJix) = Tr\x) T,(x)+p8„^''-^Kx)8Xx) 

+jl'5„("-"i?. (x) + . ..+p'^Br" (x) fl. (x) +2>-' <?.'»-')(a;) <?. (a;) 

(mod./-), 

where the indices tt, f, /a, ,.., \, k extend over all the 
quantities t\ s\ r, ...> h\ g' respectively, and where 

T, (7, p, ..., 97, 7; 2;, S„ 5^ ..., E^ G^ ; r;, etc. 

denote integral functions of x. 
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We may therefore add 

to the modular system (1) and then strike out all the terms 
^t'W) i^«/(«)5 -M p""'^x'W5 i>""V W' tt^s having 

But by our hypothesis 

p (/-'./-% w. ?"-'<?. w, p""^. (<«), ..., ^. w) 

CO p (p- /-'ir («), i,-G',(a!), p-5. (X), ..., 8, (x)). 

The right-hand member is here also the unique reductioa 
of the left-hand member. 
Consequently (2) becomes 

. {p',p'-'F,(x),.p'^a,ix),p'-*H,(x), ...,p8,Cx% T,(x)), 

and this modular system as is seen from above is the unique 
reduction of the modular system (1). 

42. It may happen in a modular system in which jf'' is 
the constant term, that elements do not occur having as. 
constant factors all powers of;? less than A. 

We may have for example the system 

(p'./.(^)./.(a'). •••). 

From Art. 36, 

ip,M^),/.!i<^l '") ^ ip, F{x)), 

and since any element standing on the one side of this equi-^ 
valence is a linear homogeneous function of the elements 
standing on the other side, we have 

where Fk {x) and Tk [x) are integral functions of a?. 

Hence, instead of /((a?) in our modular system we may" 
substitute the elements Fk (o?), F{x), p Tk (x), and the system 
can be then reduced after the manner given in Art. 38. 

The same mode of procedure may be obviously applied 
whenever any set of elements is absent from a modular 
system. 

Note. If (/?, /(a?)) is a modular system in which ^ is a 
prime number and /{x) an irreducible function of the r^ 
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degree in a;, then the residues (incongruent quantities) of this 
modular system have the form 

^ W = «o + «i^ + «j«' +• • •+ Vi*""S 

where the a's are all less than <^. 

Hence the total number of these quantities is p^. One 

of these quantities is divisible by the modular system, so that 

the whole number v of quantities which are incongruent 

; \ to each other, and are not divisible by the modular system, 

'3^i jdL\ .^ Hence, from Art. 31. 

(F(a:))^"-;^ = l(modd.i>,/(a.)), 

where F{x) is any one of the residues. 

That these />" — 1 quantities are incongruent to each other 
10 seen as follows. 

Suppose that M^ were congruent to £, then 

If this expression is divisible by {p^f{x))^ then 

in which A and B are either integers or integral functions 
of a. 

Since R- R^ is of the « - 1 degree, and /(a;) is of the n*^ 
degree, the above relation cannot be true unless 

Therefore on this supposition 

B^B.^Ap. 

But (a^ — a/), (a, - a/), ... are not divisible by p. 
Hence the relation does not exist, and the two quantities 
are incon^uent to each other. 

4r; Lemma. If G (B) = {modi. p,/(x)), 

and if G^ is a function of the w**" degree in B, B being one of 
the residues above, and if /(a) is an irreducible function of 
the n^ degree in ar, then the congruence ^ 

G(B) = 0{modd.pJ(x)) 

cannot have more than m roots. 
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Suppose that ^ is one of the roots of this congruence, 
then 

G{R)-'G {^) = (iZ - <!>) O, (B) ^ (raodd. pj(x% 

where <?, (R) is at least one degree less in B than G (B). 

Suppose that the theorem is true for the w - 1 degree, 
then it must also be true for the m^^ degree. 

For suppose that 

(fi - <!>) G, (B) s (moM.pJ(x)) 

could have more than m roots, and that there exists another 
root 4>o so that 

(<!>,- <!>) G,(B,)^0 (modi. p,f(a^)). 

By our assumption, G^ (22J cannot have more than m - 1 
values which satisfies, the congruence 

(?,(iZ,) = 0(modd.p,/(^)). 

Therefore * <I>^ — <& = (modd. p^/(je))^ 

and hence ^^ is one of the m roots of the congruence 

(?(iZ) = (modd. p, /(a:)). 

46. It is evident from the above lemma that 
i2P*-5 = 0(modd.2?;/(x)) 
has p* roots, of which one is zero. 

Hence B^'^-B^ BU (B - B^) (modd. p, /(*)), 

where k extends over the^" - 1 residues of F(ai). 
That is 

(modd.;?,/(x)), 

in which a^^ a^ ..., a^,, have all values 0, 1, 2,^- 1, except 
the case where every a is equal to zero. 

Equating coefficients of like powers of B on either side of 
the tjongruence, we have the very general form of WihorCa 
theorem 

- 1 = n (a^ + a^x + a^x^ +...+ a^^^x^^) (modd. p, f (x)), 

where the a's have the same values as above. 

Berlin, May 25th, 1894. 
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NOTE ON HAMILTON'S NUMBEES. 
By G. B. Mathews, M. A. 

TN the paper on Hamilton's numbers {Phil. Trans. (A) 1887, 
•*• p. 285) by Professor Sylvester and Mr. Hammond, the 



following table is i 


exhibited : — 






10 











... 


1 1 1 


1 


1 


1 


1 ... 


2 3 


4 


5 


6 


7 ... 


6 


15 


29 


49 


76 ... 




36 


210 


804 


2449 ... 






876 


24570 
408696 


401134 ... 

246382080 ... 

83762796636 .... 



tbe rule of formation being, that if 

«ll ^f) «1) ^41 —J 

^) *j) hi — 
are any twa consecutive lines in the table, then 

z _ «i (^1 + ^) (^1 +^) ■«■ fa 4 /y - 1) (gg, + 1) 
. •" (^ + 1)1 

a,fa + l)(a, + 2)...(a,-f^-2) 
■*■ (^11)1 ""^ 

, a,faH-l)fa + 2)...(a,4g-3) 
+ (5-2)! ^8+-+<«.^ 

The object of the present note is to call attention to the 
fact that the numbers in each row of the table form a 
recurring series, the general term of which may be calculated 
by a perfectly simple method, which, however, soon becomes 
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laborious, and may perhaps be ultimately reduced to a better 
shape. ^ . 

The fact above stated is an immediate consequence of the 
note in Lucas's Thiorie des Nomlres^ !«, p. 495. M. Lucas, 
with his usual sagacity, recognized in Prof. Sylvester's table 
a fragment of a more extensive table which proceeds 
according to a much simpler law. Lucas's table is 



10 











... 




1 1 


1 


1 


1 


1 ... 






2 


3 


4 


5 


6 ... 




1 


5 


9 


14 


20 ... 






6 


15 


29 


49 .., 




5 


21 


50 


«/ «f a • • 




4 


26 


76 


175 ... 




3 


30 


106 


281 ... 


• 


2 


33 


139 


420 ... 




1 


35 


174 


594 ... 






36 


210 


804 ... 






35 


246 


1051 ... 






34 


281 


1331 ... 










a 


• 
• 
• 


• 
• 



and the law of its formation is as follows. 

The table is composed of successive stages, separated by 
the horizontal lines ; in each stage every term is the sum of 
the number immediately above it, and all the numbers which 
precede the latter in its own row; thus take 175, the fourth 
number in the third row of the fourth stage, this is 

99 + 50 + 21+5. 

The same law holds good in passing from any stage to 
the next, except that the first column of any stage is composed 
of a set of numbers decreasing in their natural sequence down 
to 1. Thus, after completing the third stage, the head of the 
first column of the next stage is 1 + 5, that is, 6; then we write 
down the terms 6, 5, 4, 3, 2, 1 for the first column, and then 
fill up the rest of the fourth stage according to rule. 

It is proved without difficulty that the first line of the r^ 
stage in Lucas's table i^ the r^ line in Sylvester's table. 
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Again, if 

are two successive rows of Lucases table, then by the law of 
formation 

and hence, if the first of these two rows Is a recurring serieSi 
the second is also. It follows by induction that all the rows 
are recurring series. 

It is convenient to modify Lucas's table a littloi and write 
it as follows : 



X 


1 


1 


1 


1 


1 ... 


\ 


2 


3 


4 


5 


6 ••• 




2 


5 


9 


14 


20 ... 




1 


6 


IS 


29 


49 ... 






6 


21 


50 


«/«/ ••• 






5 


26 


76 


175 ... 






4 


30 


106 


281 ... 






3 


33 


139 


420 ... 






2 


35 


174 


594 ... 






1 


36 


210 


804 ... 








36 


246 


1050 ... 








35 


281 


1331 ... 



If (r, w) denotes the n"" term of the r^ row of this table, 
it is found without difficulty that 

(!,«)= 1, 

C2,n)=n, 

(3,. n) a= |n (n + 3) = ^"j 1, 
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(5, n) = 5*j« (n + 2) (n + 5) (n + 7) 

(n + 2)(n43)(n + 4)(n + 5) («4-3)(n + 4) . , 
- 4J -21 +^ 

_ («+2)(« + 3)(« + 4)(n + 5) (« + 2)(« + 3) . ^ 
4l 2! ^^^' 

(6, «) = -rk (« + 2) (n + 3) (n* + 15n» + 64n - 20) 

(« + 2)(« + 3)(n + 4)(«4 5)(w4-.6) 
6! 

3 1 

(n + 2)(« + 3)(n4 4)(n + 5)(« + 6) 
61 

(« + 2)(w+3)(«+4) (« + 2)(« + 3) 
31 21 ' 

_,_ (n + 2)(n + 3)(n+4)(«4 5)(«+6)(« + 7) 
(7, n) = ^-j 

(n+2)(n + 3)fn + 4)(n+5) (w + 2){n+3)(n+4) . , 
41 "^ 31 +* 

_ („ . ,J (« + 2)(« + 3)(n + 4)(« + 5)(« + 12) 

- 31 } 

= rh (« + 1) (n* + 26n* + 239n» + 886n» + lOOSn - 720) 

,.(n + l){"^" + ^n"-^y-^«^^" + ^^-l}. 

Unfortunately I have not been able to discover the general 
law of these expressions ; they have been given in various 
shapes, in the hope that some one else may discover a general 
formula. 

VOL. XXVII. c c 
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If [r, n] is the n"" term of the r** row of Sylvester's table, 
[2,n] = l, 
[3, «] = «+!, 



i! 



rs ^T_ («+2)(« + 8)(n+4)(«+5) 
L5, «J gj 

{«* + 49n* + SOSn" + 751 ln» + 24798n + 3024] 

- 7.8.9 (n H- 7) (n + 6) - 6.7.8.9 (n + 6) - 5.6.7.8.91 ; 

but here again the general law is not obvious. 

If \ is the r^ Hamiltonian number, [r, w] is a rational 
integral function of n of degree (A^^ — 2) ; thus, if r = 5, we 
have A,_,-2«ll-2 = 9, and [5, n] is, in fact, of the 9*^ 
degree in n. Since ^^ = 47 it is clear that the calculation of 
[6, n] by the method of differences would be very laborious j 
and all the series [r, w] with r > 6 would be altogether beyond 
explicit calculation. 



A EIGOROUSLY EUCLIDEAN DEMONSTRATION OF 

THE THEORY OF PARALLEL STRAIGHT LINES 

TO BE INTRODUCED IMMEDIATELY 

AFTER EUC. 1. 26, 

By Tho8. Cullovin. 

T EMMA. Let ABG^ any rectilineal angle less than two 
^ right angles^ he contained by the lines AB and BGj and 
bisected by the straight line BD^ all three of unlimited length. 
It is to be shown that any straight line whatever drawn at 
right angles to BD will meet the containing lines AB and 
BG when produced. 

In AB take any point G (fig. 37). Make BH^BG. 
Join on meeting BD in /. Then (I. 5 and 26) BIQ 
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and BIH will be right angles. In BI take any point K 
and draw through it a perpendicular to BD^ this line must 
meet AB and BC^ as otherwise it would meet OH forming 
triangles having each two right angles, which (I. 17) is 
impossible, and two straight Tines would enclose a space. 
In the same way it can be shown that any other perpendicular 
to BI will meet AB and BC] and, generally, that if 
one perpendicular can be drawn to BD meeting also AB 
and BO (as OH)^ every perpendicular drawn at a point 
nearer to B than the former will meet the said lines. 
But an infinite number of perpendiculars may be drawn 
in the same way as OH, The enunciated property is there- 
fore true for part of the line BD. That is to say, every 
perpendicular to an indefinite portion of the line BD^ 
commencing at J?, will meet AB and BG. 

Again, conversely, if it be possible that any straight line 
XZ can be perpendicular to BD but never meet AB ov BO 
however far produced, then no perpendicular drawn through a 
point more remote from B than tne former (as Q) will meet 
the said lies, as otherwise it would, by its intersections with 
XZ produced, form triangles having each two right angles^ 
and two straight lines would enclose a space. 

The enunciated principle has been shown true for part of 
BD. But it is true for the whole of that line however far 
taken. For, if not, since every perpendicular to BD must 
either meet the lines -4fi and BO or fail to meet them when 
produced, BD taken to infinity, will consist of a finite part, 
every perpendicular to which will meet AB and BO^ ana an 
infinite part no perpendicular to which will meet the said line£f 
however far produced. Let the finite part, if possible, end in 
the point P (fig. 38). That is to say, let the perpendicular to- 
BD at P meet AB^ BO^ but na perpendicular to BD at any 
point more remote from B than P is, meet the said lines how- 
ever far produced. Let QB be the perpendicular drawn 
through P, then (Euc. L 26) BQ^BR. Take in AB, 8 Sk 
point more remote from B than Q is. Make BT= Q8. 
Join 8T, meeting BD in F. Then (Euc. I. 26 and 5) BV8 
and -B FT will be right angles. Therefore through Fa potat 
more remote from B than P is, a perpendicular is drawn 
which meets AB and BO. But (hyp) no perpendicular 
passing through BD at a point more remote from B than P is^ 
can meet the said lines. The contradiction is absurd. There- 
fore the line, all perpendiculars to which meet AB and BOy, 
does not terminate at the point P* In the same way it can 
be shown that it does not terminate at any other point in BD. 
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Therefore, it consists of the whole line BD however far 
taken. Wherefore, &c. q.e.d. 

Note. It is evident that no line of a neutral or common 
nature can be drawn through the supposed junction of the 
finite and infinite lines. Every perpendicular to BD must, 
when produced without limit, either meet AB and BG or fail 
to meet them. This kept in view, other forms of the demon* 
Btration will suggest themselves. 

Proposition. (Euc. L ax. 12). If a straight line meet^ &c. 

(1) The case in which one of the angles is right follows 
directly from lemma. 

(2) The case in which both are acute follows a fortiori 
from the foregoing. 

(3) When one angle is obtuse. Let GBG (acute) + BCD 
(obtuse) or be less than 2 right. Make alternate angles 
CBL = BCK. Bisect 5q in ^(fig. 39). Let fall HL, HK, 
perpendiculars. These will (superposition) fall in the same 
line and the demonstration follows according to case h 
Wherefore, &c. q.e.d. 



Professor Cayley remarks upon the above proof that there 
is an unwarranted assumption in the construction ^'take in 
ABy 8 B, point more remote from B than Q is." For the 
critical point P may be such that there is not on AB any 
point 8 more remote from B than Q is, in other words the 
point P may be such that the pomt Q is at an infinite distance 
from P. 

A proof is possible if we assume that BP being finite, BQ 
is also finite ; but this is in effect Euclid's axiom in another 
form. 



In answer, the author, introducing the symbol to mean 
*^ at a finite distance from -B," proceeds as follows : 

Let ABC be a rectilineal angle less than two right angles 
contained by the lines AB and BG of unlimited length 
and bisected by the straight line BD of unlimited length; 
any line drawn at right angles to the bisector 0, will meet 
the containing lines ^, when produced (fig. 40). 

I show, as before, that an infinite number of perpendiculars 
to BD may be drawn 4> ^7 joining equal lengths in the 
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containing lines. That all perpendiculars intermediate be- 
tween those and B meet the containing lines 0. And that, 
consequently, every perpendicular to the bisector for aline 
of indefinite length meets the containing lines <f>. 

I next show, as before, that if any perpendicular fail to 
meet the containing lines ^, every perpendicular more remote 
from B must also fail. 

Then, if the enunciated property be not true for any finite 
distance whatever in BD^ that line taken to infinity must 
consist of a finite part every perpendicular to which meets the 
containing lines (J^, and an infinite line no perpendicular to 
which will meet said lines 4>' For a perpendicular may be 
drawn to any point, and each one must either meet 
the containing lines or fail to meet to meet them 0, no 
perpendicular of a neutral or common nature being possible. 
Assume P as the end of the finite line, and it may be shown, 
as before, that the perpendiculars do not cease to meet the 
containing lines at the point P. 



EXAMPLES OF THE 0HARA0TERI8TI0 FUNCTION. 

By R. A. Herman, M.A. 

TN the Proceedings of the London Mathematical Society^ 
^ Vol. Yi., p. 183 (reprinted in Collected Papers^ YoL li., 
p. 381), Clerk Maxwell gave an investigation of Hamilton's 
Characteristic Function for a narrow beam of light. This 
was further developed by Mr. J. Larmor in two papers, also 
in the Proceedings of the London Mathematical Society^ 
Vol. XX., p. 181, and Vol. xxiii., p. 165. In these papers 
the value of the characteristic function between two points is 
supposed known, and the properties of the pencil deduced in 
terms of the constants contained in that function. The aim 
of the following paper is to determine the values of these 
constants in certain cases. 

Section 1. Coaxial Refracting Surfaces. 

Let there be n surfaces, separating media of refractive 
indices /l^^, fi^^ ... jul^^ and so placed that the normals at their 
vertices are ail in the same straight line, which is the direction of 
the axis of a small incident pencil. Let the distances between 
the vertices be t„ t, ... t^, and let the equation of any surface 
referred to its vertex as origin and the axis of the pencil as 
axis of f be of the form 

2f=rf + 25^17 + «i7*. 
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Take the vertex of the first sarbce as origin of coordinates 
X, jT, s, the axis of » being in the opposite direction to that of 
the incident pencil ; and take the vertex of the last surface as 
origin of coonUnates x', y\ »\ the axis of s' being in the same 
direction as that of the pencil. Let A be any point near the 
axis in the first medium, B in the last ; P„ P,, .... P, the 
points on the refiracting surfaces where a raj passing £rom A 
to J? is refracted. 

Then the characteristic function 

V^,i,AP+lkJP,P,+ ... + /t.PS, 

-/».Kf.-^)'+('7,-yr+ ({;-*)•)* 

+M.{(f.-aro*+(9.-»r+(c+*''m 

+ *(«•.?; + 2^.17.4 «.o]. 

Inhere only squares and products of the small quantities f , 97 
are retained. 

Now A and B being given points^ tbe points P^, JF^, ... P^ 

are given by the equation — = 0, ^ = for all suffixes. 

These equations are linear and determine Pj, &c. uniquely. 
Let F, be the part of V which is of the second order in f 
and tj ; then 

aF,_ X 37,^ y 3F;__ ^' 3F,^ y' 
and^* = ??' = for all other suffixes. 
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Hence 



,^^ a:V-f.)-f/(y'-0 



}• 



Hence only f ^^ i;,, ^^, ^^ need be determined. Let them 
be found as linear fmictions of x^ y^ x\ y\ and on sabstitation 
let 

V^lkji + /i*jTj + ... + ikji + i {c.,a:' + 2c„ary + c^ 

+c'„x"+ 2o>y+c„y-2 ((i,,^^'+rf,^y) +2 ((i..^y'+ d^^x'y)\. 

The values of these coefficients are determined below; 
there is some advantage in having a minus sign before the 
two terms d^^xx' + d^y\ 

If A be the origin of a fall pencil, then the direction- 
cosines of the particular ray which passes through B^ a point 
taken arbitrarily, are 

But if the pencil is determined by its orthotomic surface 
» = To + i(aa;" + 2Aa:y + iy*), there b only one ray through 
A^ and its direction cosines are 

ox + Ay, Aar + Jy, -1. 

Hence the equations 

- /i,(aa? + Ay) = c,^x + c.^ - rf,^a?' + rf,y, 

- /i, (A;p + ly) = Cj,a:+ c^ + d^^x' - rf,y, 

serve to determine the coordinates of the point B through 
which this ray passes. In the last medium let the orthotomic 
surface which passes through B be 

«'=T,-i(aV-+2Avy+jyv, 
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the minus sign being used in order that the equation of this 
surface may be z" = ^ {a'x^ + 2h'xy + b'y'^ when referred to 
axes parallel to those of the first orthotomic surface. 

From the equations above determine x^ y in terms of 
x\ yi^ and substitute in V, 

Let 

y^ f^.r, + fi,T, + ... + /i, {t, - i {a'x" + 2h'xy + I'y")] 

+ quadratic function of x\ y\ 

Then since between two orthotomic surfaces V is the same 
for all points, this is MoT^ + M|Tj + ..•+At^T^ identically: and 
hence fi^a'y /jbji\ fijf' are determined. 

To perform the substitution, since 

{c„ + fi,a) X + {c,, + fi,h) y - rf„ar' + d,^' = 0, 

X 



t } 



7„ (- d,,x' + d,^') - 7„ {d,,x' - d,^') 7„7„ - 7,; 

where 7,j is written for c„ + fi^a^ &c. 
And 

+ 2^ Ia*o(^^ + *y) + ^11^ + ^11^ + 2 (- d^,x' + rf^y)} 

Hence, on substituting for x and y, we find 
A*n« = <^xx - (7,Ai' + 2% Ai^.i + IxAx) I (7u7„ - 7,/), 
f^J>' = ^'m - (7i A. + 27i,^, A, + 7,,^,/) / (7u7„ - 7i,'), 
/*n*'=<'w-{7„Wi^,,+rfA)-7urf,A-7,A^i,}/(7n7,,-7^ 

We proceed to determine the values of these coeflSicients. 
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the minus sign being used in order that the equati:>n of this 
surface may be z" — ^ [a'x^ + '^h'x'y + b'y^ when referred to 
axes parallel to those of the first orthotomic surface. 

From the equations above determine x^ y in terms of 
a?', y\ and substitute in F- 

Let 

7= yx,T, + /x,T, + ... + /ijr. - i (aV + 2h'x'y' + Vy'^] 

+ quadratic function of x\ y\ 

Then since between two orthotomic surfaces V is the same 
for all points, this is MoT^, + a^jTj + •.•+/*„t^ identically: and 
hence iiji^ iiji^ iij/ are determined. 

To perform the substitution, since 

K + M ^ + (<5if + A^o*) y - ^„^' + ^ly = ^) 

X 

7,, (^,1^' - ^,y) - 7„ (- d,,x' + 1/,^') 



t } 



If 



where 7„ is written for c„ + /*,a, &c. 
And 

F= M„T. + ... + /.*,T, - K («V' + ih'x-y' + J>") 

+ ^x |/*o(aar + %) + c„a: + c,^ + 2 (- d„a;' + d,^')} 
+ i^ {/*«(^ + h) + c,^ -I- c^ + 2 (<i„a;' - rf^')}, 
= (/*oT.+...+/*,T„) - K [a'x* + 2A'a;y + jy') 

+ i(c'„ar" + 2c\.a,y + c'.y0 
+ i {a; (- rf„a?' + rf.y) + y {d„x' - d^')}. 
Hence, on substituting for x and y, we find 
/*y = o'u- {7«<?,.* + 2% Ai'',. + 7«<'.,') / (7„7,. - 7,,'). 
f*J>' = c'„ - (7„rf„ + 2yi,d„d^, + y,At) I (7„7„ - 7,.'), 
/».A'=c'i.-{7„K,<?M+<?,A)-7,i<?,i<?„-7X<^„}/(7.,7„-7„')- 
We proceed to determine the values of these coefficients. 
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The eqaations for ^, 47, &c. are 

-^■f.-[''-a--)-''.(^-'.)]f. 



and 



-^:f--"['*-(^'-)*''"(c-'-)]f- 

x' 
- 7*=' Vi + (/*«- /*..-i) ««f« 

Put a^^ + A^o/*') ^ij) <^w •••) ^*^'' *^® coefficientB of the terms in 
the first hne ; a , a„ + fAjZj a,^, ..., for the coefficients of the 
second line, ana so on. That is, 

«a.= (A*.-A*i)^+/*i/'"i+AA,/T„a,,= (A*,-A*j)«,+/ijT,+ /i,/T„&c., 



*a»i.i "^tMj 



and 

and let 2) • 



^11 J ^la) ^ii> •••) ^IJn 
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Then D is really a symmetrical determinant, in which the 
slants immediately adjacent to the leading diagonal are 

(a*i - Mo) «i) 0, (a*. -/*>,, . .., {fi^ - /A^.J s^ ; 

and the slants next to those are 

The full notation is adopted for 2) to enable us to expand 
it more easily. 

Now, on solving the equations above, we obtain in the 
common denominator 

since every element occurs only linearly in 2). 

We later shall make z and z zero, so that it is 
convenient to write 

+ terms vanishing with «, «'], 

where (a,,a^a^ ,-,«.. .J is written for the coeflSicient in D of 
the product of these four elements. 

Solving for f„ we have ^^ proportional to 

[ad, y9, «' 9, y'9"|. 

X 

and in F we have to calculate fi^-ix- f^). 
Now 

— the other terms in y, a:', y'^ 
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But since 

this reduces to 

-M 3 exp(^-— ^ + ^7^)2) 
» da„ " \z 8a^.,^, z da^^J 

= -^^TT" [^ {«„ «,«-,,,n-l«i,., J - y («fl«lH-l,li.-l«fn,f«) 

+ (terms yanishing with «, e)lzz'. 
In the same way we find 

+ (terms vanishing with z^ z')jzz\ 



(*' - f J ^ = ^" [- « (a,^.ja„a,^ J - y {a a^fi^^'\ 



So also 

- '' (««n.l..n«ll«,.) +y' («n«n««n-,,«i-l) ] + &C. 

Because Z> is a symmetrical determinant, several of these 
coefficients are equal in pairs, e.g.^ the coefficient of y in 
{x — f j) A and of a; in (y — 17J A are equal ; and the reciprocal 
relation holds generally. 
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Hence on rabetitoting in the terms of the second degpree 
in r, VIZ., 

and making 0, 0' zero, which comes to drawing the two ortho- 
tomic Borfaces with their vertices on the boundaries of the 
media in which they lie, we find that these terms are 

i [c,,x' -h 2c,^y + c^ + c„ V + 2c„'xy + c„Y 

- 2d,^xx' - 2d,j/y + 2d^^y' + 2d,,xy]. 

These coefficients can be written down at once by the use 
of />• They all have as common denominator the deter- 
minant of (2n — 4) rows and columns obtained by cutting out 
the first and second, the last and last but one of both rows and 
columns. The numerators can be found thus: associate x 
with the first row and column of Z>, y with the second row 
and column, x with those last but one, and y with the last. 
For the coefficient c^^ of x' cancel the y, x\ y rows and 
columns, and so for each of the squares. 

For the coefficient c,, of xy cancel the x row and y column 
and the x' and y' rows and columns ; and so for all the other 
products. All the coefficients are these determinants of 
(271 — 3) rows and columns with the sign plus, except those 
of XX* and yy' where the minus sign is introduced. 

No loss of generality arises from drawing the orthotomic 
surfaces with their vertices at the boundaries of the media in 
which they lie : since if « = ^ {ax^ + Ihxy + Jy*) be the ortho- 
tomic surface through the origin, the surface through = r^ is 

^ gar' -f 2hxy + &y' ^ {ah - V) rj^x^ + y') 

Example. 

Let the principal planes of curvature of all the 
refracting surfaces be comcident ; the principal planes of the 
incident light may or may not coincide with them. Taking 
the former as planes of reference, the terras of type s^i) will 
be absent from F, and the equations for f and 17 will be entirely 
independent of each other. Taking those for ^, they are 
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Put ttjj^ a,j, ..., a,^ for the coeflScients of the terms in the 
first h'ne, a,^ a„, ..., a^, for those of the second line, and so 
on, and let V denote the determinant of n rows and colamns, 



Then, on solving these equations, we have 

da„ 



fi = 



^ ^ ft ^f^n 9 \ n _!_ ^' 



and 









a 3a,, «' 9a, 



«' 9«»9«, 



V 3«„ 8««i//3a..9«,.' 



when z, s' are made zero. 
So also 



^'-L 






and, if for the corresponding equations in 47, we use b instead 
of a and A for 2), then 

IV aa„ 8a„ 3a„//9«n9««. 

and the equations for the direction cosines of the ray give 
-^.(a. + .,) = (.^-.'^j/^ 

., , , V / aA , a^ \ / a'A 
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For simplicity, snppoae that the principal planes of the 
incident pencil are those of reference ; then h is zero, and 



\l*fi> 






and therefore on substitution V becomes 



'^^rdaj^^^^y"dbjdb,,dbj 



-i 



,/a^N' 
vaa,J 



and so 



a'/? / ^ s'D ^ a^\ 

•^ a'A / aA aA\r 



/*«« 



^1 



aa„aa„ 



a«i. 



yda,J 



/«,« 



a'z> ai> 



oa,. 



*"3«u9««, 



since 



/*.a 



3'n az> ' 



s«,.aa.. aa. 



a»,... 
ao a^ 
aa„ ' aa„ 
ao ao 



= 2) 



3'/) 

aa„aa„ 



These determinants D, 



az) a£ a'i? 



, are all of 



the same type, and D can be easily expanded by a mnemonic 

formula thus. Z> x ( ^ ^ ... ^"^ is the power K of the 

n retracting surtaces, of curvatures r,, r„ .,., r, in the primary 
plane. Let «, = (m, - /*„) r„ «=(/»,-/»,) r„ &c. Then 
ir=2«r+ 2S«j,«^«, ... r'^T^ ..., where the summation includes 
all possible products of the powers «, and the coeflScient, e.g. 
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of any product icjc^k^^ where p < j < r, is (the sum of all the 
reduced distances t//li from the j^ to the ^ surface) x 
(sum of all the reduced distances from the ^^ to the r*^ 
surface). It is essential that these reduced distances be taken 
onwards with the light, so that in them no part of the axis 
is traversed twice. 

There are in the primary 'plane two principal foci F^ and F^ : 
the position of the first principal focus is given by putting a 

zero, and -^ ^r- is the distance of F. from ; next 

putting a zero, ^ ^ — is the distance of F^ from 0\ 

Also if q^ be the primary focus of any incident pencil, q^ of 
the emergent pencil, then it follows from the value of a that 



{f./^F-<"^'-- 



Section II. Media op Varying Density. 



When we try to determine the successive orthogonal 
surfaces of a small pencil of rays passing through a hetero- 

SeneouB medium, we are met by the difficulty that to 
etermine F, it is necessary to know the path of any ray, 
and this involves the solution of a diflferential equation of the 
second order, except in the simple cases of a medium stratified 
in planes, spheres, or cylinders. 

First take the case of a medium in which |a=/(£;). Let AB 
be the path of the axis of a small pencil, PQ the nath of any 
near ray. Let (f , 17, ?) be the coordinates of P relative to -4, 
I'} ^'» ?' those of Q relative to JS. 

Since II =/(«)) the path of any ray is given by 

dx dy 

/lA -T- = constant = c„ /it -~ = constant = c,, 

and therefore /a -j- = (m* — c^ - c/)*. Hence by division and 

integration the path of the ray is the intersection of the two 
cylinders 



r«Q cAz 



.(1). 
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Also 

and therefore 

_ ("Q fi*de 

"k(/*'-c/-0» ^^>- 

We are supposed to determine c^ and c,, from (1) in terms 
of the coordinates of P and Q and then to substitute them in 
(2) or (3). This is not possible, but we can find the value of 
Ffor points near AB sls follows. 

Let {Xj y, z) be the coordinates of J, {x\ y\ z*) those 
of JS. Then, by Taylor's theorem, 

The first differential eoeflScIents are already found 
aF 37' 37' , ,. , „, 

3x-'''»3^"'^"3i"^'^ '^^ '^*''' 

For the second differential coefficients, c, and c, are functions of 
x\y\ z determined by equations (I). Differentiate these inte- 
grals partially; and let /, denote / -^^ — ; , 7, denote 

/ ' — ^4 cfe, and 7, denote I j . 
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Mr. Herman^ Examples of the characteristic function. 203 
Then, differentiating (1) with regard to x , 



o=o.c.,%;/.+^u. 



Bar' 



dx' 



with regard to y, 



>i 



and with regard to e', 

0=— — ^i— + — ' 7 4 cc — • 7 ' 

Now let the plane of xz be bo chosen that it contains the 
path AB of the axis; so that for ^it o^ = fA sin0 = /i' 8in<^\ 
and c, = ; hence the values of the above differential coeffi- 
cients at B are 

^=0, |=i;i.,|=o. 

In the same way, differentiating with regard to the lower 
limit, we find that at A 



^• = — » = -l/7 — » = 



and of /, is 



dz'' 

i4(/l*'-O*""J^/*COS0' 



8a; "' 3y 
The value of /, here is 



cos"0 ' 
f^ dz 
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204 Mty Herman, Examphs of the characten$tic function. 
Hence we easily find for B 

dx" ~ dx - /, ' dy'* ~ ay ~ i, ' dxdy ~ ar' ~ 
yr 8g. tan^' 8'F Be. ^ 

a^'aa' ~ aa' ~ i. • aya*' ~ a«' ~ 
,a'F' / ,dM' ac, dc\, „ , .... 



1 dfi! tanV 



COS0' (f« 

So also for A^ 

, 3^ 1_ ^ __ tan'0 

3a' "" COB0 flfa /j 

For the other product terms, 
3:r3;r'^'^ '^^ 3a? /, ' 3x3y ^ ^ 3x 



-c. 



Cxoz ox ' /* CO89 



tan<^' 



5va:r'^'^ '^^~a.v-"'a»ay'^ ^~av" /. 



a 



3y3x 

aW^'^'-'^^=^^'^'*"-^'-^'^*=' 

J! 

a^a. 

a 



-c. 



^0^ 



)x ^ ' 32J ij 3a3y '3a 



• 



3a3a '3a' * * ' /a cos<^ i^ / 
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Mr. Herman, Examples of the characteristic function. 205 

Substitute these values in the expansion above, and we have 
F<,-Fi,= F'-r+/t'(f sinf + f'co8^)-/t({8in^+Cco80) 
■-rtanf)-(g-{:taD0)|' 



•ip 



/. 






We cannot here determine the relation between the points 

Q and P by putting ^ , &c. zero in the ordinary way, for we 

have already assumed that PQ is the path of a ray in deter- 
mining this value of V. 

But let the equation of the orthotomic surface at A be 
Z=i(aX'+2A-Xiy + Jiy') referred to axes of reference, of 
which Z is the axis of the pencil and ZX is the plane of 
incidence of the axis. Putting in this Z=^cos0 + ^ sin(^, 
Xs ^ COS0 — ^ sin^, the equation of the orthotomic surface is 

(fcosi^-l- f sin0 

= ija(f cos<^-f sin0)* + 2Aiy(f cos0-f sin^) + J17*} ...(5), 

and the direction cosines of the normal are, neglecting squares 
and products of f , 17, ^^ 

2=ssin0 — {a cos0(f cos^- ^Amp) + A17 cos^}, 

m = - jA(f cos<^-f sinc^) +^17}, 

n = cos^ + {a sin0(^ cos ^- 2;' sin ^) + A17 sin0). 

Hence at Pthe value of c^, or ydy differs from its value at A by 

/iSZ4 f -£ sin^; that is, 

Sc, =!f sin^ -3 — /lA cos^|a(f co80 — f sin<^) + Ai;}. 

So also 

5c, = -/ia{A (f cos0-f sin^) + Jiyj. 

But taking equations (1) and substituting x + 1' for Xq, 
«' + f for ;5q, and c, + 8cj, 8c, for c, and c„ we have 

r-f = rtan0'-(:tan0+Sc../,, 
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206 Mr. Herman^ Examples of the characteristic function. 

Hence 
f - {r tan f = (f - ? tan ^) (1 - I,im C08» 

- ril^fih cos* + KI, 8in<^ ^ 

V 5= 17 (1 - /i4/,) - (f - ? tan0)7j/iA cob* / 

These equations are the conditions that a ray incident 
at P may pass through Q. 

Lastly, let the equation of the orthotomic surface through 
£be 

r oosf + {T sinf = i {a'(f cos*'- f sin*'/ 

+ 2A'V (f cos*' - ? sin*') + h'7)'*\ ...(7). 

Then if from equations (5), (7), and (6) we substitute in 
(4) for f , 17, f, f ' in terms of f ' and 17', the variable part must 
vanish identically. 

By (7) it follows that 5' cos*' + f' sin* is a quadratic 
function of f ', 17', f', and therefore 

{' = - sin *' cos *' (I' — f tan *') + cos *' (quad, function). 

Denote f-?'tan*' by xS then f c= - ^'sin*' cos*' 
approximately, and we can write (4) as 

/a' [a'x ' cos'*' + 2A'x''»7' cos*' + Vt)"] 

— A* [^X* cos** + 2A;^i7 cos * + J17*] 

•*■ [ /^ + ^^:^ + sm'*'co8*' ^x' 

-sin-*co8*^x']=0 (8), 

and (6) as 

X = X ( 1 " Aa*^ cos'* - /j sin** cos * -7- J - ^/,mA cos *, 

V=-X^,/^Aco8* + '7(l-/*^^,) (9). 

From (9), we obtain 

X = - X' (/*H - 1) + ^'-^i^A cos * 1 

^ S3 + xl^fih cos * - 17' ( /,/Aa cos** - 1 + ij sin** cos * ^ j 

where D = /j/ua cos** -1+7, sin** cos* t- ) 7j/iA cos * 
/,/iAcos*, /iJ/,— 1 
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Mr. Herman^ Examples of the characteristic function, 207 
^gain, equation (8) is of the form 
U'a cosV + J + 8in>' cos^'^') x" 

+ 2/*'A'xV cos f + (/*'*' + j)V' 

where X=Iii<*X + lin\ V = J, (7X + ^'?)> 
and therefore 

Hence the equations 

fi a cos"^ + J + sinV cos<^' ^ + ^^'^ =0 



/aA COS0 ^ jy 



dfi 



I^fia cos'0 — 1 + ij sin*<^ cos -j- 

"■'■4/ ^5 --0 

give the constantSy a', h'j h'^ of the orthotomic surface at any 
point. 

In the simple case where the primary focal plane of the 
pencil is the plane of incidence h is zero, and these equations 
can be simplified. 

The equation for the primary focus is 

IX a cos'^' + 7 + sin"^' cos^' -tt 



which can be reduced to 



iXlw, cos''0 - y + sin*0 cos0 ^l 



= 



fjka cos'( 



+ sin*0 cos^ 



dz\ 



or 



/Lta cos"0 + sm'A cos A -f + / ^ 

^ ^ dzj ^ J fA CO8'0 



is a constant for this pencil. 
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208 Mr. Herman^ Examples of the characteristic function. 



The eqaation for the secondary focus is 
which is equivalent to 



^'"'n^TJiM^^ 



"^ "^ • Jz /*COS^' 



or -T + I -7 is constant, which only expresses that the 

secondary focus always lies on the same normal to the plane 

refracting surfaces. 

Secondly, let the media be stratified in spheres ; and let the 
ath of any ray be referred to polar coordinates r, 6y \p. We 
mow that any ray lies in a diametral plane, and that its 

equation is given by fip = fir sin = constant. This is 

or fiV {(dsy - (dry] = c* (dsy. 

Again, the path is that of a particle moving with velocity fi 
under a central force, and therefore the equation of angular 
momentum about the axis of z gives 

firBinu-j^ r sma = c,. 
Substituting above for fir* sin ^ ^ , we have 



Hence 






'^ ^ '^ Bin'^ "^ ^ sm"^ fi^^-c*' 

therefore one equation for the path is 

/•% sin0d0 _ rq dr .. 

jep (c/ sin'^ - O* " }r^ r ifiV - c,y ^^^• 

The relation between \p and d is obtained from 

^,_^^=£«-j-^^^-Ag__ (2). 
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Mr, Herman^ Examples of the characteristic function. 209 
dV dr UV-c,y 

dV d0 (c/sin'g-c/)* 
rde^'^'^ds~ rnmd ' 

ar . .d^, e, 

— . -„ ■ ■ = /«r sin -r- = — :^ , 
r &mdd4i *** rsina' 



80 that 






/, 



+ c,('Ae-'/'i') (3) 

^''"'^'' (4). 



.^(mV-o» 

N6w following the notation of the previons example, let AB 
be the path of the axis, and let it lie in the plane i// = 0, so 
that 'for it c, = 0, and r, are the plane polar coordinates. 
Let A be the origin for rectangular coordinates f , 17, $*, of 
which {f is along the normal r, and the plane ^^ is the plane 
of incidence ; and let B be the origin of similar coordinates 

Then, as before, we may expand F^— Vp by Taylor's 
theorem in terms of the small quantities f 9 •••« (T* ^^ ^ stand 

tor K - K, then g^ - ^g^, g^ -^Bin^a//' 3? " 3^^ 
but similar equations do not hold for the second differentials. 
By the method of moving axes, it is easy to shew that we 
must substitute as follows : — 



d'u d'u 1 a« d'u d'u 


cos^ 
r'sin'e 


aw 


8f • ~ r'dff" ^ rdr' 3^817 " r' siB0ddd^P 


a./-' 


d'u d'u du 






d^d^'rdOdr r'8<;' 






d'u d'u i du cos 5 du 






dr)' ~r'am'0diP' ^ r dr ' r'siu^a^' 




d'u d'u du d'u d'u 




..(5). 


dvdt~ riiia6dxpdr r'sia0d<P ' 8?* " Br' ' 
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210 Mr. Herman^ Examples of the characteriatic function. 

Similarly with dashed letters for ^^75 , &c. ; but for ^^^ 

and all such products no differential coefficients of the first 
degree occur, since the rotations of the axes at A do not affect 
those at B and conversely. 

For the first differential coefficients 

07 =' jT-^=M cos^, gj:=-MC08^, 

3m (c/sin'g^~c,')* . ' ^. ^u . . 

T^K' = -^ — > ' a' =/* sinc^, 5-=-/iism^, 

^!!^ = _5l_=o ^" =0 

r' sin'^ai//' r' sin fl' ' r sin ^3;// * 

for the axis of the pencil. 

Again, to determine the values of the partial differential 
coefficients of c, and c„ we have on differentiating equations (1) 
and (2) and making c, zero after differentiation 

dff^de ao 8/ ar 

or if we substitute in this = / — 7-«-= rr, , 

and 9t//' - 3ti = 3c_ /^ — * — 5 ^ + c, (terms) 

^ we (c^in'^-O* "^ ^ 

^ cot^-cot<9' , 
= 3c, , when c, = 0. 

Let /denote 
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Mr. Herman^ Examples of the characteristic function* 211 
then 

dff" I' af "■ 'a/"" r'l I 

aCj _ ac, _ c, sin 6 sin g ' ac, _A 

a^'~ *^'"~ 8in(e'-ej 'a/" / 

(6). 

9c, _ 1 a£i _ ft Sfi. _ tan<^ \ 

hd~ /'a,/,""' Br — iT I 

ac,_ ao, _ -<;, sing sing ' ac, I 
a(?~ 'aiA~ Bin(g'-g) ' ar*"/ 

With these values 

^ - ^^' . c,' c, ac, 

a/' ~ (/*'V'-c,')* ■*■ r"{^'V"-c,')* ~ r'(/*'V'-c,')* Br' 

_ 1 ^' M^ sin*<^' tanV 
~ cos^' dr' "•■ r' cosf "'' ~7^^ ' 

a'u _ \ dn fi aW4> tan'^ 
ar" ~ COB <l> dr r cos^ r'/ ' 

a*M * ar tan<^ tan^' 



ara/~ r'(M'V'-c,')*~ rr'/ ' 




ac 

a'M "'ag' tanf 




a/ag'" r'(/*'V"-c,')*" r'i ' 




a'M tan<^ a'M ' ag 
Brag ~ ri » a^a/ - /(m'V' - c,')»" 


^tan.^' 
+ r'/ ' 


a'M tan<^ d'u d'u d'u 


- ^'" -0 

ar'ai^ 


, . du {c,'sin'g'-c,')i , 
Kjfrom^- Bind' =«'u^henc, 


1 = 0, we dedace 


a'M 3'm a'M 1 
dd''~dd'~'~ded&'~'r 
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212 Mr, Herman^ Eocamples of the characteristic function. 
d'u _ d'u _ d*u _ 3'« ^ 

and from ^ = c, we deduce 

S'u sin ^ sin 5' a'w d'u 



ai//'" ~ ' Bin [ff -e)~d4>* d^d^p' 

Sabstitnte these values in (5) ; we obtain 
d'u 1_ u' cos^' a'w 1_ ^C08(;t 

df'~r^ r' ' aF~»^ ^ 



a*M 1 



a^af rrJ' 

a'« - 

a*» _ tan^' /i' Bin<^' a*« _ tan^ /tsini^ 

afag' 7T ;;'^' alar tt"^ ~r~' 

a'w tan <l> a'w _ tan 0' ^ 

aFa? ~ ^^ '3TaT ~ i^/T ' 

a'« 1 c, sindsind' c, cos^ fi cob4>' 

a?' " r" sinV 8in(d'-ej ■*" r"Bin<?' ■*■ r' 

9'm __ Cj cot S /L( cos 9'm __ c, 
3-8?' = *"- = ^' 

d'u ^ I dfjb fi Bin^ff) tan*<^ 
9{* "" COS0 dr r cos0 rrl 

3*M _ tan ^ tan <l>' 
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JUr. Herman^ Examples of the oharactertstia function. 213 

Therefore the expansion bj Taylor's theorem is 
Vq- rp= r- F+/(r cosf+f 8mf)-/*(?cos^+f sin^) 
+ J r^ f'-rtanf _ |-rtan^y 1 

4^' (f.^tanf/.^^Cf-rtan^)' 

r ^_ JL^ 

^^'«L cots , fi co^(f> \ ^vn' c, 

( ' r" r ) rr smo 

W[-^-^}] (7). 

We have next to express the relation between f ', 17', ^ and 
f , 17, $* in terms of the constants a, A, b of the orthotomic 
surface. The equation of this surface referred to the axes 
through A is 

fcos^ + f sin^ = i[a(f co80- J'sin^)' 

+ 2hfi (f cos - f sin <t>) + J17*], 

and the direction cosines of the normal, the ray through Pj are 

Z = sin^ — (a cos^ (f cos^ — f sin (f)) + hrj cos^}, 

?n = — {A (f COS0 — f sin0) + 617}, 

n = cos^ + sin0{a(f cos^ -?sin0) + A17}. 

If be the perpendicular on this line from the centre of 
the spheres, coordinates (0, 0, — r), 

s= r* ( 1 - n") + 2r f - 2 wr (Zf + wf) , neglecting squares of f , 17, f 
= r'*[sin*<^- 2 cos0 sin^ {a (f cos^ - f sin^) + A17}] 
+ 2rf- 2r cos^ (f sin0 + f cos^) 
=s r^ sin'^ - 2 {r*a cos*^ sin ^ + r sin ^ cos 4>) (f - ? tan <^) 

— 2i^ cos^ sin^Ai;, 



Digitized by 



Google 



214 Mr. Herman^ Examples of the characteristic /unction, 

while the perpendicular on the axial ray is r sin^, so that 
^3p = - [(ra cos^ + l)(f -f tan^) + rAi7|r cos^ sin<^, 
and 

|=-{(raco8^ + l){f-rtan^) + rA,} j^ . 

But c>My.-' = ^ + ^, 

t.e. — ' = - -p - {(ra cob6 + 1) (f - ?tan 6) + rhrj] — ~~ , 
Cj fi ar ^^ ^ • \» 3» 1-/ I) ^ gyj^ J 

or 3cj = r sin -T- f — /A cos { (ra cos <^ + 1) (f — f tan ^) + rhff] . 

But we have the equation 

^ » X Ji — Jfir COS0 (m COS0 + 1)} - Irhrj fi, cos ^ 

+ /r8in4.^? (8). 

The other relation is obtained by expressing that the ray 
PQ lies throughout in a diametral plane. 
The equation to this plane is 

a?, y, « =0. 

r sin^ + f cos^ + f sin5, 17, rcos^-f sin^ + J'cos^ 
Zcos^ + nsind , w, -Zsin^ + ncos5 

Substitute the coordinates of Q referred to the fixed axes 
Ox^ Oy^ Ozj which are 

r' sin ff + f cos d' + f ' sin 6', v\ r' cos ff -• f sin ff + f ' cos fi' ; 

we obtain, neglecting products and squares f , 17, f, 

(I cos fi + n sin 6) (rf'r cos — lyr' cos 0') — wrr' sin S 

+ (- Zsinfi + n ops fi) (17/ sin fi' - rf'r sin fi) = 0, 
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Mr, Hermariy Examples of the characteristic function. 215 

i.e, l\-r cos S^ — »i sinS + « - sin 8 = 0, 

\r r ) r ' 



or — = - (coso — cot^ smo) + — r 



m 8m< 



r r^ '^ sin 

= -ABmScot<;^ (f -?tan0) + - ]co88-cot<;^8inS-r&-7— ^t 

5). 

Proceeding as before, we substitute in (7) and (8) the 
simplification ?' = - cos (p' sin (f)'x + squares, and obtain 

%-=•- Irv \ fJ^ cos'A + fiS2lT ^ gin'd, cos 6 -^ — r? r " 'y^M^ cos(^, 
r ^ r ar r 1) 

7) 7 . P> . , fJsinS cosS— cot^sinS) .^^. 
— = — YAsmocotd) — WK— ; ; \ •...(10). 

Moreover it will be found that by the help of these 
equations, of the equation of the orthotomic surface and of 
Euler's theorem, equation (7) can be written as 

=X" W cosV+^i^+sin'fcosf ^' - ^l 

^ ,,, ,/ / / f /7/ tt'C8in6'cotS + cos6')1 t% 
+ 2/aT COS0 xV+ yV + '=^ — ^—-;p ^1 n\ 

Irr rr sin S ' 

This expression is identically zero for values of %, 17, %% ^ 
connected by equations (10). 
Hence 

It t./ At'cos6' . •,/ tidul 1 
u'a' cos'0'+^- — r-^ + smV cos 6' ^^ + -titt 
^ r ^ ^ ar r 1 

I f ^ AAsin(<^-8)) ^ 

^,^. ^ fi' Bin (<I>'+S} 
^^^ r'sinS 

^i* f 8 . . /*COS0 , . , , .rf/A 1 ) - 
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216 Dr. Forsythy Evaluation of two definite integrals. 

where 

^= f^ . A* C084> . . , . ,dfA 1 , . 

fia coB(b-\- h sin o coao j n-iM cos 6 

r dr r 1 

7 . ^ /It sin (<^ - 8) 

uh COB 6. ah-- r— s — 

^' '^ r sinS 

Let the plane of incidence be the primary focal plane, 
A'=:A = 0: then 

/ / a . / A*' cos 6' . « , , ,f du, 1 
7* dr r 1 

or as before 

-«/ 9. lACOsd) . ,, ,du\~^ r dr 

r^[fiacoB''6+~ ^ + sin'0cos0-7- ) + I — i — n 

\ ^ r ^ ^drj J /Ar'cos'0 

is constant. 

The other equation is in this case 

sin(<^ — 8)] ^Bin0sjn^'__ 

rr sin'S ' 

which expresses that the secondary focus is always at the 

Soint of intersection of the tangent to the aj " ' 
iameter through the initial secondary focus. 



( sin (f+ 8) 1 L sin((^-8) ^ 
r "^ r'sinS J r i^"^i^8^j 

1 expresses that the secondary fo< 

Joint of intersection of the tangent to the axial ray with the 
ii 



EVALUATION OF TWO DEFINITE INTEGRALS. 
By A. R. FoBSYTH. 
THE integrals in question are 

r sm'^ee'^de^ r sin"^ cos-^e-^cZ^, 

where the indices m and n are not restricted to be integers.* 
They prove to be examples in which Briot and Bouquet's 



* My attention was directed to the first of the two integrals considered, by 
a question from Prof. Karl Pearson. 



Digitized by 



Google 



Dr. Forsyth^ Evaluation of two definite integrals, 217 

method of associating definite integrals with integrals of func- 
tions of complex variables can be used ; an account of this 
method is given in their Treatise on Elliptic Functions (chapters 
I. and II. of Book III), and in my Theory of Functions (§ 25). 

1. Let I denote the integral 

sin"^e"W, 



/■ 

J 



where m is a quantity having its real part greater than — 1, 
so that the modalus of / is finite in value. We have 



2V7=r(e^-e-Te"^^^ 



Let e^ = Zy so that as increases from to tt, the variable z 
describes a semi-circle, centre the origin and radius unity; 
then 

^2^i"^'I^r {z' - 1)" z-'^-^'dz, 

with the specified path of integration. 

The critical points of the subject of integration are 
« = 0, 00 , ± 1. If we take a curve (fig. 41) composed of two 
small quadrants at 1 and — 1, of two radii from to 1 and from 
to — 1 respectively, of a small semi- circle centre the origin, 
and of a semi-circle centre the origin and radius unity, any 
branch of the subject of integration is uniform, finite and con- 
tinuous within the enclosed area. Hence, by a well-known 
theorem t due to Cauchy, the integral round the boundary of 
the curve is zero. 

Because the real part of m is greater than - 1, the inte^al 
along the small quadrant at the point 1 is zero* in the limit 
when the radius of that quadrant is indefinitely diminished. 
Similarly the integral along the small quadrant at the point - 1 
is zero in the same limit. Likewise if the real part of —ai^m 
is positive (so that if, for instance, a is real, we should take 
> »i > — 1), the integral round the small semi-circle quadrant 
at the origin is zero in the limit when the radius of that 
quadrant is indefinitely diminished. 



* See my Theory of Functions, p. 23. f lb., p. 35. 
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218 Br. Forsythy Evaluation of two definite integrals. 

Hence, denoting 
hy/{z)y we have 



so 



that 



ff{z)dz+f/{x)dx = 0, 



where in the latter integral the variables are real and the 
principal value is to be taken. 



Let 
so that 



X^f/{x)dx, 

Jo 

X= (- 1)"* f (1 - xYx-^-^'da; 
= ^e"" f (1 - «)"«-«"*"■'-'<?», 



' 

where x' = u. But 

fu^"{l^uy-'du=^B{fMyv) 

Jo 

n(/.~i)n(v-i) 
n (Ai + V - 1) ' 

and therefore 

^ ,.... U(^iai-im--l)U{m) 
^-*^ n(iw-iai) 

Moreover, 

so that 

n (- i^ai- im-1) n {iai+ W = " ^in^^ ^ + ai) ' 
whence 

~ Bin ^TT (to + ai) H (^r/i + ^at) 11 (im - iai) ' 
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Dr. Forsyth^ Evaluation of two definite integrals, 219 
Also 

I / {x) dx = (« 1)" r (1 - xY x^-^'' dx 

= (- rr'C (1 - xTx'"^'' dx, 

where a: is now positive throughout the range of Integration, 
as in X; and therefore 

|V (^) cZa: = - {- 1)-^ [' (1 - xT x-^'"^' dx 
= - ^^"" / (1 - uYu-^^^'^'^-'du 

^ ^ n(-iat-im-i)nH 

^ JTTe^^ n(m) 

. sin ^TT (w + ai) U [^m + ^a/) 17 {^rn - ^ai) 

as before. Thus 



\\f{^)^^[\] + f]f[^)dx 



sin ^TT (wi + at) U (^m + ^ai) U (^w — ^ai) 



= - TTiei^^^i'- 



n(7«) 



n dm + iat) n (im - iai) ' 
This is the value of 

that is, of - 2^y *7; 

and therefore 

n(m) 



/=2-"*7re4''" 



n (^m + ^at) n (^m - ^ai) ' 



The limitations under which this result has been established 
are that the real part of ?/i lies between and — 1, and that 
the real part of — ai* - m is greater than 0. 

VOL. xxy\L G a 
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220 -Dr. Forsyth^ Evaluation of two definite integrals. 
2. Now, if generally 

•'0 

then 7„ (- a) = f sin '^de^dd 

on writing d s n- - ^, so that 

and therefore ei"''i«,(- a) =:6-i«'/^(a). 

Thus, when « is real, e"**"^ J]»f«) is an even function of a ; 
and when a is a pure imaginary, say la, then «~*"'^^«(«) is an 
even function of a. Also, the formula of reduction 

can be obtained, the only limitation being that the real part 
of m — 2 is greater than —1. The preceding expression 
obtained for 2 satisfies this relation of reduction, so that the 
limitation that the real part of m must lie between and — 1 
is not necessary for the validity of the result. 

The simplest cases are those in which m is purely real — it 
must be greater than — 1 in order that the integral may be 
finite. When a is zero, the integral becomes 



the value of which is 



J'sin-W^, 

nam) 

U{im)n[lm) 
IT U(m) 



^r n(im)n(jw)* 



so that the result holds when a vanishes for any value of m 
that is greater than - 1. 
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Again 

n (Ja»; n (- ^ai) = i^ain (^ai - 1) n (- \ai) 

Trai 
2 sin(^a7ri) 

and therefore 

l(e'--l) 



U[\ai)U{rlai) a 
which is the value of I e'^^dO. The result is consequently true 

Jo 

when m is zero, whatever a may be. 

We therefore infer that whatever Jke the value of a, the 
value of the integral 

r mTBe^de 



18 



2"n(iw + iai) n(^w-iaiV 
provided the real part of m is greater than — 1. 

3. Other integrals can be deduced by forming appropriate 
combinations; thus 



• m/i / n N 7/1 '"■n (m) cos (i7r7 + a) 

sin^cos(7^ + a)c?5 = ; ^ ^ ^^ ' ^ 



and 

r - mA !_//!. \ ja 'rn (m) cosh (iiry + a) 
/ sm"gcosh(7g4-a)rfg=: ^^,,„ .. ^ /, .. J,%/ f^j 

where a and 7 are constants and in each case the real part of 
the constant index m is greater than — 1. 
Similarly, by taking = ^ — ^tt, we have 



f 






with the same single restriction on the value of m« 
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222 Dr, Forsyth^ Evaluation of two definite integrals. 

Integrals of these types are given* by Bierens de Haan 
with the limitation that m is an integer. 

4. Let O denote the integral 

r8in-^cos"«6-^rf^, 

where m and n are quantities having their real parts greater 
than — 1, 80 that the modulus of O is finite in value. Making 
the same transformation as before, we find 



»(?=/"(««- 1)- («« + xyz^^-^-'dz, 



where €** = «, so that the variable z describes' a semicircle 
centre the origin and radius unity passing from 1 to — 1. 
The critical points of the subject of integration are ;» = 0, 

Take a curve (fig. 42) composed of two small quadrants 
at 1 and - 1 ; two small semi-circles at i and ; two 
quadrants, centre the origin and radius unity, from 1 to t and 
from i to — 1 respectively ; and two radii from to 1 and 
from to — 1 respectively. Any branch of the subject of 
integration is uniform, finite and continuous within the enclosed 
area ; the integral round^the boundary of the curve vanishes, 
by Cauchy's Theorem. 

As in the former case, the parts contributed to the integral 
by the small quadrants at 1 and - 1 each vanish in the limit 
when the radius is made infinitesimal, because the real part 
of m is greater than — 1 ; the part contributed by the small 
semi-circle at t vanishes in the limit when the radius is made 
infinitesimal, because the real part of n is greater than — I ; 
and the part contributed by the small semi-circle at the origin 
vanishes in the limit when the radius is made infinitesimal, if 
the real part of — ai - w — w be a positive quantity greater 
than zero. Assuming this condition satisfied — so that for 
instance if a be real we should have the limitations 

?7i> — 1, n> — 1, 0>w + ri, 

so far as the real parts of m and n are concerned, we have 

{z'^iy{z'-^iyz-^-'^'"'dz 



I. 



C (a:* - l)"" (x' + l)'x-''-^^-'dx = 0, 



» Expose de la Theorie des Intigrales BefinUs^ pp. 244, 251. 
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-Dr. Forsythy Evaluation of two definite integrals. 223 
and therefore 

The range of integration on the right-hand side being 
taken from — 1 to and from to 1, we have 

C Qc' - \y {x^ + lyx-^'^-'^'dx 

Jo 

Jo 

•where /(ar) denotes 

(l-xYil+x^'x-"^-'-'^ 
for real values of x lying between and 1 . Also 

f (x' - 1)" (x* + iyx-"^-"-^dx 

= (- 1)" [° (1 - «»)" (1 + aO'x-^^-'dx 
= -(-l)-^{'/(x)dx. 

J a 



Hence 



Now 



/*/(*) <fe = i r (1 - «)" (1 + «)" «-*("'^"'*"'-vm 

= 2"-' r »"•(! - 1;)-!'"**"*"'-' (1 - iu)Vi; , 





where a^ = u = l-v. But it is known that 

n(7-l) 



F[a,fi,y,x) 



n(/3-l)n(7-/tf-l) 
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224 Dr. Forsyth^ Evaluation of two definite integrals. 

when tbe real parts of )8 and of 7 - i8 are positive and F 
denotes the hypergeometric series of argument x^ the modulus 
of X being supposed not greater than unity. The conditions 
are satisiied for the preceding integral ; so that denoting 

F(- n, 1 + m, 1 + Jm -^n - ^ai, J) 

by ^1, we have 

Also 

n (- Jaf - im - Jn - 1) n (Jat -{-i^m-^^n) 



— sin J7r(a* + w + w) 
2t7r 



80 that 

jy(X)ax^J ITT ^.a^.,ni^^m.i U [im-lai-^^n)!! [^^m+^i^^n) * 
Thus finally 

2-~7r n fwi) 



Gf=e*'^(«-"') 



n O - ^n- ^ai) n (i/w ■+ ^n+ ^a«j i^^ ' 



The result has been established under certain limitations as 
to in, n, a ; but considerations, similar to those adduced before, 
lead to the inference that the only limitations necessary to 
ensure that the expression on the right-hand side is the value of 



t 



sin"^ cos"^e"W 



are that the real parts of the quantities m and n are each 
greater than — 1. 

5. As a special case of some interest^ let a = ^ the integral 
becomes 



•' 



sin'"^ cos"^^tf 




^r im'e cos''ed0+ (- 1)" [*' bIdV CQB''0de 



,-..^ n(^n-^)n(j>/i-^) 
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Mr. Culloviny On a proof of Euclid's twelfth axiom. 225 
Equating the results for the present form, we have 



2™ cos ] 



IT ir[7n) 

which after some redaction leads to 



Taking — n=2a, 1 + w = 2^8, the equation is transformed to 

a result established by Gauss.* 

Owing the generality of the main result, a number of 
special cases can easily be deduced. 



NOTE TO MY PEOOF OF EUCLID'S TWELFTH 
AXIOM. 

By Thos, Cullovin. 

TDropoRITION. If infinity in a given straight line he defined 
■^ as a single point hey and which there is no other ^ two 
straight lines cannot meet at infinity otherwise than hy never 
meeting. 

Let CD (fig. 41) be the nearest possible parallel to AB 
through the point C\ and let CE be, if possible, a straight 
line passing through the same point, meeting AB at oo but 



♦ Gd. Werkey t. ill., p. 227. 
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226 Mr. Cullovirtj On a proof of JEucHcTs twelfth axiom. 

not coinciding with CD. Then, since CE and CD do not 
coincide, they must make an angle with one another. Let 

OF be the line bisecting that angle. Then, since CD is the 
nearest line to AB drawn through C which never meets it, 

CF must meet AB. But since CF cannot meet CE at a 
finite distance, it must meet CE and AB at oo . Apply CD 
to C^so that the angles ECF B,ud DCF mhy coincide and it 
will follow that CD will meet OF at ex. But CF meets CE 
at 00 and CE meets AB at oo . Therefore CD meets AB 
at 00 ; but (hyp.) they never meet. Therefore, either the 
conception of straight lines meeting at oo must be rejected as 
implying an impossibility, or parallels must be regarded as 
meeting at oo . 

I conclude from the foregoing that it is inadmissible to 
treat the meeting of straight lines at oo as differing in any 
way from their never meeting. When infinity is defined to 
be a single point and parallels and intersecting lines are 
assumed to meet at oo , such assumptions constitute a system 
of geometry differing radically from Euclid's. All Euclidean 
demonstrations involving the terms differently defined, would 
require to be remodelled in the new system. In the Greek 
geometry we cannot conceive straight lines as meeting other- 
wise than at finite distances from given points. This enables 
me to answer in advance the only objection against my proof 
of the theory of parallels that I am able to anticipate. 

Objection. You have narrowed down the difficulty to one 
critical point in the bisecting line, and you have shown that a 
last possible line meeting the containing lines (f> can not pass 
through that point; but it is equally reasonable to suppose that 
the first possible line that fails may pass through it. How do 
you show that such may not be the case, and that the lines 
meeting <f> may not approach the point nearer than any given 
finite distance without ever reaching it ? 

Answer. I have shown that all conceivable perpendiculars 
to the bisector belong to one or other of two distinct classes, that 
the lines which meet cannot intermingle with those supposed to 
fail, and that no portion or point of the bisector can remain 
neutral. Consequently, the last line meeting would coincide 
with the first line failing, as no portion of the bisector could 
possibly intervene. In other words, there can be no first line 
failing. 

To make this plainer let P'Q' be a perpendicular (fig. 42) 
meeting, and PQ one failing, both at some distance from the 
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critical point. Let PQ^ of unlimited length, move along 
the bisector till it reaches the position P'Q. At some 
of its point progress it must meet the containing lines for 
the first time as P"Q", From the proposition I have last 
proved, the distances R8^ BS, BR and BT must be regarded 
as finite, and the point B corresponds with the critical point 
P of my demonstration. 



NOTE ON THE SMALL OSCILLATIONS OF THE 

FIEST OEDEE OF KIEOHOFF'S ELLIPTIC 

VOETEX CYLINDEE. 



By P. H. CowELL, B. A., Scholar of Trinity College, Cambridge. 

T^HE steady motion o( the vortex is given by the velocity 
■^ potentials 



and 



^' = —J (bx* + ay*) inside, 

\p =:— ^ab.^ — i5aJ.e~*^cos297 outside, 



where a, b are the semi-axes of the cross section, ar, y the 
coordinates of any point referred to these axes, f , rf conjugate 
functions given by the equation 

a ■\' iy =c cosh (f -f- tiy), 

where c* = a^ ^ J*, 

and ^ the molecular rotation, and f = f <, will be taken to 
denote the surface of separation in the steady motion. 
VOL. xxvii. HH 
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228 Mr, Coicell, Note on the small oscillatiom of the 

The motion is steady, and the ellipse retaining an invariable 
form rotates with angular velocity 

Mr. Love has shown that* there can exist small oscillations 
given by the velocity potentials ;//' + 8;//' inside and xl^ -{■ Sxp 
outside when, 

Sxp' = 2 [A^ cosh wf coamr) + B^ sinh m^ sin wi;], 
&P=I, [ J„co8h «if , . e-"(f-f') cosmv+B„ sinh m^/^^' ^'^ aiamti}. 

m 

In the most general small oscillation, the sign of summation 
includes all integral positive values of m. The normal type* 
are found by giving m one single positive integral value only* 

Mr. Love obtains the equations 

From these equations he shows that, except for very flat 
ellipses whose axes are in a ratio greater than 3 : 1, the 
oscillations of the third and higher orders are stable. An 
initial displacement of the second order either indicates a 
rotational displacement of the ellipse as a whole, which does 
not affect the small oscillations, or else a deformation into 
another ellipse of slightly different ellipticity, which has a 
steady motion of its own, slightly different from that of the 
original ellipse. 

We here consider the oscillations of the first order. Mr. 
Love has shown that they are stable for all eccentricities,*and 
that their periodic time is that of a complete revolution of the 
elliptic figure of the vortex. 

In this case, we have 

S\pj^ = A^ cosh f cosi; + B^ sinh f sin 17 

_ A^x + fi.y 
'c ' 

♦ Proc. Lond. Math. Soc., Vol. XXV. (1893), p. 24. 
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first order of KirchoffU elliptic vortex cylinder. 229 

denoting a translational motion of the ellipse as a whole with 
velocity B^jc parallel to the major axis, -AJc parallel to the 
minor axis. 

We also have 

dt (a + 6)' '""' 

dt ^(a + J)« »""' 
whence -^i = " (^^^ cos(a)« + e), 

5j= Ccfi Bin(» + e), 

C and e being arbitrary constants. 

Hence, the ellipse, as a whole, moves with velocities 
Cb sin (cut + e), Ca cos (tat + e) parallel to the axes. 

The components parallel to the axes at time ^ = 0, are 

C [b sin (» + e) cos at — a cos (^cot + e) sin «*], 

and C [b sin (©^ + e) sin cot + a cos (cot + e) cos 6)<]. 

These expressions denote an oscillatory motion super- 
imposed on a steady motion, whose components are 

^(7 [d sine + a cose], 

i(7[icose-a8ine]. 

By properly choosing the origin of time, we can make 8 
what we please. 
Fatting therefore 

(7icoss=s C!asine = 2i>.aJ, 

the non-periodic' part of the motion is D (a* + i*) parallel to 
the a axis, and the periodic terms become 

~D(a^ + b'y (a - 5) sin (2© + e) 

•\'D(a^ + i')* (a + b) cos (2a)« + e). 

Since the non-periodic part of the motion is always greater 
than the component in the reversed direction of the periodic 

f>art, the centre of the ellipse describes a wavy line without 
oops. 
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NOTE ON THE ABITHMETIGAL THEOEY OP 
CONJUGATE BINAEY QUADEATIO FOEMS. 

By G. B. Mathews, M.A. 

"IN Art. 123 of Smith's Report on the Theory of Numbers^ 
-■■ (Coll. Papers i. p. 284) will be found the following 
proposition : — 

" If (a, hj c), (a\ b\ c') are two primitive forms of the 
determinants D and D\ whose joint invariant ac - 2bb' + ca 
is zero, and if m and m are the greatest common divisors of 
a, 2 J, c; a', 2 J', c ; then ifr?D' and m*D are capable of 
primitive representation by the duplicates of (a, J, c) and 
(a', b\ c) respectively." 

It is the object of the present note to supply an elementary 
proof of this theorem. It will be convenient to say that two 
forms are conjugate when their joint invariant vanishes ; and 
also to employ the symbol dv(p^ q^ r, ...) to denote the 
greatest common divisor of ^, q^ r, etc. 

If now we write 

a =dv(aj c) I (V) 

m=^dv (a, 2&, c) / 

it will be possible to find integers A, k prime to each other, 
and such that 

m(hc''Jca) = 2ab (2), 

and if we put 

this is a form which is primitive and conjugate to/. 
Another form of the same kind is 



/.=(;.«.-;) 



By a kpown algebraical theorem, the most general iormf 
which is conjugate to/, is 

= f — h mhu^ aw, mka j , 
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f, u being any quantities whatever. For the arithmetical 
application the coeflScients oi f must be integral, hence we 
infer that 

<ru, atjm^ ibtjm 

are integers; since o-/m is prime to 2b /m, t must be an 
integer. Finally, since mJiu^ mku are integers and A, k are 
prime to each other, mu is an integer. 

Thus, with a change of notation, we may write 

/■=(?+*". v.-t-'") w. 

\, fi being any integers; and this is the most general 
expression for a form conjugate toy. 

If D' is the determinant of/', we have identically 

«'i>' = @, ^L(^), a^+M)(mX,^y ...(4). 

which, with m\ fi for the variables, is a representation of 
m^B' by the form 

. fac m(hG + ka) . ,,.\ ,^. 

^'"W' ""2^^ ' ' ^ +^^*J (^)- 

It is easily seen with the help of (2) that the determinant 
of (f> is i>, and that its coefficients are all integers, the middle 
one being expressible as 

^ J mJca , mhc ,.v 

B = b + =-5 + (6). 

Moreover, if we compound the forms 

(a, b, c), (c, - J, a) 

by the process explained in Art. 110 of the Eeport, the 
resulting form is (-4, 5, (7), with 



A = 


ac 
7«' 




aB_ 


ab' 




<r 


<r 


(mod. -4), 


cB_ 


be 




a ~ 


<r ^ 






J?- 


D 


c= 








A 


9 
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and since the congraential conditions are in fact satisfied by 
the value of B given in (6), it follows that <f> is compounded 
of (a, J, c) and (c, - 6, a) ; or, since the forms (a, J, c), 
(o, - 6, a) are properly equivalent, <f> is equivalent to the 
duplicate of (a, J, c). 

The representation of m*D' is primitive so long as mk Is 
prime to /i ; and it may be shown from (3) that this is always 
the case when /' is primitive. 

On account of the symmetrical form of the joint Invariant 
we may conclude without further analysis that rn*D is ex- 
pressible by a form which is a duplicate of/'. 

As a numerical example, which will illustrate some points 
of detail not expressly referred to in the above, let 

/=(2,3,1), /' = (12,7,15); 

then the reduction of/' to the form (3) Is effected by putting 

X = - 1 - 7e, A = 2 + 2<, 

/A = 7, A; = -2 + f, 

where t is any integer ; and then we have identically 

- 131 = (2, - 1 + 2«, - 3 - 2^+ 2ejr 1 - It, 1)\ 

As a special case, t^O gives 

-131 = 2. (-l)'-2.(- l).7-3.7'. 

Again, if we put 

/=(12,7,15), /' = (2,3,1), 

and proceed as before, we have in the same notation 

X = -«, A = 4« + 2, 

/A= 1, A; = 5<-1; 

and thence 7 = (20, 3 + 20«, 7 + 6« + 20^- «, 1)*. 

Two conjugate forms cannot both be definite ; because, if 

ac' + a'c-2W = 0, 

then 4 J'6'» = {ad - acy + ^acac\ 

and therefore we cannot have simultaneously 

V<ac, b"<ac. 
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The Jacobian of two forms is conjugate to each of them ; 
when the forms are conjugate to each other, ac — ac is even, 
and if we take the Jacobian in the determinate form 

j = |{|^^ = {«*' - a'h, i (ac' - a'c), he' - b'c}, 

its coefficients are integers, and its determinant is — DD'. 

Thusy is definite or indefinite according as^*,/' are both 
indefinite or one definite and the other indefinite. Two 
conjugate forms and their Jacobian may in a certain sense be 
regarded as a closed group; the Jacobian of each pair of 
forms coinciding, up to a numerical factor, with the remaining 
form. 

If, as usual, we represent a definite form hj the pair of 
points whose affixes are the roots of the form, and an indefinite 
form (a, J, c) by the circle 

a(x'-{-y^ + 2ba + c:=0j 
the condition 

expresses, when/,/' are both indefinite, that their representa- 
tive circles cut orthogonally ; and, when one form is definite 
and the other indefinite, that the representative points of the 
one form lie on the representative circle of the other. 

Thus two conjugate forms and their Jacobian are geo- 
metrically represented by two orthotomic circles and their 
points of intersection. 

Let us suppose, as before, that the form /= (a, J, c) is 
given, and that we have chosen a determinate pair of integers 
k, k satisfying the relation (2). Then any form/', conjugate 
to /, is determined by the integers \, /a in the identity (3). 
For convenience, we will say that X, /a are the coordinates 
of/. 

If we again use j to denote the Jacobian, it is found by 
direct calculation that the coordinates of J are 



•(7), 



n 

X' = J?\ + - /ct 
m 

fi z=i — mA\ — Bfi 

where A^ B, C are the coefficients of <f) in the equation (5) 
above. 

It may be observed that X', fi' are derived from X, /lc by a 
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linear transformation of which the determinant is -i>, and 
also that 

X'fi^Xfi'^mD' (8), 

by equation (4). 

By ascribing to \, fi all possible integral values, we obtain 
an infinite number of forms all conjugate to^". Those forms y 
for which D' has different values are entirely distinct from 
each other: but the question arises whether the forms /', 
which have the same determinant, are or are not equivalent. 

To fix the ideas let us suppose thaty* is properly primitive 
and indefinite : then <f> is also properly primitive and indefinite. 
Suppose that (X^, fi^) is a special pair of* integers giving 
a primitive representation of D' in the form 

Then we have a corresponding form /,', with determinant 
JD' and coordinates (\, fjuj^ which is conjugate toy. 

From the special representation of Z>' just written down, 
we can deduce the general representation by putting 

\^(t-uB)\^uC,i,) ,^. 

fiz^uA\-^(t + uB)fiJ ^ ^' 

where t^ u are any integers such that 

If j\ is the Jacobian of / and /,', it follows from the 
preceding determination of the coordinates of J^^ that the form 
/' whose coordinates are \ and fi is 

/=«/,'-«?; (10). 

We thus obtain a set of forms /' corresponding to a set of 
representations of D' by (f>. 

Two conjugate forms /, /' remain conjugate when they 
are subjected to the same linear transformation. When the 
transformation leaves / unaltered, we thus obtain from /' 
another formy" equivalent to^ and conjugate to/. 

Let us write/' = (a , b\ c) and apply to it the substitution 

t- bu^ - cu 



t + bu 



[««-Z>m'=1], 



which leaves / unaltered. Then actually working out the 
transformation, and taking account of the fact that /, /' are 
conjugate, we find that/' becomes 

/" = (2<'-l)/' + 2<«> 
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Tf (Tj, ?7,) is the fundamental solution of <* — jDw'=« 1, the 
other solutions are obtained by putting 

T,^U,slD^{T,^V,^Dy [« = 2,3,4...], 
and hence also if f = T^, m = ?7, 

2<'-1=T,.,2<m=D;.. 
Thus If we write 

T,-IU, -cV, ^8, 
aU, T, + bU, 
we have tbe cnrious result that 

8.(f') = TJ'+UJ (11), 

/if being conjugate, and 

As a numerical verification, suppose 

/= (2, 3,1),/' =(12, 7, 15); 

^=(-22,9,38), i> = 7; 

7; = 8, c;;=3, 2;= 127, d;=48. 

The substitution 8^ is 

-1,-3 
6, 17 
and the result of applying this toy is 

(468, 1321, 3729), 

which agrees, as it should do, with 127/' + 48/. 

From a comparison of (10) and (11) we infer that the 
forms /' derived from the different representations of D' by 
fall into two groups, the forms of each group being properly- 
equivalent. The two groups are distinct, at least iii general': 
thus, for instance, in the above numerical example, 

r,/'+^J=(30,83,234), 

which is conjugate to/, but not properly equivalent to/'.. 



then 
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ON THE SIXTY ICOSAHEDEAL SXJBSTITUTIONSl 

By Professor Cayley. 

nPHE Sfxty Icosahedral Substitutions were obtained in an 
•*- elegant form by Grordan in the paper " Ueber endliche* 
Gruppen linearer Transformationen einer Veranderlichen," 
Math. Ann., t. XTT. (1877), pp. 23-46, see p. 45, where the 
group is exhibited in the canonical form 

(e an imaginary fifth root of unity), agreeing with the 
developed form given in my paper, "On the Schwarzian 
Derivative and the Polyhedral Functions,'^ Camb. FhiL 
Trans.j t. XIII., Pt. 1 (1881), pp. 5-68, see pp. 55-56. 

But a slight change of form is desirable. I write \ ' S 
to denote the unimodular matrix ^^' ^ 



^(ad-bc)' ^{ad-bc) 

c d 

^(ad-bc)' ^(ad-bc) 

so that the value is independent of the absolute magnitude* 
of a, i, c, rf, but depends only on their ratios ; and observe 

that m\ 'I denotes ] ' , I , the factor m applying to 

the top-line only. As before, s denotes an imaginary fifth 
rood of unity, and I write -4 =8 + e*, .B = e* + e*, A' =^z — &% 
£' = e' - e'*, but, in fact, I scarcely need more than the first 
of these symbols. 

The substitutions are 

\Cjd\ 
that 18, Tjrsax + hy^ y^ — cx-\-dy\ and we then have sixty 
matrices ] ' if forming the group in question. 
Giving to p the values 0, J, 2, 3, 4, 1 write 



so that K^ is the matrix unity ^^ ^ L 
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Jl/. 



mod. 



^, 


f 


e-", 


A 


-6''l 


A 


A 


e-" 



={.t:4- 

then the matrices are 

^09 ^11 ^21 Ky ^A 

-^0) A» A) A» A 

il/,, if,, jy,, J/„ M, 
1 



is=-^'-l, =^', 



is -^«-l, =£", 






read If^, JIfj, .,., 
eif. 



jy;, jy., i^,, jy,, j^. 






viz. 5 4- 5 + 25 + 25) 60 in all matrices, includiog the matrix 
unity. 

It is to be observed that the system must remain unaltered 
if we change e into e*, e', or e* : this is at once obvious for 
the change e into s*, but less immediately so for the other 
two changes. Suppose e changed into e', then Mp becomes 

{—8"*^ A) 
A ' spf 1 0^ changing p into -Jp, which has the 

same values, this is =6'*^| . ' .pi-, viz. M^ is equal to a 

power of 8 into N^i and similarly Np becomes equal to a 
power of 8 into Mp. And the like as regards the change 
% ioto «'• 
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I find that the sixty matrices may be coordinated with the 
sixty positive substitutions of the letters abcde as follows : 



1 




1 
ad. be 








2 


L P» - H 


17 


'Mt'^} 


ced 


3 


•U', of 


ab.de 


18 


'•''•■ '-{^Lj} 


ado 


4 




ac.be 


19 


'■''■"V-'a\ 


adb 


6 


^•k of 


bd.ce 


20 




acb 


6 


*U, of 


ae.cd 
ac.bd 


21 
22 




bee 


7 


-.{■1^} 


.X,.{.^''} 


abc 


8 




ae.bd 


23 


•■^.' •'{/:!} 


bee 


9 




ae.bc 


24 


••^..••{.■^ill 


cde 


10 


•V-4 


bc.de 


25 


•-..•■{^i-:} 


acd 


11 




ac.de 


26 


•■^-•1^:3 


abd 


12 


i^l"''-l 
""•t ^,il 


ab.cd 


27 


-•••ri;f} 


aec 


13 




ad.be 


28 


''^..••{'l',f.} 


bed 


14 


-.U-;1'} 


ab.ce 


29 


'•^««-{"if-} 


abc 


15 


-•ri-:t] 


be.cd 


30 




aed 


16 


-.U:ri 


ad.ce 


31 


'■^-••{"i.l 


bed 
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32 


^'N,, £^ 




bde 


46 


«.,.'{f:i} 


aebcd 


33 


SW.,8« 


1 A,^*\ 


acb 


47 


.*.,.•{/:•} 


abced 


34 


N., 


1 A^j 


ade 


48 


«..«•{;■-•;} 


abedc 


35 


eW., e 


nt] 


bde 


49 


••^••'•{^ill 


adbec 


36 


eJ^,,e 


1 ^, O 


ace 
aedbc 


50 
51 


'•^•■••(f:i} 


aecdb 


37 


^., ■ 




•■^..••ri;f} 


acbed 


38 


^., ■ 




adceb 


52 




abcde 


39 

40 


^3, ■ 


0,4 


abecd 
acbde 

adecb 
acdeb 


53 
54 
55 


•'''-''{'Alt] 


aecbd 
acdbe 


41 


6il/„ 6- 




abdec 


42 


56 


••"-'{''j.t] 


adbce 


43 


eM„ e- 




acebd 


57 


'K.{-x1] 


aebdc 


44 
45 


e3f„ e ■ 




ahdce 
adcbe 


58 
59 
60 


•M'it} 


acedb 
adebc. 
aedcb 
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240 Prof. Cayley^ On the sixty icosahedral substitutions. 

As an example of the composition of the forms^ take 56, 
57, we have 

56 ^adbce.abdec^ 

57 = aebdc,edacb^ 

abcde^ 
56.57 = cde, =24, 



whence 
and we have 

56.57 s-e^^s" 



(-e^^),(e^,8-) 



24 = ^6', 1, 



viz., taking out the factor A (e* — e*), we ought to have 



Az\ 



-A 



A(t'-ty' 



1 + ^V, ^ (€*-£*) 

a relation which will be identically true if only 

€'+A'€ = A' (-€* + e*), 
these are 

the second of which is obviously equivalent to the first : and 
this first equation is 

l^A\A + 2), 
that is 

^" + 2.4'-l = 0, or(.4 + l)(4' + ^-l) = 0, 

which is true in virtue of -4' + .4 — 1 = ; we have thus the 
required equation 

56.57 = 24, 
or say 

t ^, 1 ]\ A,e*\ V,-4' 

and in like manner it may be shown that the product of any 
two of the sixty matrices is a matrix of the group. 
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There is an interesting case of linear transformation in 
Gordan's paper " Ueber die Auflosung der Gleichungen vora 
ftinften Grade," Math. Ann., t. 13 (1878), pp. 375-404, see 
p. 379. Writing as before -4 = 6 + e*, 5 = e' + e', -4' = e - e*, 
-C = e* — e', then for y„ y^ we substitute Ay^ + y^, y^ — Ay^ 
each divided by ff ; and for a?,, x^ we make the like substi- 
tution, €* instead of €, viz., this is for ar^, ar, Bjp^ + ar,, x^ — J5a?, 
each divided by — A', 

This being so, the bipartite function 

or, what is the same thing, 





<, 


«,'«„ 


a?,<, 


-,' 


y^ 




1 




1 


y"y. 








y^,' 


1 








y: 






-1 





remains unaltered by the substitutions. Observe that we have 
AB = ^ 1, so that omitting common factors the substitutions are 

3^1, y, into Ay^ + y,, y^ - ^y„ 

jTj, ar, into - (oTj - Ax^), Ax^ + a:,, 

where it is to be noticed that (a;,, x^ are neither cogredient 
nor contragredient with (y,, y^ ; but they are what may be 
termed socio-gredient, viz., the substitution for (y„ y,) deter- 
mines uniquely that for (or,, ic,). 

The verification of the invariance of y* might be eflfected 
rather more simply by means of the last mentioned forms, but 
it is interesting to use the original forms 

y,, y, into Ay^ + y„ y, - ^y„ 

Xj, x^ into 5a?j + ^,, a*, — j?^,. 

Making the substitution, the whole coefficient of y^ it 
found to be 

+ {^A^B-A^ff - ZA^B + 3^5^ + 25' - !)«>, 
+ (^' - 2yl»5' + 3i4'5' + 3^B- 5» +2 B) x^x^ 
+ (- ^»£ - A^W + ^ - J50 a:,', 
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where, reducing by AB=i — 1, the several coefficients are 

A-^A*-B'-B, =0, 

-2A* + ZA-^iB'-'dB,=5(A-B), 

A'-2A-B' + 2B, =0, 

a^-b+a-b; =0, 

in virtue of the relations ^' + ^ = 1,5'+ B= 1. There are 
similar reductions for the coefficients of y'y„ yjf^ and y*] 
and the whole thus becomes 

= b(A-B). 

y: 

but there is a denominator - A'^S^^ and we have A'B = 5-^4, 
or this denominator is (A - J5)*, = (^ — S) (u4 — J?)*, where 

viz., the denominator 18 = 5(^4 —5). Thus the new value of 
/ is equal to its original value, which is the theorem in 
question. 





1 




1 








1 












-1 





ON SYLYESTEE'S TABLES OF HAMILTONTAN 
DIFFEEEN0E8 AND THEIE ASSOCIATE NUMBERS. 

By J. C. Glashan, Ottawa, Canada. 

TN his "Note on Hamilton's Numbers," in VoL xxvii. of 
•*■ this e/owrwaZ, pp. 184-188, Professor Mathews attributed 
to the late M. Edward Lucas the table of numbers which he 
gives on pa^e 185 of his Note, but this would appear to be a 
mistake. The table — and, in point of fact, the whole inves- 
tigation — contained in Note 4 of Lucas' ThSorie dea NombreSy 
pp. 495-498, are due to Professor Sylvester. (See 8ur lea 
Nomhrea dita de Hamilton^ par J, J. Sylvester^ Aaaociation 
frangatae pour Vavancement dea Sctencea^ compte rendu de la 
16me aeaaion^ Toulouae^ 1887, 2* partie^ pp. 164-167. See also 
Note on Hamilton'a Numbera, by J, •/. Sylveater^ Nature^ Vol. 
XXXVI., p. 557, 558). While restoring both table and inves- 
tigation to Professor Sjlvester, it is but just to point out that 



Digitized by 



Google 



differences and their associate numbers. 



243 



M, Lucas lays no claim to them himself, but gives a reference 
to Sylvester's paper in the Reports of the Association 
franijaise, and to Sylvester and Hammond's memoirs in 
the F/n'losophical Transactions yY 61. CLXXYIII., pp. 285-312, 
and Vol. CLXXIX., pp 65-71. 

The change in the terms in the hypothenuse of Sylvester's 
second or longer table which Professor Mathews makes on 
p. 186 of his Note, although slight, is important. By it all 
the rows, and consequently all the columns, of the table 
become pure series of differences, and by extending the line 
series to the left as in the following table, the complete law of 
relation of the terms in all these series becomes apparent, and 
the general term may be written down at once. The 
following is a portion of the table thus extended: 





i"»>-*;>i 


/«»";»( 


7"i '■h 


^"'j^/j 


\myO}y 


i"«i*; 


^\in,n 


;,^7n,Q; 




(0,«) 




1 


[1] 


1 


1 


1 


1 


1 




( l,") 







1 


[2] 


3 


4 


5 


6 




(2,«) 


-1 


-1 





2 


5 


9 


14 


20 




(3,n) 





- 1 


-1 


1 


M 


15 


29 


49 




(4,«) 


1 . 





-1 





6 


21 


50 


99 




(5,n) 







-1 


-1 


5 


26 


76 


175 




{ 6,«) 




1 





-1 


4 


30 


106 


281 




(7,n) 









-1 


3 


33 


139 


420 




(8,n) 









-1 


2 


35 


174 


594 




( 9,«) 









-1 


1 


[36] 


210 


804 




(10, «) 









-1 





36 


246 


1050 




{",«) 









-1 


-1 


35 


281 


1331 




(12, «) 






1 





-1 


34 


315 


1646 




(13, «) 










• 


-1 


33 


348 


1994 




(44, n) 








• 




-1 


2 


875 


23694 




(45, n) 











-1 


1 


[876] 


24570 




(46, n) 











-1 





876 


25446 




(47, «) 











-1 


-1 


875 


26321 




(48, «) 








1 




• 


-1 


874 


27195 




'' 
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• 


KK 
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The terms enclosed in sqaare brackets are tbe first dif- 
ferences of tbe successiye IlamiUonian numbers, and Sylvester 
has for tbat reason named tbem Hamiltonian Differences and 
also Hypotbenusal K umbers, tbey being the numbers in the 
hjpothenuse of his first or smaller table of Hamiltonian Dif- 
ferences and their associate numbers. 

If h^ = the r^ Hamiltonian differencOi 

Vc;-cl(a-c)!' 

and if (»ii, n) denote the term which is in the (1 + m)^ line 
and the (2 + n)'^ column of the table, the general expression 
for any term will be 

/«i + n-S,~3\ /m + n-S,-i\ 
+ \ m-5,-3 )^\ m-8,-3 J 

Also(5,,r+l) = A^., 
therefore 

+ v 5,-5.-3 )^\ 5,-5.-3 ; 

By formula (B) the Hamiltonian differences may be com- 
puted each in succession from those that go before, and 
S^, fi„ S^j ... may therefore be considered in (-4) as given 
numbers. 
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To adapt (A) to Professor Mathews* table 



1 1 


1 


1 


1 


1 


1 2 


3 


4 


5 


6 


2 


5 


9 


14 


20 


1 


6 


15 


29 


49 




6 


21 


50 


99 




6 


26 


76 


175 




4 


30 


106 


281 




3 


33 


139 


420 




2 


35 


174 


594 




1 


36 


210 


804 






36 


246 


1050 






35 


281 


1331 



let (m, t)^ denote the t^^ terra in the (1 + m)*^ line, this line 
commencing at the r'** column of the table, and therefore 
S^i <m< S^^ + 1, then will 

FormulaB for the terra of the first seven lines of his table 
have been given by Professor Mathews, Following the above 
general formula these may be written 

(1.0. -(',) = '> 

(v).-('r)-cr). 
<'.').-('r)-('r). 

(M).-cr)-('r)n'r). 
(M).=('r)-ctv('tv (':■)• 
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The series (/S^, w), (/8„ «), (/S,, w), (/Sj, w), ... constitute 
Sylvester's first or shorter table, which might well be called 
Sylvester's triangle (of Hamiltonian Differences and their 
Associate Numbers), and of which the following is the 
beginning : 

1111 1 1 ... 

2 3 4 5 6 ... 

6 15 29 49 ... 

36 210 804 ... 

876 24570 ... 

408696 ... 



If [r, t\ denote the f term of the r*^ line of this table, it 
follows from the general formula for the terms of the larger 
table that 

. /5, 4 ♦• + <- ;S, - 3\ /5,+ r + <- 6',- 4\ 

The terms of the first four lines of this shorter table are 
therefore 

[■.o-('r)='. 

tv]-('r)-('r). 
[v]=('V')-('vv(':v('r)- 

These formulae may be compared with those given by 
Professor Mathews on p. 188. 

" The question arises as to whether it is possible to deduce 
the Hamiltonian Differences, or to reduce the Hamiltonian 
Numbers^ directly in a coutiuiied chain from one another 
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without the use of any intermediate numbers. Mr. James 
Hammond has shown that it is possible, and has made the 
remarkable discovery that it is the Numbers of Hamilton, and 
not the Hypothenusal Numbers, which are subject to a very 
simple scale of relation. This being found, of course the 
differences become known. This is contrary to what one 
would have expected. A priori^ one would have anticipated 
that the determination of the Hypothenusal Numbers would 
have preceded that of their sums.'' {J, J. Sylvester^ ia 
Philosophical Transactions^ Vol. 178, p. 289). 

Professor Sylvester felt that there must be a simply 
demonstrated, a natural, method of computing the Hamiltonian 
differences ' in a continued chain from one another,' and 
Professor Mathews, by the change which he has introduced 
into Sylvester's longer table, has justified that feeling. That 
change not only made actually self-evident the simple scale of 
relation among the Hamiltonian differences which has been 
given in (5), but it made apparent quite as simple a law of 
relation to these differences of all the numbers in the table, 
viz. the relation expressed by (^). 



ON TWISTED QUAETICS OF THE SECOND SPECIES. 

By A. R. Forsyth. 

1. "IfOST of the properties of a twisted quartic are 
-"^ usually deduced from the consideration that It is 
the intersection of a quadric either with another quadric or 
with a cubic surface. When it is the intersection of two 
quadrics, it is said to be of the first species and it constitutes 
the whole intersection of the surfaces ; when it is the inter- 
section of a quadric and a cubic. It is said to be of the second 
species and it forms only part of the intersection of the sur- 
faces, the remainder consisting of two right lines that do not 
meet. The processes adopted to derive the properties are 
often of an entirely synthetic character.* 

♦ For twisted quartics of the first species, see Schroeter, Grundziige einer rein' 
ffeometrischen Theorie der JRaumkurve vierter Ordnung erster Species (Leipzig, 
1890), where many references are given; for those of the second species, see 
Cremona, Intorno alia curva gobba del quavV ordlne /;er la quale passu una sola 
superficie di secondo grado, Ann. di Mat., t. 4 (1861), pp. 71—101, where references 
to Pliicker, Cayley, Salmon and Steiuer are giren. 
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248 Dr, Forsyth^ On twisted qunrtics of the second species. 

The purpose of the present paper is to obtain some of the 

Croperties of quartics, particularly those of the second species, 
y analytical processes; it will appear that comparatively 
simple formulae occur. The method adopted was devised in 
deducing properties of the twisted cubic ; it will be applied 
first to the twisted cubic in order to shorten subsequent 
explanations and to furnish easy illustrations. 

Application to cubic. 

3. The degree of a curve is measured by the number of 
points in which it meets an arbitrary plane ; so that a twisted 
cubic meets such a plane in three points and a twisted quartic 
meets it in four points. Using quadriplanar coordinates, we 
have the equation of any arbitrary plane in the form 

This plane meets a twisted cubic in three points : hence 
when the coordinates of a point on the cubic are algebraically 
expressed in terms of one parameter, and their values are 
substituted in the equation of the plane, the new equation 
must be of the third degree in the parameter. The algebraical 
expressions for the coordinates y, ^ y, *• ^j J y^j when rational,* 
must therefore be of the form 

y, = a^ff" + KB' + c^0 + d^ 

for r =: 1, 2, 3, 4. Solving these equations for ^*, 6*^ 0, 1 in 
terms of y„ y.^y^^y,, we have 

for * = 0, 1, 2, 3 ; and therefore taking a',y, a, u as new planes 
corresponding to ai/^ + /5^y, + 7^y, + 6^y^ for s = 3, 2, 1, res- 

Eectively, the coordinates of a point on the twisted cubic can 
e expressed in the form 

a: : y : « : M = fl' : tf • : 5 : 1 ; 

or they can be taken as x = ^', y = tf*, « = ^, u = 1, provided 
that all equations in jt, y, «, u are homogeneous. 
Hence the cubic is the intersection of 

y'-«ar = 0, «*-My = 0, 

that is, it is the intersection of two quadrics which have a 
common generator y = 0, 2? = 0. 

* It is not Dece&oary for the present purpose to discuss the possible irrational 
algebraical forms for the twisted cubic. 
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3. The cubic must meet any plane 

jpx -{- qt/ -{- rz -{- su = 

in three points; if a, 6, c be the parameters of these points, 
they are the roots of 

^e' + 2^ + r5 + 5 = 0. 

Consequently, the equation of the plane through three 
points a, o, c on the cubic is 

x— {a-^-b ■{- c)y + [ah + hc-\- ca)z -- dbcu = 0. 

The equation of the osculating plane at a is 

X — 3ay + Za^z — a^u = 0. 

The equations of the tangent line at a are those of the line 
common to the osculating planes at a and at a + 8a respec- 
tively ; or they are those of the line common to the planes 
through a, a, c and a, a, d. These equations are 

X — 2ay + a*« = 0, y — 2az + a^u = 0. 

Any plane through the tangent at a is 

X - 2ay + a^z -X{y ^ 2az + a'w) = ; 

it meets the curve again in the point that has \ for its 
parameter. 

If the osculating plane at d pass through the point 
X, Yy Zy U in space, then 

Evidently three osculating planes will in general pass 
through such a point ; let them osculate at a, J, c respectively, 
so that a, i, c are the roots of the preceding equation. Hence 
the coordinates of the point of intersection of the three oscu- 
lating planes at a, i, c are determined by the equations 

— = 3r ^ zz jj^ 

abc ab-\-hc-\-ca a -^ b + c ' 

and the point X^ F, Z, U therefore lies in the plane 

X —[a-^-b-^ c)y -{■(<ib-\'bc-^ca)z'- ahcu = 0, 

which is the plane through the three points. Hence it follows 
that, through any point in space, three osculating planes can 
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be drawn to a cubic: and tbe plane tbrough the three oscu- 
lations contains the point. The point is called \\\q focus of 
the plane ; hence the plane which has Jl, Y, Z^ U for focus is 

xU- Si/Z-\- Sz F- uX= 0. 

The condition that a point Z', Y\ Z\ U' should lie in 
this plane is 

X'U^^Y'Z-VZZY- Z7'X = 0, 

which is the condition that X, F, Z, Z7 should lie in the plane 

xir - ZyZ' + 3;5 F - uX' = : 

and this plane has X\ F', Z\ U' for its focus. Hence if a 
point A lie in a plane whose focus is B^ the point B lies in 
the plane whose focus is A, 

Any point on the line AB is \X ■{■ tiX\ XF+/LtF', 
\Z ■\- ixZ\ X?7+ /xD" ; the plane, of which this is the focus, is 

a:(\«7+/i«7V3i/(X^+M^')+3^(\F+./ur)-w(\Z+MZ>0 

which, for all values of X: /-t, passes through the line which is 
the intersection of the planes having A and B for focus re- 
spectively. There is thus a reciprocal relation between a point 
and a plane, and between a line and a line.* 

4. Because the plane through the three points a, 6, c is 

a; — (a + 5 + c) ^ + f aJ + Jc + ca) z - abcu = 0, 

it follows that the line 

x—{a-{-b)y-\- dbz = 0, y — (a + J) 2 + ahu = 

meets the cubic in a and b. Hence through any point 
Jf, F, Z^ U in space a single line can be drawn to meet the 
cubic in two points; and the two points are determined by 
the equations 

ab a-\- b _ 1 

Y'- XZ" YZ-XU" Z'- YU' 

The cone having its vertex at X, F, Z^ i7 (supposed not to 
lie on the curve), and passing through the curve, is a cubic 



* This proof is practically the same as that given in Salmon's Solid Geometry^ 
«rd edition, p. 307. 
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cone; and the line through XYZU meeiing the curve in a 
and J IS a double generator of the cone. When a plane 
section is taken of this cone, we have a cubic curve ; and the 
intersection of the plane and the double generator is a double 
point of the curve. Hence a twisted cubic projects conically 
on any plane into a cubic with a double point. 

All these propositions are known* ; as already remarked, 
they are proved again merely to illustrate the method of pro- 
ceeding and to anticipate explanations in the case of twisted 
quartics to which we now proceed. 

Application to Quartics, 
5. Any arbitrary plane 

meets a twisted quartic in four points ; hence when the coor- 
dinates of any point on the quartic are expressed algebraically 
in terms of one parameter, and their values are substituted ia 
the equation of the plane, the new equation must lead to four 
values of the parameter. 

If all the coordinates y^, y,, y^^ y^ be irrational in the 
parameter, then in order that the equation of every plane may 
lead to four values only, we must have^j* = ad + a, y^^^b'0-^b^ 
y^ = c6 + c, y^ = (t0-¥ d ; the curve is then the common inter- 
section of the cluster of quadrics 

= 0: 



y. 


\ y,', 


y:. 


y! 


t 

a 


,*', 




d' 


a 


,*, 


C 1 


d 



it is therefore a quartic of the first species. 

If three of the coordinates be irrational in the parameter, 
and the other coordinate rational, we must have expressions 
of the form 

y;»a'^ + a, y/-J'^ + 5, y^^cO + c, y,^d', 

this is a special case of the former, obtained by making d zero. 
If two of the coordinates be irrational and the other two 



• Most of them occur in Cremona's memoir, Crelle, Vol. Lviii., (186l\ pp. 
138—151; others there giren can be deduced in a similar manner. See also 
Salmon's Solid Geometry (3rd edition), pp. 305—308. 
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252 Dr, Forsyth^ On twisted quarttes of the second species. 

rational In the parameter, we must have expressions of the 
form 

yj» = a^ + 2a9 + i, y/ = ^8^ + 2a + b\ 
so that taking 

- 7 y, + 7^4 = (7S' - 7'S) u, 

vfe hare 

« = ^, y = ti. 

The curve is then the intersection of the quadrlcB 



y^" = az^ 4. 2azu + iw' ) 



it Is therefore a quartic of the first species. A very particular 
case arises when 

yi = cn^, y, = dn^, y, = 8n^, y,= l: 

but in this rational form, the coordinates are not expressed 
algebraically In terms of the parameter 0. 

If one of the coordinates be Irrational and the remaining 
three be rational in the parameter, we must have 

y, =a.^ + M + Cr, (^=1,2,3) 

From the first three we have 
' 0" 1 



^ 1 

say — « - a. - , 

The curve Is then the intersection of 

y/ = ouc* + fixz + 7«* -f ?«M -I- tu' ; 
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it IB therefore a quartic of the first species. A very particular 
case arises when 

y. = -P* (/*), y. = PW, y. = 1, y. = -P' (/*) ; 

but again the coordinates are not expressed rationally in terms 
of fl. 

In every case therefore in which one or more of the coor- 
dinates of a point on a twisted quartic, supposed expressed 
algebraically in terms of one parameter, are irrational in their 
expressions, the quartic is of the first species. References to 
such quartics, and in particular to the association of doubly 
periodic functions with them as effected by Clebsch, Harnack 
and others, are given in Schroeter's monograph.* 

The remaining case, being the only one in which twisted 
quartics of the second species can occur, arises when all the 
coordinates are rational in the parameter. As the equation is 
to be of the fourth degree when they are substituted in 

we must in the most general case have expressions 

for r = 1, 2, 3, 4. Solving these equations for ^, ^, 0* and 
in terms of y^, y„ y„ y^ and the constants, wo have 

for « = 1, 2, 3, 4. Let a;, y, z^ u be new planes corresponding 
*o ^Jfi + ^.^f + yj/z + ^,^4 ^^^ 5 = 4, 3, 2, 1 respectively ; the 
coordinates of a point on the twisted quartic can be expressed 
in the form 

aj:y:«:M = e* + a:^ + /8:^' + y:^+8, 

or, as all the equations in :r,y, z, u are homogeneous, the coor- 
dinates of a point on the twisted quartic can be taken in the form 

:r = ^ + a, y = e' + /9, « « e* + 7, w = 5 + S. 

Manifestly this is not the only method in which the 
equations expressing y^, y„ y,, y^ in terms of can be used. 



* fiee note, p. 247. 
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Thus it is easy to see that the coordinates of a point on the 
twisted quartic can be taken in the form 

a:' = ^ + a'^', y' = ^ + /S'^', z=d' + y'0, u=e + S, 

and then we have 

«' = *» + ay, y =y + I3'zj z^^z + yu^ 

a =-a'iSVS, /8 = /3V«, 7 = -7'8. 

The former expressions will be used. 

It cannot, of course, be inferred that a quartic determined 
by 

« : y : « : M = d* + a : e'* + )3 : e*-f 7 : e -h S 

is necessarily of the second species; the preceding 'investi- 
gations shew all quartics of the second species can be repre- 
sented in this form. In what follows, the discussion will be 
limited to quartics which can thus be represented. 

6. It is known that one quadric can be drawn through a 
twisted quartic; and that the quartic is of the second species 
■when only a single quadric can be drawn through it. The 
equation of this quadric must be homogeneous of the second 
order; and in the case of each species of quartic the equation 
must be satisfied identically when 

are substituted. This condition supplies nine equations which 
potentially are sufficient to obtain the nine independent 
coefficients for the quadric. 

The slightest consideration shews that the terms in .r' and 
xy must be absent ; that xz and y' occur in the combination 
xz—y^f and that xu and yz occur in the combination xu — ys. 
Taking the equation of the quadric in the form 

V {xz —y')'\-t [xu — yz) -f sz* + ryu + qzu + pw' = 0, 

the ratios of the constants v, ty «, r, j, p are given by the 
equations 

vy +^S +s +r =0N| 

-v2)8 -^7 ^ri +q =0 

VOL -t0 +s2y +g8 +p =0 

ta -{-rff -^-gy .+Jp2S=0 

v[ay-l3*) +<(aS-/S7) +«7" +r/SS +2'78 +p8' =0^ 



V 
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When these equations are solved to determine the five 
ratios, the result is 

0= v{0 + yB)J-^t{y + B')J, 

0= v{a + ^S)J-{-s{y + B')J, 

= -v(a-7" + 2/3S),/+r(7+8*)c7'i 

0= V (aS - /87) •/+ 2 (7 + 5*) cT, 

= -y(a7-/S^)J^+2^(7 + S*)J, 

■where J denotes 

a(S' + 7)-/S'-2y378 + 7'. 

If ./does not vanish the coefficients are uniquely determined ; 
the equation of the quadric takes the form 

(7 + S*) (ar;2? - y ) + (/3 + 78) (y« - xm) - (a + i85) ;2?* 

+ (a - 7' + 2/3S) !/u + (/37 - aS) zu + (a7 - 13') u' = 0, 

or, what is the same thing, 



F= 



y, x + /8m, a + ffS 1 = 0. 
«, y + 7Wi /3 + 78 
Uj z + Bu, 7 + 8^* 



Only a single quadric can be drawn through the curve In this 
case ; the quartic is of the second species. 

But, if J does vanish the five equations are not independent 
of one another ; one of them can be deduced from the other 
four. In this case the four equations determine p^ q^ r, s 
homogeneously in terms of t and t?, but there is no relation to 
determine t:v. The quadric is not determinate; there is a 
cluster of quadrics passing through the curve which is the 
complete intersection of two quadrics of the form 

U^ = a;z - y* H: s^z* + r^yu + q^zu + p,M*, 

Z7, = XM - ya-f s^z' + rjfu + q^zu + p,u*, 

the cluster being 

vU^^tU.^O. 
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The quartie is now of the first species, and the coefficients 
are given by 

t75, + fe, = 5 , t/Tj + tr^ = r, 

vq, + tq^ = q^ vp,-^tp^==p. 
Hence, a quartie curve defined by the equations 

X : y : z : u = e^ + a: 0^ + : 0" + y : d -^ 8 
is of the first species if the relation 

be satisfied; and it is of the second species if the relation he 
not satisfied. 

The quadric on which the quartie lies can be obtained also 
as follows. We have 

or + ySw = % -f a + iSS, 

y + 7M = ^;2J + ^ + 7S, 

« + Sm = 5m + 7 + S' ; 

eliminating so as to roake the resulting equation homo- 
geneous in the variables, we have 



?7= 



y, 0? + ^M, a + y88 

«j y+ 7"} ^4-78 
M, z -{ huj 7 4- S'* 



= 



as before. This is the only quadric on which the quartie lies 
when it is of the second species ; when the quartie is of the 
first species, it is the quadric 

£r=-(7 + 5*Oi7i+(/3 + 7S)t^, = 0, 

one of the cluster passing through the curve. 

This method, however, does not make it possible to obtain 
the criterion of discrimination between the two species of 
quartics. 

A cubic cone through the quartie will be obtained in § 12. 

7. The quartie must meet any plane 
Ix -f my H- w« + /7W = 
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in four points ; if a, J, c, d be tlie parameters of these points, 
they are the roots of 

10* + rnff^ + n6^ + 2?^ + ?a + wyS + W7 + /^S = 0, 

JBo that 

- w = ? (a + A 4- c + 1?}, 

n —l{ab + bc-{-ca-^d{a + b + c)]j 

—J? =l{abc + d{ab + bc-\'Ca)}. 

and labcd = Za + m0 + wy + pS. 

Now any plane is determined by three points in general, 
if in the present case these be the points a, i, c, the remaining 
point d in which the plane cuts the curve is given by 

abed = a — ^ (a + J + c + d) + y {aJ + Jc + ca + <i (a 4 i + c)} 

- S [abc -\-d (ab-^bc-h ca)], 
so that it is 

a — /8 (a + J 4 c) 4- 7 (aS 4 ic + ca) - Sabc 



d = 



yS - 7 (a 4 6 4- c) 4 8 (a6 4 Jc 4 ca) 4 a6c * 



and this is the condition that the four points a, J, c, c? Zie tn 
owe plane. 

Hence the equation of the plane through the three points 
a, i, c, is 

X " y [fl -^b -^r c ■{■ d) ■\' z {ab •\-bc ■\^ ca '\- d {a -{• b •\' c^ 

- u {aJc 4- c? («& + ie 4 ea)\ = 0, 

where rf is the parameter of the fourth point in which the 

Elane cuts the curve, its value in terms of a, b^ e being given 
y the preceding expression. 

8. Let the osculating plane at a cut the curve again in a\ 
so that a can be regarded as a residual of a: we have 

' «-3/3a + 37a'-Sa' 
^ "^Z:^- 37a + 380" 4- a'* 

The equation of the osculating plane at a is 

X - (3a 4- a) y + (3a' 4 3aa'j « - (a' 4 3a'a'j u - 0, 



Digitized by 



Google 



258 Dr, Forsyth^ On twisted quariica of the second species^ 

which on substitution for a Hbecomes 

{x - Say + Sa'z - a'w) [0 - Say + Sa'B + a') 

== (y - Saz + Sa'u) (a - Sa/S + Sa^y - a'S). 

Hence,* through any point in space six osculating planes 
can be drawn to a twisted quartic of the second species. 

If a = a, the plane contains four consecutive points 
of the curve ; at such a point the sphere of curvature becomes 
a plane. The parameter a is determined by the equation 

a* + 4a"8 - 6a'7 + 4ai9 - a = 0, 

and the plane at the point is 

X - 4ay -h 6a*2 - 4a'M = 0. 

There are evidently four points of triple plane contact; at 
each of them the radius of spherical curvature is infinite. 

Let / and J denote the quadrinvariant and the cubinvariant 
of 

a* + 4a'S - 6a'7 4 4a/8 - a = 0, 
80 that 

/=-a-4/SS + 37*, 

J^= a(7 + 8')-/S'-2/S7S+7'. 

Then t/^O is the condition that the quartic should be of 
the first species. Also 

is the condition that two of the roots a should coincide, that 
is, that there should be only three points of triple plane 
contact; and 7=0, e7=0 is the condition that there should 
be only two, this being secured by the coincidence of three 
of the points. 

Now the condition that four points taken anywhere on the 
curve should lie in a plane is 

ahcd = a - ^^a + y^ab - h^abc ; 

and therefore the four points of triple plane contact lie in a 
plane if 

-a = a + 4/3S-67« + 4/38, 

i.«. if /=0. 

• Cremona, I.e.; p. 87. 
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Hence, /(?r quartics of the second species such that 

a + 4)38 - 37* = 0, 

the four points of triple plane contact are coplanar : but they 
are not coplanar if this condition be not satisfied. 

For quartics of the iirst species J= 0, so that the four roots 
are in harmonic ratio; if, in addition, 7=0 there are only 
two points. Hence quartics of the first species^ represented hy 

for which /= 0, possess only two points of triple plane contact. 

9. Again, the equation 

; _ ce - 3y3a 4 37a* - M 
^ ""/:^-37a + 36a' -f a" 

may be considered as determining a in terras of a : hence 
through any point of the quartic three planes can be drawn 
osculating the curve elsewhere. If the points of osculation 
have a, 6, c for their parameters, a, h^ c are the roots of 

d'(a' + S) + 3^'(a8-7)-3e(a7-/5?) + a/3-a = 0; 

so that 

[a' ^h){a-^h + c) = - 3a S + 37, 

[a + 8) iah + 6c + ca) = - 3a 7 + 3/3, 

[a + 8) abc = — a'yS + a. 

Hence 

a-/8(a + & + c + a') + 7{a6 + Jc+ ca + a'(a + J + c)} 

— 8 \abc + a (ab -^-bc + ca)]= a abc ; 

and therefore (§ 7) the four points a', a, J, c lie in One plane. 
The equation of this plane is 

aj — y (« + 6 + c + a'} + « {aft + Sc + ca + a' (a + 6 + c)} 

— u [abc -h a (ab + ic + ca)] = 

which becomes 

hx — 37^ + 3/92J - au 

+ a (a; + 28^ - 2/8w) 

+ a" [-y - 38-2J + 37^/) = 0, 

on substitution for a + J + c, a6 + 6c + ca, abc in terms of a. 
VOL. XXVII. MM 
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The envelope of this plane is 

(a: + 28y - 2/3m)* + 4 (So; - 873/ + 3/3« - aw) (y + 3S« - 37M) = 0, 
a qaadric cone haviz&g its vertex at the poioit 

a; + 2% - 2ySM = 00 
ix + 373^ + 3/S;s - aw = [ • 
3^-f 3Sa « 37M = oJ' 

Hence it follows* that through any point O on a quartic 
three planes can be drawn osculating the curve elsewhere : the 
three points of osculation lie in a plane passing through .: and 
the envelope of this plane is a quadric cone, 

10. Let a plane, drawn through the tangent at a, meet the^ 
curve elsewhere in € and d ^ then since c, d^ and a repeated li» 
in one plane 

at - 2a/S 4- 7a' - [o -f- d) {0 - 2a7 + 0!'$) + erf (7 - 2aS - a") = 0. 

The equation of the plane is 

a — 2ay + a^z - (c + rf) (y — 2az -f a*u) •\- ed{z- 2au) = 0. 

The tangent line can be regarded as the intersection of 
this plane and another plane passing through the tangent and 
meeting the curve elsewhere m c and d' ] equations similar to^ 
the above determine this plane. The equations of the tang^ni 
line at a are therefore 

m — 2ay 4 a^z _ .y — 2^2? + a*M __ « — 2a» 
a - '^api + a*7 "" (:i—2a^ 4 a'^S ~ 7 - 2aS - a* * 

Among the planes through this line, we select those which 
meet the curve elsewhere in two coincident points 6 and which 
therefore contain the tangent at 0. The point 6 is determined 
as a root of the quadratic 

a - 2/3(a 4- ^) + 470^ 4 7(a'4 6^) - 2Sa5 (a4 ^) - «'^ = 0^ 

and the equation of the plane is 

X « 2y (a + ^) 4 « (a" 4 ^ad 4 6^) - 2m (a*^ 4 afl") = 0. 

There are evidently two planes through a tangent at a 
containing a tangent at another point of the curve. Also the 

* Cremona, I.e., p. 98. 
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quadratic is symmetric in 6 and a ; bence if h and c be its 
roots when 6 is regarded as the quantity to be determined^ 
then c and a are the roots when a is rep^arded as the quantitjf 
to be determined. It therefore follows* that through the tan*- 
^ent at a two planes can be drawn each containing the tangent 
-at some other point ; if the two points be at b and c, the tangents 
<it b and c lie in a plane. Each such plane is a double tangent 
plane. 

Next, let X, F, Z^ Z7be a point in space; then if a double 
tangent plane can be drawn through it, containing the tangents 
at a, ^, these parameters are determined by the equations 

a - 2/3(a + ^) + 4.yad + 7(a* + ^) - 2Sa0(a + 5) - a'd' = 0, 

X-2Y{a-\- 0)+Z{a' +4a5 + tf*) «2?7a^(a + ^) =0. 

These equations give four systems of values ; and therefore 
through any point in space four double tangent planes can be 
drawn to a twisted quartic oj" the second species.1[ 

Let any line be given by 

Ix + my + wa + 2?M = 0) 
I'x + m'y + nz -{-pu = J * 

When the equations of the tangent are taken in the form 

x-2ay + cFz = ^(a - 2a/3 + a*7) 

y _ 2a« + a*tt = ^ (/3 - 2a7 H- a*S) 
«-2au= ^{7-2a8- a") 

it is easy to shew that, in order that the tangent and the line 
may meet, the condition 

(4a7+3a'm + 2an-^) 

\f (a - 4a'S - 3a*) + ifi! (/3 - 3a*S - 2a') H- n (7 - 2aS - d')\ 

= (4aY + 3a'?n' + 2a«' - p) 

{/(a - 4a"S - 3a*j + m(/9 - 3a*3 - 2a') + n (7 - 2aS - df)\ 

must be satisfied. This equation is of the sixth degree in a ; 
and therefore any straight line meets six tangents of the quartic^ 

* Cremona, I.e., p. 91. f Cremona, I.e., p. 94. 
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or, what is an equivalent statement, the osculating developable 
of the guar tic is of the sixth order /^ 

11. Let a chord be drawn joining a and J: and through 
it draw any plane meeting the curve elsewhere say in c and d. 
The equation of the plane is 

a: - y^ + «0 - (c + rf) (^ - «0 + M<^) + ci (« - uO) = 0, 
where 

a - /35 + 7(^ « (c + c?) (iS - 7^ + S0) + cJ(7 - 80 - <^) = 

and = a + 5, cfy^ab. Hence, as in the case of the tangent, 
it follows that the equations of the chord are 

X — yO -\- z(f) y — z6 ■\- u(b z - u9 



Let X, Y, Z, Uhe any point in space; the lines that can 
be drawn through it to meet the quartic twice are the chords 
joining a and 6, where a i- b and ab are determined by the 
equations 

X'{'Y9 + Z<I> Y-Z9+Ucf> Z-U0 



= 0, 



a- /dO-^-ycf) /3 - 76^ + 8^ ^ - 56^ - ^• 

Let \ be the common value of the fractions ; when \ is 
known, then and are determined uniquely, and therefore 
there are as many chords through X, Y, Z, U as there are 
values of \. It is easy to see that \ is determined by the 
equation 

X - \a, y - \/?, z "Xy 
y - \ff, z — \7, u — Xh 
z — X7, u — AS, X 

which IS a cubic, so that in general there are three values. 

But when the qunrtic is of the first species the coefficient 
of X' vanishes, so that then there are only two values. 

Hencef through any point in space three chords of a quartic 
of the second species can be drawn and two chords of a quartic 
of the first species can be drawn. 



♦ Cremona, l.c., p. 86. f Cremona, l.c., p. 94 j Schroeter, I.e., p. 9. 
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12; We can now obtain a cubic surface through the 
quartic. Let a cone be drawn having any point a on the 
curve for vertex and passing through the curve : this cone 
is a cubic cone, and every edge of it is a chord of the quartic. 
The equations of the chord through a and a variable point 
are 

X" ay — 6{y — az) y —az — 6 {z — au) __ z — au — 0u 
a-ay5^-^(/d-tt7) " /3-a7-6^(7-a8) ~ 7-a6-^(a + S) ' 

the locus of this line for different values of 6 Is the required 
cone. Each of the fractions is equal to 



aj -ay, 


y- azj z-au 


y - az, 


z — auj u 


/3-a7, 


7 — aS, 8 + a 



a - a/3, /3 - 07, 7 - a8 
y - aZj z - au^ u 
f3 - a7, 7 — aSj S -{■ a 



and also to 



-0 



^0 



y — az^ z - au^ u 

X — ay, y —az^ z — au 

a — a/S, /S — a7, 7 - a8 



— ay, 7-a8, S + a 

^-^I/f y ~ ^^1 ^ - «w 
a - ay3, /S - a7, 7-08 



and therefore the cubic cone having its vertex at a and 
passing through the quartic is 



X --ay, y — aZj z -au 

y —az, z — au, u 

— ay, 7-a8, S + a 

y —az y z — au, y- aS 

a -aj3, fi- ay, y — aS 

/8 - a7, 7 - a8, B-^-a 



X -ay^ y —az, z - au 
y — az, z — au, u 
a- a/3, (i—ay, y—aS 



^~^l/j y^az, z—au 
a - aj3, 13 -ay, y — aS 
fi— ay, 7 - a8, S-\- a 
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And it is easy to prove that the line 



y - az ^ z — auj u 

a — ayS, /8 — ay, 7 — aS 

13 — ay, 7 — aS, 8 + a 



=0, = 



a —ay, y — ax, z — au 
oi - aff, fi - ay, 7 - aS 
/5 - ay, 7 — aS, 6 + a 



is a double edge of the cubic cone. 

The quartic is (§ 6j the partial intersection of this cubic 
cone with the quadric 

yj x + /3u, a + /8S =0. 

^7 !/ + y^y ^ + 78 
u, z-\-Bu , 7+8" 

13. The equations of the chord through a and b are 

X — y9 -{- Z(f) y " zO -\- u(l> z — u0 

a - f:^0 -i- y(p ~ l:i - yd -^ B<t) ~ y - 66 - <t> ' 

where = a + b, <l} = ab; they can also be taken in the 
form 

a -- a -- iy - 0) + (z -- y) 4> _ y - - (z ^ y) + {u -■ 8) <f> 
a - l:S0 '\- y(t> fi - y0 -\- 6<f} 

_ z-y-{u-B)0-h<l> 
"" 7-86^-0 

No line can meet the quartic in more than three points, for 
otherwise a plane through the line and one point of the curve 
not lying upon the line would meet the quartic in more than 
four points. The preceding chord meets the curve in a and b : 
it may possibly meet it in a third point. Let it meet the 
curve in a point f ; the values of f are given by 

a-l:i0-^y(t> /C^ -• 76' + S(/> 7 - 86/ - </> * 

The points a and b are given by 

it the chord can meet the curve in a third point w, then 

ft)' 09 1 . 

a - yS^ + 7^ ^ Z:^ - 76/ + 8^ " 7 - 86^ - ^ » ^ 



Digitized by 



Google 



Dr. Forsyth^ On twisted quartics of the second species. 265 
80 that 

This is a quadratic equation in ^ : it is easy to see from 
general considerations or by actual calculation from the 
quadratic, using 



ft) = 



7 - 86/ - . 



that its roots are b and w. Hence, it follows that through 
each point of the curve one^ and only one, line can be drawn 
cutting it in other two points ; if a be the given point, the triple 
secant through a cuts the curve again in a and od'j where 
o) and ft)' are the roots of the quadratic 

«»{(7-aS/-(;3-a7)(S + a)} 
+ ft) l(a - ayS) (8 + a) - (^ « ai) (7 - aS)} 
+ (i3 - o,if - (a - «^) {7 - a8) = 0. 
And the equations of the triple secant through a are 

X — yO -\- z(b y — zd -\-u<l> z - uO 

a - /S6^ -f- 76 ~ i0 - 7^ 4- 8<^ ^ y- 8e-4> ' 

where ^ = o) 4 ft)', = ft>««'. 

14. In the same way it may be proved that there are four 
tangents to the curve which meet the curve again in one other 
point. If a denote the point where the line touches the 
curve, and f the point where it meets the curve again, then 

V f 1 . 



a - ^api + a*7 "" iS - 2a7 f d'h " 7 - 2a8 - a ' 
whence a satisfies the equation 

(a - 2a/3 + a'7) (7 - 2aS - a*) = (y? - 2ay + a^hf^ 
that is, 
a* (7 + 8') - 2a' (/3 + 78) + a* (a - 2^38 + .V) 

4 2a (a8 - P^] + /S" - 07 « 0, 
80 that there are four such points. 
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The condition that these four points should lie in one plane 
is found to be 

a(7 + S*)-^'-2;87S + 7» = 0, 

on substituting in the equation of § 7 ; hence the quartic is of 
the first species. Therefore the points of contact of the four 
tangents to a quartic of the first species^ which meet the curve 
in one other pointy lie in a plane, 

15. Consider a family of planes through the chord ah: the 
intersection of any one of the planes with the curve is two 
points c and d^ the chord joining which is 

a — y€ + ztj y — ze -\- U7) z — u€ 



a — ffe + yr) i:i — ye -\- Brf y — de — rj ^ 
where € =^ c -\- d^ rj =■ cdy and 

When ij is eliminated from the equations of the chord by 
the last relations, tliey take the form 



where 



A^ - eB^ A^ - e/y, 



U^^x-z rn r-,^, = a-7 ^ 



y-66- <p 



y-hO-^ ' 

i3 ~ 7^ + g0 
y- Be- <l> ' 



and so for the others. The result of eliminating e between 
the two equations is found without difBculty to be 



-^1? -^3? -^8 



V V V 






% I 



A, 5., A 



^\. ^. o; 

-^i> -^»> A^ 



so that* the locus of the chord joining the two other points of 
intersection of the quartic hy any plane through a given chord 
is a cubic surface on which the given chord is a double line. 



* CremoDa, l.c., p. 84. 
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16. It has been proved that through any point in space 
(i) six osculating planes can be drawn to a twisted quartic of 
the second species, (ii) four double tangent planes can be 
drawn to it, (iii) three chords can be drawn, each meeting it 
in two points. 

Take the point as the vertex of a quartic cone drawn 
through the curve; then* a twisted quartic of the second 
species projects into a plane quartic that has three double points 
{the sections of the chords being double edges of the cone) ^ four 
double tangents [the sections of the double tangent planes)^ and 
six inflexions {the sections of the six osculating planes that meet 
the curve elsewhere in a single point.) 

A corresponding result can be obtained by projecting /rom 
a point on the curve; the projection is a cubic with one double 
point (the intersection of the triple secant by the plane of pro- 
jection) and three inflexions. 

Further results, obtained by Cremona and others, can be 
established in a similar manner; sufficient results are given 
in this paper to indicate the application of an analytical 
method to the geometry of twisted quartics of the second 
species. 

Application to curves of any degree. 

17. The method evidently is capable of application to 
curves of any degree. A unicursal twisted curve of degree n 
can be represented by the equations 

#=0 
j=0 

J=rO 

where the quantities a, ^, 7, S are constants ; and the n points 
in which the curve is cut by a plane 

la + my -\' nz ■{- pu = 
are determined by the roots of the equation 

<=0 



* Cremonit, Ic, p. 94. 
VOL. XXYII. NN 
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If this plane osculate the curve in a, there are n - 3 other 
points in which it meets the curve : let these points be deter* 
mined as the roots of 

Then taking 2s= 1, we have 

-7w-3a+p„ 

n = 3a' + 3apj + p„ 

-;? = a" + 3a'^j + 3ap, + p^^ 

± (a, + m0^ + ny^ +p8J = a>^, + 3aV^, + 3ap,„ + p^, 

where in the last equation r = 0, 1, 2, ... ; and p^^, /?^j and 
;?. are zero quantities. Let 

a,-3a;S, + 3aV-a"«, = ^„ 

^,-3a7. + 3a'S, = 5„ 

7r-3aS, = -C7,: 
then 

-4, = 5.Pi + 0,p, + «,;>, ± (a'p^, + 3a'p^, + 3ap^ + p^), 

which holds for r = 0, 1, ..., n — 4 with the convention that 
?«-n /^ii-i> /'n *'^ vanish. When these w - 3 equations are 
solved to determine the n — 3 quantities p^^p^^ •••iPi^i ^^^7 
lead to results of the form 

where is of degree 3 (n - 3) in a and no one of the quantities 
©p ..., 0^.g is of degree higher than 3 (n — 3). 

The equation of the osculating plane at a is therefore of 
degree 3 + 3 (w - 3), that is, Sn - 6, in a when it is made 
integral in a ; consequently through any point in space 3n — 6 
osculating planes can be drawn to an unicursal twisted curve of 
degree n. 

Again, if the osculating plane pass through a fourth con- 
secutive point of the curve, so that the contact is triple and 
the plane stationary, a must satisfy the equation 

hence a is determined hy 

a-'0 -a"-*0,+...«O, 
which is of degree 4 (n - 3) ; consequently there are 4n - 12 
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PE0DU0T8 AND SERIES INVOLYING PEIME 
NUMBERS ONLY. 

By J. W. L. Glaisher. 

M. EogeVs Results, §§ 1, 2. 

§ 1. TN the Messenger^ vol. xxiii. (pp. 169, 170) reference 
-*• was made to some Interesting theorems given by 
M. Eogel in the Educational Times Reprint (Vol. LV., p. 6&). 

The general theorem is that, n being any integral number, 
and /i being any real quantity intermediate to and 1^ 



Bm2nfi'w 









where 7 is Euler's constant. 

By putting /* = ^ and /u = J, M. Rogel obtained the results 






5*.9*.13^...(4«-H)*'^' _ /2Jr„\*^ 



4^7^10*... (3n+l)'*^^ _ /2VZ,>^843 
2^6*.8*...(3n-iy 



2ir 



8»-l 



where K^ and JT^ are the complete elliptic integrals corre- 
sponding to the moduli sin 45'' and sin lb"" respectively. 

§ 2. In the same article M. Rogel has also expressed 
these last two theorems in a form in which only prime 
numbers occur, the resulting formula being 

P=«o (-i)4a-')i>-i _ i^' 
p=oo -^ 2l3^» 
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where p is any prime, and 8 = + 1 or — 1 according as j? = 1 
or = 2, mod. 3. 

The present paper relates to this second form of these 
and similar results, «. e, in which only prime numbers occur 
in the products. 

Proofs of iheformulcB^ §§ 3-5. 

§ 3, M. Rogel obtained the latter formuise by decomposing 
into their prime factors the numbers which occur in the 
first form of the products (§ 1), and determining the exponent 
of any prime number p. 

^Z This process may be exhibited in a slightly different form as 
follows. 

Taking the first product, viz. 

3" V7"^9*l 1"^1 3^15"^! 7^1 9"*2 1*^23"^. . ., 

it is evident that, supposing every number (but not the 
exponents) decomposed into its prime factors, the exponent 
of3 

(in which the numerator is equal to the exponent of the 
highest power of 3 which occurs in the denominator) 

=-i(i.+ jr(i-*r(i+ir(i+ivr- 

Similarly, the exponent of 5 

=i(i+§r(i-ir(i+fr(i+i'rr- 

This reasoning is clearly of general application, and the 

- . ., , , 1 TT 1 TT 

exponent of p is evidently equal to ^ — or — r^ r > 
according as p is of the form 4n + 1 or 4/i + 3. 
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Thus, the equation becomes 

-L JL JL J- \** 

33+177+11111+11919+1... ; 



that is, 



3*7*11*19*... '^'^'^ ' 



§ 4. Treating in a similar manner the second formala^ we 
see that the exponent of 2 in the product 

2~*4*5~*7V*10*ir'^13*U~*ie*17"*.- 
is 

=-*o+ir(i+ir(i-fr(i+ivra-ivr- 

""2 + 1 3 V3' 

In the same way we see that the exponent of 5 is 

"" TTi s~7^ » *h*t t^® exponent of 7 is - — - ;;— 7- , and so on. 
5 + 13 v3 ^ 7— 13v<J 

Thus, the equation becomes 



1111 



2ir 



77-ii3i3-ii9i9-i3i3T=i... p» (2hy 



I 22+15^11111+11717+1.. 

that isj 

7*13*19*31*.. _ 2^3Jr/ 
2*5*11*17*... "" 't'^^ 
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§5. In this product the numbers in the numerator are 
the primes of the form 3n + 1, and the numbers in the 
denominator are those of the form 3w + 2. With the exception 
of 2 all prime numbers are of the forms 6w + 1 or 6n + 5, so 
that we may conveniently express this result in the form 

7^3^19^31^,.. ^ OKI _ 2Z/ 

6^11^*17^23^... ^ '^'^'^ " '^'^'^ * 

where the numerator and denominator contain respectively 
the primes of the forms 6nH- 1 and 6w + 5, and K^ is (as in 
the paper referred to in § 1), the complete elliptic integral to 
modulus sin75^ 

Other applications of the method^ §§6-14. 

§6. The above method of expressing the products by 
means of prime numbers only may be applied also to other 
results which have been given in recent papers in the Messenger, 

Thus, taking the quotient-product given on p. 42 of 
Vol. XXIV., we have 

IF 






where in the product the numbers in the numerator are of the 
forms 8n + l and 8w + 3, and those in the denominator are of the 
forms 8w + 5 and 8« + 7, and K^ is the complete integral to 
modulus fs/2 — \. 

Proceeding as in § 3, it is evident that the exponent of 3 

since the product of a number of the form 8/i+ 1 or 8w + 3 by 
a number of the form 8n + 1 or 8n + 3 is of one of these 
forms ; but if such a number be multiplied by a number of 
the form 8n -f 5 or 8/i + 7, the product is of one of these 
Utter forms. 
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The exponent of 3 therefore 

1 3 TT I TT 



3'3-l*2V2 3-1 2 V2' 
Similarly, the exponent of 5 

1 TT 

" 5 + 1 • 2 V2 * 
and so on. 

Thus the formula becomes 

3^1^17^19^ ... ^ (sin i7r)'r*(|) 
5*7*13^23'^ ... 27rVr(i) 

_ 16(V2^1)jr/ 

where, in the quotient of the products, the numbers in the 
numerator are the primes of the forms 8n + 1 and 8m + 3, and 
those in the denominator are the primes of the forms Sn + 5 
and 8w + 7. 

§ 7. In § 3 it was shown that 

3Vll^l9^... ""^V' 

(the numbers in the numerator being primes of the form^ 
4w 4- 1 and in the denominator of the form 4n + 3), and by' 
dividing the formula obtained in the last section bj this 
formula, we find 

32 + inio-*"i2i9i8-^20 „^ 4(V2-l)jr,» 

54^61312^142928^80... 

that is, extracting the square root, 

8 11 19 

33»-niii»-ii9i9»-i .,. _ 2(V2-l)*ir, 

5 13 29 X * 

5fi2-li3l3«-l2929*-l... • 

the numbers in the numerator being the primes of the form 
8n -1- 3 and those in the denominator of the form 8n + 5. 
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Expressed in terms of Gamma Functions, the value of this 
product is 

(V2-i)^r(i)ra) 

§ 8. The result obtained by multiplying the formulae itt 
§§ 6 and 7 may also be noticed. We thus tind 



V 7*23^31^^ ... / 



64(V2>i)g;g3' ^ (V2-i)ra)ra) 

ttV*^ 2VV^ 



or, extracting the square root, 



7*23^^31* .. 



33«-l552-liiU«-lx3l5«-l ... 



^ 8 (V2 - i)*ir,g; ^ (V2 - i)*ra) rg) 

ttV 2*7rV 

In the quotient on the left-hand side the numbers in the 
numerator are the primes of the form 8?^+ 1, and those in the 
denominator are the primes of the form 8w + 7. The product 
Tvhich follows the quotient contains the primes of the forms 
8n + 3and8w + 7. 

§ 9. The products derived from the series considered in a 
paper in vol. xxiv. of the Messenger^* in which the exponents 
are inverse powers of the numbers, admit of being similarly 
expressed by prime numbers only. 

Thus, from p. 3, we have 

\27re^/ 

where A is the constant 1*282427130, which forms the subject 
of that paper. 

* ' On the constant which occurs in the fonaula for 1^ 2*. 8*...nV PP- 1-1 0* 
VOL. xxvir. 
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In thtf prodncti the exponent of 2 

«i(l-5i)"(l + i + i+lV + &c.) 
1 it' 

1 IT* 

Simllarlj, the exponent of 3 Is ^i — r.^-, that of 5 Is 
1 w* o — ' X b 

r= — -.— , and 80 on. 

Thus, by extracting: the ( -s ) root of each side, we dedace 
the result '^ ^"^^ 



» _L ^ 1 A' 



II 



22«-l38«-l56«-l77«-l...= 

27re^ 
in which all the prime numbers occur on the left-hand sidci 
each prime p being raised to the power -7—: • 

§ 10. By taking the logarithm of this result, we have 

log2 log3 log5 log7 
?^ + 3--l + 6«-l + 7"-l^*^- 

=s 12 log -4 - log2 — log w — 7. 
§ II. If we apply the process of § 9 to the formula 

(Messenger y Vol. XXIII., p. 173), in which only uneven numbers 
occur, we find 

_L_ _1_ JL. .J— ^" 



2Ve^' 



which is equivalent to the result obtained in § 9. 
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§ 12. It was shown on p. 11 of Vol. xxiv. of the Messenger 
that 

i ^ -L 

38*77»llii\.. ^ '^ 

-"^"^ ^= 3:45 4- + 6:6!7? + 7:8!9 ?+*«'•' 

and iS=l4 — H — 4---^ 1- &c. 

'^r ~ 2'* 3'* A*" 6*^ 

In the quotient on the left-hand sidei the exponent of 3 

12 1 13- 

=" ■" 3- + §"» "" 1? "^ 2F " 2f "*■ *^* 

==-H'-'rO'H'"i"'"'H-'-7-'-^r--*4 

1 7r_» 

3' + 1*32' 

. 1 tt' 
Similarly the exponent of 5 is ri — r . — , that of 7 is 

O "• 1 uJ 

Thus the formula may be transformed into 

1 1 1 

56»--ll3l8»-117l7«-l.,. ^ ^ .8-|y+«P 

_i L. -JL- 327r^ ' 

3 8» + l77»+lllll» + l,,, 

where P is as above. On the left-hand side the numbers in 
the numerator are the primes of the form 4n + 1 and those in 
the denominator the primes of the form 4n + 3. 



§13. Since 



-1^1 lip 47r' 



81 V3* 
we may similarly transform the formula given on p. 12,* viz. 



* On p. 12 the exponent on the right-hand side is printed -^-7= instead of ^ . 
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1 1 i_ — 

44»77«iOio' ... _ f A* -f+oV-" 

into the following 

1 1 1 

where Q is as ahove. The numbers in the numerator are the 
primes of the form 3n + 1 and those in the denominator are 
the primes of the form 3w + 2. If we multiply throughout by 

2^ the numerator and denominator contain respectively primes 
of the forms 6n + 1 and 6n + 5, 

§ 14. From the formula at the top of p. 15* of the same 
volume it follows that 

Transforming the product as in § 9, we find 

2^7r 

where R is as above, and the product on the left-hand side 
contains only the prime numbers. 

Multiplying throughout by 2"''\ this formula may be 
written 



334-35o*-l77*-lllU*-l... = — 6 

The result in this form may be deduced directly from the 
first formula in § 26 of the paper, (p. 14). 

* In the second line on p. 16 the factor ir* has been omitted. 
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— • , , 8in2x sinSx « ,^^^ ^_ 
The denes stnx-^- H 5 — + &c., §§ 15-17. 

§ 15. The same principles enable us to express the general 
theorem (involving sines) by means of prime numbers only. 
In order to simplify the investigation it is convenient to 
consider first the value of the series 

sin2x sin 34; sin4;r ^ 
sm* + — ^ + -y- + —^ + &c. 

Denoting this series by ^(or), and using the notation 
a (x) b to indicate that x is to be intermediate in value to 
a and b^ then we know that 

0W = ^'^) 0(«)ir. 



§ 16. Let ar = 7r + f, where f is Intermediate to and 7r, 

then 

,/ V . ^ sin2f sin3f sin4f p 
^ («) = - sm f + -^ ^ + —^ - &c. 

""■"2" 2 • 
Thus ^(4r)=^^Ilf, ir{x)2ir. 

Let « a 2ir + f , { being as before, then 

, . X . ^ 8ln2{ sinSf 1^4^ , 
^(«)-8mf + -^ + -^ + -^ + &c. 

_ ff - f _ Stt — j> 
" 2 2~* 

Thus ^(;r)=^!i:ilf, 27r(ar)37r. 
2 

Similarly by putting #=:37r+f, 47r + f, &c., f being as 
before, we find 

^W"^-^^, 37r(x)47r, 

*W="V^' *'r(ar)5ir, 
and so on. 
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S 17. The general formula therefore is 

and therefore putting wx for a, we find 
nm^irx sinSirx . siDiirx 



Binwx 



+ —2— 4 — 3— +— ^+&c. = i7r[a?J, 



where [x] denotes n-^x^n being the nearest uneven ixiteg'er 
to X. If j; be an integer, [x] is supposed to be zero. 

The general theorem^ %% 18-20. 

§ 18. Putting \a for fi in M. Eogel's general theorem 
(§ 1), it may be written 

Writing the product on the left-hand side at full lengthy 
viz. 

■m2'ro rinSira nniya im6ira ainfiirg ainTxa amSTro 
223344 565 « 7 7 8 8 ...^ 

we see that when the numbers are decomposed into their 
prime factors, the exponent of 2 

sin27ra /sin47ra sin 6*0-0 ^sinSTrtf sinlOTra p 

s + 2 A + 3 1 + &c., 

2 4 68 10 ^^^-^ 

that iSy 

sin27ra sin47ra sin6ira sin87ra » 
-2-+-^ +-6- +-8- +**• 

8in47ra sinSTra siDl27ra sinl67ra <. 

sin S^a sinlGTra sln247ra sin327ra ^ 
^ 8 ^ 16 24 ^ 32 ^ 

which by § 17, 

= iTT {i [2a] + i [4a] + \ [8a] + ^ [16a] + &c.}. 
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Similarly, the exponent of 3 

8in37ra sinG^ra ^sinSira 8inl27ra - 

= i^r {i [3a] + i [9a] + ^V [27a] + &c.}, 
the exponent of 5 

= iTT {i [5a] + ^ [25a] + ^^ [125a] + &c.}, 
and BO on. 

(2 \*^ 
- j root of each side of the 

equation^ we find 

2«2«]+i[4a]+i[««]+...3K3a]-H[9«]+...5i[6a]+i^[26a]+... 

_ Binia7rrfta) _ T {\a) 

" (2e'^)*-V*-« "" (27re^)*- T (1 - ^a) ' " ^""^ ' 

In this formula, as in § 17, [x] denotes ar - n, w being the 
nearest uneven integer to a, unless x is an integer, in which 
case [x] = 0. Only prime numbers occur in the product on 
the left-hand side. 

§ 20. It will be observed that the exponent Jtt disappears 
from the general formula just as the other 7r-exponents 
disappeared in the particular cases considered in §§ 3, 4. 

This seems to indicate that the result just obtained is the 
more fundamental form of the theorem. It is interesting also 
to notice how the sines which occur in the exponents in the 
original form of the theorem are replaced by purely numerical 
quantities in the second form. 

The results given by the theorem for special values of a 
will now be considered. 

The case a = J, §21. 

§ 21. Whena=i,theexponentof2=i[2a]+i[4a]+&c.=0, 
for 2a, 4a, &c. are integers, and therefore [2a] = 0, [4a] = 0, &c 
Since 

[(4n + l)a] = [2n + i] = i, 

and [(4n + 3) a] = [2n + 1] = - 1, 
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it is evident that, if p be of the form 47t + 1, the exponent 

^ [p«] +p [p'«] +^. [A] + &c. 

111111- 1 1 



""p-2 ^p'-2 ^j?"-2^^"-"j?-l'2» 
and, that if p be of the form 4n + 3, this exponent 

_ 1 1111 ^ ^ _ 1 1 
/? 2/?' 2^' 2 y+12 

Thus the product 

s3 2 -8+152 '6-17 2-7+111 2 -11+1,..^ 
and the right-hand side of the equation 

vhence, squaring, 

TT e"' ' 
which is M. Kogel's first result (§§ 2 and 3). 
2%6caj?6a = |, §22. 

§ 22. When a = |, the exponent of 3, viz. 

J [3a] + i [9a] + &c. = 0, since [3a] = 0, [9a] » 0, &c. 

Since 

[(3n+l)a] = [2n + |]=i, 

and [(3n + 2)a] = [2n + i]=-|, 

we tee that, it p be of the form 3n + 1, the exponent 

I [H + J. [P'«] +p [/a] +&C. 

ii^2_ii_i._i 1 

^3j>o^3 p — lo 
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and, i{p be of the form 3n + 2, this exponent 

_1 1 11 11^_ 1^ 1 

Thus the product 

11 1111 11 11 



= 2 32 + 15 86 + 178 7-1x1 3 11 + 1x33 13-1^^. 

The right-hand side 



_ iV3ra) ^ 2^3X 

whence, cubing, 

^1 -11 _i i ot 3 jr. 

2 35 676x1 121312...= ,' ' > 

which is M. BogePs second result (§§ 2 and 4). 
The case a = J, § 23. 

§ 23. When a — ^, the exponent of 2 

and we have 

[(6n4l)a] = [2n+J]-J, 
[(6« + 5)a] = [2n + |]=-|. 
Thus the formula becomes 

11 2121 21 21 



232 + 15 86 + 1787-111 8 11+1138 18-1... 

whence, raising both sides to the power f , 

265 6761X 121312..,= ^ ' ,'^' 1 

VOL. XXVII. PP 
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which is equivalent to the result obtained in the preceding 
section. 

The case a « J, § 24. 

§ 24. When a = J, the exponent of 2 

and we have 

[(8n+l)a] = [2n + i]= f, 
[(8n + 3)a]=[2n + f]= i, 
[(8n + 5)a] = [2n + |]=-i, 
[(8n+7)a] = [2n + f] = -|. 
Thus, i(p is of the form 8n + 1, the exponent o{ p 
1 3 1 3 1 3 „ 3 1 



^ 4"^p" 4"^/ 4^ • 4^-1' 
\fp is of the form 8n + 3, its exponent 

11 13 11 13^ 

jp 4 ^4 ^4 p 4t 

1 jp 3 1_ ^ 1 JP4-3 

"" 4 p'' - 1 ■*■ 4 2?" - 1 ~ 4 >' - r 

Similarly, if ;> is of the form 8n + 5, its exponent 
_ 1 1 1 3 « __1 p-3 
"p l'^ p' l"^""" 4p'~l' 

and, if p is of the form 8n + 7, it 

"■j94'*'p'4 ^'"" 4;?+l' 
The theorem therefore becomes 
1 i:3 + s _i 5^ _3 J_ 1 11-^3 siniTrrVi) .^ 

2434 3«-l5 4 5«-l7 4 7 + 1114 IP-l ... =——T-7-, 

(2e^)*7r* 
or, raising both sides to the fourth power, 

3 + 3 6-3 3_ 11+3 13-3 

3^315-5^-17 7 + 1111P-113 13^-1... 

sin>ra) _ 2^^(V2-iyir;ir/ 
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In this product the exponent of any prime p is 



according asy is of the form 8n + 1, 8n + 3, 8n + 5, or 8n + 7. 
The quantity f , was defined in § 6. 

The case a = f , § 25, 

§ 25. When a = f , the exponent of 2 

=4[i] + i[3] + &c. = -4, 

and we have 

[(8n+l)a]=[2n + i] = i, 
[(8n + 3)a] = [2n + f] = f, 
[(8n + 5)a] = [2n+V^]=:-f, 

[(8n + 7)a] = [2n+V] = -i. 
Thus:— 

if p is of the form 8n + 1) its exponent = 
„ 8n + 3, „ = 

„ 8n + 5, „ = 

» S^ + 7, ), "- 4 2? + l' 

liaising both sides of the equation to the fourth power, the 
theorem becomes 

9 + 1 16-1 1 33 + 1 39-1 

332-15 5«-l7 "7 + 111112-113 13»-1 ,,^ 

^ sin*|7rr(t) ^ 2^(V2-l7ir/'ir/ 

In the product, the exponent of any prime ^ is 

1 3^+1 3p-l 1^ 

;>-l' /-I » /-I ' p+ 1» 

according as p is of the form 8n + 1^ 8n + 3, 8n + 5, or 8n + 7» 



1 

4 


1 

p-V 
3p+l 




/-I ' 
3;>-l 




1 
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Tl^eeoMae^, §26. 
S26. When a -i, 

[(12fi + 2)a] -[2n + |] = }, 
[(I2n + 4)a] -[2n + |] - J, 
[(12n + 8)a] -[2n + |] --J, 

[(12n + 16)a] = [(l2n + 4)a]- J, 
and 10 on. Therefore the ezpoaent of 2 

-i[2a] + J[4a] + 4[8a] + &c. 

AIM 

[(12n + 3)a] -[(2n + i] - i, 
[(12« + 9)a] -[(2« + f] --i, 
[(12n + 27) a] « [12n + 3) a] = i, 
and so on. Therefore the exponent of 3 

We alM have 

[(12n + l)a] »[2n+H = f, 
[(12n + 5)a] =[2n + f3 = J, 
[(12n + 7)a] =[2n + f] =-i, 
[(12n + ll)a] = [2n+V] = -f, 



80 that : — 

if p be a prime of the form 12n -I- 1, its exponent 

» n 12« + 5, „ 

,, » 12n + 7, „ 

II II 12« + 11, „ 



5 1 
6^-1' 

~ 6p'-l' 
__1 p-5 
~ 6 /-I' 



6 ;?+ 1 



Digitized byCjOOQiC 



involving prime numbers only. 287 

The theorem therefore gives 

^116+5 _17--5 _6 _1_ 6 1 
2I83856 6«-l7 6 7«-lli 6 11+1136 13-1 .,, 

whence, raising each side to the sixth power, 

6+5 7-5 6 6 17+5 

562-17 7*-lll 11+1x313-117172-1 ^^^ 

_ sinV^TT r" (^) _ 2^3^'Z,^ir/ 
" 2^3VV" " ^"^'^ * 
In the product, the exponent of any prime p is 
5 p + 5 p — b 5 

according as 2? is of the form l2n-\-\^ 12n + 5, 12n + 7, or 
12n+ll. 

2%6ca5ea = f, §§27, 28. 

§27. Whena = f, 

[(12n+2)a] =[10n+f] =-J, 
[(12n + 4)a] =[10n+V] =-J, 
[(12n + 8)a] =[10n+V] = 4, 
[(I2n+16)a] = [(12n + 4)a] = -j, 
and so on. Therefore the exponent of 2 

Also 

[(12n + 3)a] =[10n+|] = \, 

[(12«+9)a] =[10n+V] = -i> 
[(12n + 27) a] = [(lOn + 3) a] - i, 

and so on. Therefore (as in the preceding section) the 
exponent of 3 = |. 
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We also have 

[(1211 + 1) a] =[10n + f] - i, 

[(12n + 5)a] -[10n + V]= f, 

[(12n+7)a] =[10n+V]=-f. 

[(12«+ll)a]-[10n+V] = -i, 
BO that : — 



ifp 18 a prime of the form 12n + 1, its exponent 




>l V 


12nH-5, 


15;?+1 
~ Ip'-l' 


M w 


12n+7, „ 


15p-l 


M « 


12n+ll, „ 


1 I 



The theorem therefore gives 

2 11 25+1 _ 1 86-1 _ I _i_ 1 1 
2" 183^56 6«-l 7 6 7»-l XI 6 11+1 1 36 18-1^ ^ ^ 

^BJnj^TrT^^ 

(2e^)V ' 

whence, raising each side to the sixth power, 

25+1 35-1 1 1 85+1 

552_17 7'«-lii""ll+li3l8-li7l7»-l.., 

^ 2^ sipsg.TT r" (v^) ^ 2'K:Kr 

3*7rV 



sVtt' 



In the product, the exponent of any prime p is 



1 5p4 1 

^-1' />'-!' 



5p~l 
;?'-l ' 



i? + l' 



according as p is of the form 12n + 1, 12w + 5, 12n + 7, 
or 12n + ll. 



] 
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§ 28. It is evident from these particular cases that, in the 

general case, where a = — , a proper fraction in its lowest 

terms, then, in the formula derived directly from the general 
theorem of §19, the primes of the forms 2g^w -f 1, 2g^n + a, 
2qn + )8, ..., 2qn + 2^-1, where 1, a, yS, ..., 22-1 are the 
numbers less than 2; and prime to it, will all have exponents of 
different forms. 

Formulae obtained by combining the results for a « J 
awda = |, §§29-33. 

§29. Since 



3 
p-l 


^4,- 


4 


p + 3 
/-I 


*f^.- 


4 

p-V 




3jE?-l 


4 


3 


I 


4 



pM p^-l p + l^ 

we find, by multiplying together the formulae of §§ 24 and 25, 
and extracting the fourth root, 

I 1_ 1_ 1 1_ o* /' /9 — 1 "\ JC^ 

03-U 6+17 7+lllll-llQ 13+1 == lJ^L±_!ij2j. . 



-15 6+17 7+I11II-I13 13+1...= 



TT'e^ 



the exponent of a prime p in the product being — ^ or - — j 

according as p is of the forms 8w + 1 and 8w + 3, or of the 
forms 8n + 5 and 8n + 7. This result has been already 
obtained in § 6. 

Similarly by dividing one of the formulae in §§ 24 and 25 
by the other, we obtain M. KogePs first formula (§§2 and 3), 



§30. Since 



j> + 3 ^ 3_ 4p 
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, »-3 3 4p 

and - ^ — r = r r^, , 

the product in § 24 may be written 

J 3 __£ 3_ 8 

3^3+156-17 7+111 11+113I8-1... 

4.8 4.5 4.11 4.18 



X38«-15 6«-lllll«-ll3 13«-1...^ 

the second line of which contains only primes of the forms 
8n + 3 and 8n + 5. 

The first line, by §21, 






and substituting this value, the formula of § 24 becomes 

giving 

3^:45- 6^1 II1M13" 13^1... = : 



J38_1_K 62-111 112-1 1Q 13«-1 — ^ (^^ ^) ^« 



where, in the product, only primes of the forms 8/1 + 3 and 
8n + 5 occur, the sign of the exponent being positive in the 
former case and negative in the latter. 

This result has been already obtained in § 7. 

§31. In a similar manner we may deduce the formula 
of §8 from §24, for 



3 

p-l 


1 
p-l 


%-^- 


p + S 

f-l 


1 
p + 1 


%-^- 




1 
p-l 


%-^. 


3 


1 


4 



2?+l 2?+l 2^ + 1* 
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80 that the formula of § 24 may be written '\ * ! 

J 1 i_ _j_ __2_ \ ^ 

33+15 6-I77+IX1II+I13 18-1,,, ^'-s.'/^*.' \T*^ 

f_ _£_ ^ 4 4 9'® /" /9 — iV^'TT* 

X 7 7+117l7-l.,.38^l56'-lllll^l...= W^ .4 • • . 

Thefirstline, by §21, 






W 

whence, by substituting this value and extracting the fourth 
root, 

where, in the product, if jp is of the form 8n + 1 the exponent 

is , if of the form 8n + 7, it is , and, if of the 

jp — 1 ^ ' p — 1 ' ' 

forms 8n + 3 and Sn + 5, it is -i — r . This is the formula 
of §8. P^^ 

§ 32. It may be remarked that the results obtained' in the 
two preceding sections may be also derived in a similar 
manner from § 25, viz. the result of § 30 may be derived from 
§ 25 by means of the decompositions 

p* - 1 p + 1 ■*" p» - 1 » 

3p - 1 _ 1 4.p 

" />* - 1 "" 2? - 1 " ^TTl > 

and that of § 31 by means of the decompositions 

-J l^^^A^ 

p-i p-i ^jp- 1 » 

/>*-! "■ p+l "*"p^' 



3;?-l _ 3_ 4 



3 4 
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§ 33. The results of §§30 and 31 may however be more 
conveniently and symmetrically obtained by combining the 
formulae of §§ 24 and 25. The cube of the formula in § 25 
divided by the formula in § 24 gives the result in § 30, and 
the cube of the formula in § 24 divided by the formula of § 25 
gives the result in § 31. 

FormulcB obtained hy combining the results for a = J and a = f > 

§§ 34-36. 

§ 34. Proceeding as in § 29, since 
5 16 



jp- 1 p- 1 p- \^ 

£+5 5£JJ.^_6_ 



we find, by multiplying together the formulas in §§ 26 and 27^ 
and extracting the sixth root, 

56-17 7+111 11+11318-11717-1,,,^ ^'^ ;f-o 

where, in the product, a prime p of the form 12n+ 1 or 12n+ 5 
has the exponent — -r , and a prime p of the form 12n + 7 or 

12n + 11 has the exponent . Since the former clasa 

of primes are those of the form 4n 4- 1 and the latter are those 
of the form 4n + 3, the formula is equivalent to M. KogelV 
first formula (§§ 2 and 3). 

Similarly by dividing one of the formulae in §§ 26 and 2T 
by the other, we obtain the formula of § 5 ; for the primes of 
the forms 12n+ 1 and I2n + 7 are those of the form 6n + 1, 
and the primes of the forms 12n + 5 and 12w + 11 are those of 
the form 6n + 5. 

Thus by simple multiplication or division we do not obtain 
any new formulae. 

§ 35. By raising the formula in § 27 to the fifth power, 
and dividing by the formula in § 26, we obtain a product in 
which the exponents are 

24jp 2Ap 

p^:^''^'p'^V 
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according as p is of the form 12w + 5 or 12n + 7, the value of 
this product being 



whence, extracting the 24*^ root, 

The product contains onlj primes of the forms 12n + 5 and 

12n + 7, the exponent of any prime p being , or — s^-ti 

^ — I p "^ i 

•according as p is of the former or of the latter form. 

§ 36. Similarly, raising the formula in § 26 to the fifth 
power, and dividing by the formula in § 27^ we obtain a pro- 
-duct in which the exponents are 

24 24 24 24 



;?-l'p'-l';?»-l' p + 1' 

according as the prime p is of the form 12n+l, 12n + 5, 
I2n 4 7, 12n + 11, the value of this product being 

Extracting the 24*^ root, we have 



- 1 ^ ^1 ^ JL__L_ 2¥ir2r. 



11 ii+U3i3-i...66"-i77^i...= 



o'^'-i 



ttV 



9 



where, in the product, if ji is of the form 12n + 1, the exponent 

is , if of the form 12n + 11 it is 7 , and if of the 

p- 1' y + 1' 

forms 12n + 5 and 12n + 7, it is -= — - . 

' 2^—1 

Combination of formulce^ §§ 37-41. 
j 37. The results obtained in § 30 and § 35 may be written 

.J_ JL >J? !i- 2^x72- n*ir 

3*a: * 
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6 7 17 19 



55^17 7«-117l72-ll9 192-1-. 



2*^ 



where the primes with positive exponents are in the first 
product those of the form Sn + 3, that is, of the forms 

24n+ll, 24n + 19; 

and in the second product those of the form 12n + 5, that is, of 
the forms 

24n + 5, 24W + 17; 

and the primes with negative exponents are, in the first 
product, those of the form 8n + 5, that is, of the forms 

24n + 5, 24n + 13; 

and in the second product, those of the form 12n + 7, that is, 
of the forms 

24n+7, 24n+19. 

Thus, multiplying together the two formulaB, we find 
_JL JL ^ JL 2*r./2-n*7r 

7 7»-lllll«-ll3 13»-11717'-1„ - ^ ^^^ — Lft» 

where the product contains only primes of the forms 
24n + 7, 24n + 11, 24n + 13, 24n + 17, 

the exponent of a prime p being nr-7 if it is of the second 

or fourth forms, and 5^ if it is of the first or third 

forms. p -- I 

§ 38. Treating in a similar manner the formulae of § 31 
and § 36, we have 



7 7+il7i7-i...55^illii'-x,.,« ^' <^^^ 7 ^y^o^» ^ 

3Ve^ 

-— — J- J- hh^ICJr 

11 lMl3^9-l^^^^b^-ip^^l^^^^±lj^i . 



ttV 
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The exponent of p is , in the first product when p Is 

of the forms P "" 

24n+ 1, 24« + 17, 

and in the second product when p is of the forms 

24w + 1, 24n + 13. 

The exponent of j? is , in the first product when p 

is of the forms p + l 

24n + 7, 24n + 23, 

and in the second product when p is of the forms 

24n + ll, 24n+23. 

The exponent of p is -7—7 j i^ ^^^ fi^st product when p 
is of the forms P 

24n + 5, 24n + 11, 24n + 13, 24w + 19, 

and in the second product when p is of the forms 

24n + 5, 24n + 7, 24n + 17, 24w + 19. 

§39. By dividing the first formula by the second, we 
merely reproduce the result of the preceding section, for the 
exponents of the primes of the difierent forms In the quotients 
are 

11 P 

24n+ll, 7 + -T — ;= V— : 1 

* p + 1 \p'— 1 p'— 1 ' 

11 p 

24n + 13, ^+__«--iL- 

' p — 1 J? —1 p -^l ' 

24n + 17, - -J-— r = T^ i 

and the quotient of the values 

^ 2*(V2-1)^Z; 
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§ 40. If we multiply together the two formulae of § 38, we 
find the exponents of the primes of the different forms to be 
as follows : 

24n + 1 , , 

p — 1 

24n+ 7) 1__ 1 

24n+ll|* p-Vl ■*"/-!» 



24n 
24n 



+ 17J * jp- I p'-l» 



24n 4- 19 



24n + 23 , - 



2 



the value of the product being 



4ir' 

§41. Now the formula of §3 shows that — ^ is equal 

to a product in which the exponent is — — , Up is of the 
forms p-i 

24n 4- 1, 24n + 5, 24n + 13, 24n + 17, 
and 7 , if o is of the forms 

24n + 7, 24w + 11, 24n + 19, 24n + 23. 

Dividing the product in § 40 by this product, we find that 
the product in which the exponents of the primes of the different 
forms are 

24n + 1 \ 1 
24n+19]* 2>-l' 

24n- 
24n 



24n 
2An 



+ 5 I 1 

+ 23]' p^l' 

+ 7 , 24n + 11| 1 

+ 13, 24n+17j ' 2?"-l 
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§ 42. It may be remarked that if we express the primes 
in M. BogePs two formulae of § 2 by means of the modulus 12^ 
they assume the forms 

1 \_ 2' 3^ir* 

(12n+ 1, 12wH-5)P-i (12W + 7, 12n+ll) P+^= " 



(12n+l, 12n + 7)P-i (12n + 5, 12w+ll) P+i= 



2.3.^' 



IT e^ 



the meaning of the notation being that in the first product a 

prime p of the forms 12n + 1 or 12n + 5 has the exponent , 

and so on. P + 1 

Dividing the first formula by the second, we find 

(12w + 5)P-i P+i(12n+7) I'+l 1^-1=—^^, 

which is equivalent to the result already obtained in § 35. 
M. Rogel, in the article referred to, divides one of his formula? 
by the other, but his result is rendered inexact by a slight slip 
in the work. 

?%ecaj^5a = i,f, 1,4, §§43-51. 

§ 43. It is interesting to consider in detail a case in which 
the denominator of a is a prime number greater than 3. 
Supposing the denominator therefore to be 5, and putting 
^=i> l> h h ^® ^*^® *^® formulae: 



[(10w+l)a]= i 
[(10w + 3)a]= I 
[(10» + 7)a]=-f, 
[(10« + 9)a] = -| 
a = I 
[(10w+l)a]= I 

[(10n + 3)a] = -i, 
[(10w+7)a] = 
[(10n+9)(i] = -|, 



« = ii 
[(10«+l)a]= i, 
[(10» + 3)a]= f, 
[(l(>« + 7)a]=-|, 
[(10w + 9)a] = -i; 

«= f, 

[(10n+l)a]= I, 

[(10w + 3)a]=-f, 
[(10« + 7)a]= f, 
[(10w + 9)a] = -J. 
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These formulse are applicable to all uneven primes, but the 
exponent of 2 has to be calculated separately. For this 
purpose we find : 

« = i ; [2a] = f , [4a] = h [»«] = " t, [16a] = - i, 

« = I ; [2a] = h [4a] |, [»«] = - i, [16a] = J, 

« - 1 ; [2a] = - J, [4a] = |, [8a] = i, [16a] f , 

« = I ; [2a] = - f , [4a] = - J, [8a] = f , [16a] - i. 
The exponent of 5 is zero in all four cases. 

§ 44. Taking a = ^, we see that if ^ is of the form lOn + 1, 
Its exponent 

*p-l' 
lip is of the form lOw + 3, it 

" * /-I * 2?* + 1 ' 

if ^ IS of the form 10^^ + 7, it 

_ ^ - 2p' - 4y' + 2p + 4 . 2;? + 4 

and, if jp is of the form lOn + 11, it 

1 



*i?+l' 
The exponent of 2 

"^ 2"+l ""• 
Thus corresponding to a = ^, we have the formula 

1 _4_ 1 2p-4: 1 2p-|4 1 4 

(lOw + 1)^ P-\\On + 3)5 P'^+iClOn + 7) & .i>'+i(10n + II) ^ i>+l 
_ 8in,L^r'(j^) ^ FGV) 

2*\2e^)V 2^V«*yr(y»^)' 
the notation being tne same as in §42, i.e.^ so that any 

prime p of the form 10?t + 1 has the exponent \ — — , and 
so on. P 
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§ 45. Similarly, corresponding to a = f , we find 

I j_ _i£ji 1 p^ .'^ _1 

(10n+l)5 /'-l(10n+3) 8 pM-i(iOn + 7)6 p'+i(10n + 11) ^ p+i 

^ 2^8inji7rr'a) ^ rg) 

and, corresponding to a = f and a = ^, 

1 _2_ _ 1 4pj-2 1 4p-2 _ 1 _1 

(lOn + 1)6 P-i(10n + 3) » P^i (lOn + 7)^ P'+^ (lOn +11) » p+^ 

^ BinyvTrr-cw) ^ r(A) 

(10n + l)6/'-i(10n+3)6i''+i(10n+7) 6p'+i(i0n+ 11) 6p+i 

^2^8in|£r^^ 2^r(f)_. 
(2e^)M 7r*e*^r(f)" 

§ 46. Multiplying together the first and last of the four 
formulse, we find 

1 p-i . _pfi_ _J_ 

(10n + l)P-\10n + ai)P'+\l0n + 7) P^i(10n + ll) P+^ 

r(iL)r(f) 

-2,re^r('A)ra)' 

and, multiplying together the second and fourth, 

1 fH-l p-1 1 

(10n+l)P-KlOw + 3) P*+i(10n+ 7X^1(10/1 + 11) i^-i 

Dividing the first of these two formulae by the second, we 
obtain the result 

^_^^ ._.|g._ r(iV)r(|)ra)r(/^) 
(]0» + 3)i'^i(io« + 7) p^i - ra)r(i%)r(f)r(,«^) ' 

§ 47. By putting n = 5 and n = ^ in the formula 

r«r(..l)r(..|)...r(..:L^) 

VOL XVIII. ER 



Digitized by 



Google 



300 Dr. Olatsher^ On products and series 

we find 

r(A)r(x'\j)r(^)r(^)=4,r', 

aud, putting x=^\y 

r(i)ra)r(f)r(|)=4V.5-», 

BO that, dividing the first by the second, 

l£0A)r(^)r(^Or(^)_, 
5* r(i)r(f)r(f)r(|) 

Multiplying the value of the last product in the preceding 
section by this quotient, we see that the product 

_1 r'(iV)r'(A) 
-5* ra)r;(f) ' 

and, therefore, extracting the square root, 

(io« + i)p^\iQn + 7) p-^i = ^ -faJrcir ' 

or, writing the formula at full length, 

J L ^L -^IL 1 r(^^)r(/^) 

33«+i7 7^11313^-117 17^+1 ... = j^ r(i)r(|) ' 

the product consisting of primes of the forms lOn + 3 and 

lOn + 7, which are raised to the power , , or — 7^1 
' ^ p H-l p +1 

according as p is of the former or latter form. 

§ 48. The value of this product may be expressed in various 
other ways by means of Gamma Functions ; for, denoting the 
values of the four products in §§ 45 and 46 by a, 0, 7, 8 (these 
quantities therefore corresponding to the cases a = ^, |, |, | 
respectively) it is easily seen, by combining these products, 
that 

(10w + 3)^'+i(10w + 7) ^'+1 

a* y a 7'"^" 7 /37' 



where 
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§49. These values of the product Imply the relations 
a = /SS, ^ = 78, giving )3' = a7 and a = 78'. The relations 
a = fi8 = 7S* when written at length are 

rW ^ ra)r(i) ^ r(-,^)V(i) 
2* r (i\) 2* r (f ) r (^) ^ (f^) r' (I) ' 

To verify these equalities we notice that by putting a = iV) 
h i^<r) 1 1^ ^1^® formula 

r(:r)r(a: + J) = 7r»2'-»*r(2ar), 
we have 

r(i'o)r(f) = ,r*2*r(|), 
ra)r(^) = 7ri2*ra), 
r(i'V)ra) = 7r*2»r(f), 
r(§)r(^u) = 'r*2*r(f). 

These formulae enable us to express r(^), r(^^^), &c. In 
terms of r(^), r(|), &c., viz., we have 

and by substituting these values in the first and third of the 
equalities, they become equal to the second. 

60. It may be remarked that if we express, by means of 
the above formulae, the value of the product in § 47 wholly in 
terms of r(J), r(f), &c., we find 

(lOn + B)p'+HlOn + 7) ^*+i = / ^^^ • 

We may also deduce this result from § 48, for 

8'_ 2*r'(f)r(f) 
fi~ r'(t)r(i) ' 

which, when divided by 

2-V-'5*r(i)r(^)r(f)r(t) = i, 
r _ 2Vr(§) 
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If we multiply (instead of dividing) by the above expression, 
we find 

(lOn + 3)^i(10« + 7) ""^1 = 5 r(f)r(f) ^ 

2^7rr(|) 

It will be noticed that the prime numbers which occur in 
this product are those which (in the decimal system) end in 
3 or 7. 



§ 51. If we multiply together the first two results in §46, 
we find 

2 2 2 2 

(10w + l)/'-i(10n + 3)~i''+i(10n + 7) i''+i(10n + 9) P+i 

_ r(,V)r(A)r(i)r(f) 
-2VV^r(i^o)r(i^)r(f)r(f)' 

r'(iV)i"(i^) ^ 5^r'(i)r(f) 
2-^5*7rV^r (f)r(l) 2VV^r(iV)rXA) ' 

whence 

1 1 i_ 

(10/i + l)i>-i(10w + 3, 7) P'+i(10w+n) z'+i 

^ r(TJ^)r(^) ^ 5^r(i)r(|) 
2.5 W r(f ) r(|) 27re^ r(/^) r(3»^) 

^ 2^r(i) ^ 5^-rYi)r(f) 
5vr(f)r'(f) 2Vvr(f) * 

In this product a prime p^ if of the form lOn + 1, has the 

exponent ; if of the form lOn +11, the exponent ; 

and if of either of the forms lOw + 3 or lOn + 7, the exponent 
1 

^ p' + l' 

The cases a = f, ^, ..., f, §§ 52-61. 

§ 52. It is interesting also to consider the form of the 
resulting products given by the general formula in the case of ' 
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a prime bavlng a greater denominator than 5. Taking there- 
fore the case when the denominator is 7, we first form the 
following scheme corresponding to the six values of a. 



a 


1 


f 


f 


f 


^ 


1 


[(14n+ l)a] 


\ 


* 


f 


f 


f 


f 


[(U»+ 3) a] 


f 


f 


-^ 


-^ 


f 


f 


{{Un+ 5) a] 


f 


-f 


f 


f 


-f 


f 


[(14w+ 9) a] 


-* 


f 


-f 


-1 


f 


-f 


[(Un + 11) a] 


-f 


-1 


f 


f 


-f 


-f 


[(14»+13)a] 


-f 


-f 


-f 


-f 


-} 


-f 



The cycles of residues, with respect to the modulus 14, of 
the first, second, third, &c. powers of the numbers of the forms 
14w +1, 14n + 3, &c., are shown below : — 

14n+ 1; 1, 

14n+ 3; 3, 9, 13, 11, 5, 1, 

14n+ 5; 5, 11, 13, 9, 3, 1, 

14n+ 9; 9, 11, 1, 

14n+ll; 11, 9, 1, 

14n + 13; 13, 1. 

§ 53. As an example of the application of these results, 
consider the exponent of a prime p^ of the form 14w + 3, in 
the case a = f . This exponent 

= - [i^«] +y [A] + -8 [A] + &C. 



_ ^ 4y' - 2p - 6 
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Calculating in a similar manner the exponents of the 
primes of the different forms, we find them to be as follows 
for the six values of a : — 



p = 14n+ 1 
/?=14n+ 3 
/?=14n+ 5 
27=14n+ 9 
p = 14w + ll 
p = 14n+13 



} 



6 



« = ?; 

5 



p-^V 



p^V 



} 



4 



^ p'^ + l ' ^^ / + ! '* /+1 ' 
, 2y*~4y-6 , -3p*-;?~5 , 6^* + 2y - 4 

, -2p'-4p-f6 ^ 3/-y + 5 ^ --6;?^+2y + 4 

7 ©" ' ) 7 _8 1 J 7 ^3 _ , > 



, 4y«-2y + 6 1 -/?'4 3;?4-5 2y*~6jP+4 



f 



-6 



i?+l' 



+ P + 1* 



^=14n+ 1 
/?=14n+ 3 
y=14w+ 5 
^=14n+ 9 
2?=14n+ll 
;>=14n+13 



3 



, 2 



1 



, -5;?'-p-3 T 6jP* + 4p-2 j^ 3/ ~ 5;? -- 1 

^ y^ + l ' ' /+1 ' ^ / + 1 ' 

y»+5p-3 ^ -4jp'-6y-2 , 5p^- 3y-l 

,--/ + 5^4_3 ^ 4y'~6p+2 ^ -5/-3;?+l 

jL 5/-;? + 3 ^ -6/+4p+2 ^ -3/?'-5y4l 
7 /-I »t ^».i '+ /-I » 



+ 



-3 



-2 



-1 



§ 54. The values of the products are given by the formula 

r(i^ 
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With respect to the exponent of 2, since 16 = 2, mod. 14, 
we have only to determine the values of [2a], [4a], [8a]. 
These are as follows : — 



a 


1 


f 


? 


f 


f 


f 


[2a] 


* 


. f 


1 


-f 


-f 


-^ 


[4a] 


.* 


-f 


-? 


? 


f 


-? 


[8a] 


-f 


^ 


-f 


f 


-f 


4 



For example, when a = 4, the exponent 

i[2a]+i[4a] + i[8o] + &c. 

In this way the exponents corresponding to the cases 
o = f , f , ..., f are found to be ||, H, - :^, /s, - iS, - |f 
respectively. 

The values of the products in the six cases are therefore 
as follows : — 



o = |; 



a = i 



o-f; 



r(f) ^ (8in|^)r'(|) 

LCi^) (8in^7r)r*(^«,) 

2^Ve*^r(li) 



r(?) 



2^,r"^e»y 
_ (8inf,r)r'(») 



2^»r(^) ^ 2^(sin^\^)r'(t'V) 
2^*r(f) _ 2*® (Binf7r)r'(^) 

r(t) 



^^e*^ 
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Thus, for example, the first formula (corresponding to 
a = \) written at full length is: — 

1 6 1 4jp'-2p-6 1 V-4p-6 

(14w + iyp-^{Un + 3)7 i'Hi (\4,n + 5)7 i'^+i 

X (14w + 9)7 i>'-i (Un + 11)7 p»-i ^14^ + 13)7 p+i 

^ r(^) _ (sin^7r)r'(i^) 

25Ve^^r(}i) 2^7r^^6^^r(l|)' 

the notation being the same as in § 42. 

§ 56. By multiplying together the formulae corresponding 
to a = I and a = f , we find that the product in which the 
exponent of a prime p is 

1 p^-p—X p*-y~l -p^-p + 1 — y'~y+l 1 

^-1' /+1 ' / + 1 ' p' - 1 ' p"-l ' p + 1' 

according as 2? is of the forms 14n + 1, 3, 5, 9, 11, 13, is 

r(A)r(») _ (8inf,r)r'(A)r'(f) 

27re^ r (if) r (f) ~ 4irV •"'^ ''' 

Similarly, by multiplying together the formulae corre- 
sponding to a = ^ and o = |^, and those corresponding to 
a = f and a = ^, we find that the products in which the 
exponents are 

1 j>'+y-l -p'-p-l p'-p+i -p*+p+l 1_ 

1 -p'-p-i p'+p-i -jp'+y+l j>*-p+l l_ 

r(f)r(A) _ (8inf,r)rY|)r'(A) .^. 

"® 27re^r(|)r(A)~ *'^'eT "*^ ^' 

and r(^)r(») _ (sin^,r)r(T^)r'ffl 

2ire^r(ii)r(f) IPi^^ "'^^^' 

respectively. 
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§ 56. Bjr dividing the formula {A) by the formula (B) 
and extracting the square root, we find that 

(1471 + 3) z^'+iCUn + 5)/>'+i(l^n + d) p'-1(Uw + 11) p^^ 
^/ BlnM * r(T^)r(f) /-4\ 

" UnfTr; r(f) r(T^) V^/ • 

and, by treating the formulae (A) and ((7) in a similar 



manner 



(Un + 3>^+i(14n + 5) i>H-i(Un + 9) JP'-i(14n + l) i^'-^ 

rsinM^ rG\)r(f) 



/ sinf7r y rG^)r(f) /^\ 



In these products primes of the forms 14n + 1 and 14n -f 11 
do not occur. 

§57. By multiplying (B) and (C) and extracting the 
square root, we find 

(14w + l)P-i(l4n + 3, 5) P'+i(14n 4 9, ll)P'-i(14n + 13) P+i 
^ (8in|7rsinf7r)^r(f)r(A)ra)r(^^) 

As in §51, the meaning of the notation is that any 

prime p of the form 14n + 1 is to be raised to the power , 

that any prime p of the forms 14/2 + 3 or 14n + 5 is to 
be raised to the power — g — ; j ^^7 prime p of the forms 

14w + 9 or 14n+ll to the power ,_ , and any prime jp 

of the form 14n + 13 to the power * 

^ p + 1 

§ 58. By means of the last formtila we may simplify the 
six product-formulae obtained in §§ 53 and 54 ; for, denoting 
the values of the six products given in § 54, by a, /3, 7, 8, e, f 
respectively; and denoting the value of the product in (BG) 
by A, so that A = (ffySi)^^ we may replace the results of 
|§ 53 and 54 by the scheme : — 
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J? = 14» + % 14n + 5, 14n 4 % 14n -f 11 , valuer 
_ 4p* - 2p 2p^- 4y - 2 j?' - 4p - 4/?* - 2y a' 

« j>» + l ' i>"+l ' p»-l ' /-I 'A*'' 

- 2ip' - 6p 6p^+ 2y - %?^ + 2p - 2/-6y ^ 
« p»4l » p»+l » ^^-1 ' /-I ' A*» 

— 5p* -p p^ + 5p — />* + 5/> 5/p* — p S'^ 

6;?* 4 4p - 4p* - 6p 4y* - 6p -6p'4 4f? e'^ 
^ p»4l * / + ! ' /-I * /-I ' K"* ^ 

3y'-5p ^'-3p -5p'-3y -3/-5y ?^ 
" p'4l ' i?'+l * /-I ' /-I 'a' 

The meaning of the notation is almost obyious, viz., for 
example, the first line indicates that the product 

4p'-Tp ' 2>»-4p -2p*-4p -Ap^-2p 

(lAn 4 3) P^^ (14n 4 5) ^'+i 0^4.n 4- 9) P^^ (14n + 11) P"-^ 

6! 
has the value -ri . 

§ 69. It 18 easy to verify that these sfx prodncts are all 

derivable from the two f -^ j and ( 77 ) of § ^' We thus sefr 

that the six results in* §§^3 and 54, which were obtained 
directly from the general theorem of § 19, are not independent. 
In fact, they suffice to as8igB> the values of only three inde- 
pendent products, which in this simplest form may be written 

» = 14w4l, 14w4 3, 5, 14n4 9, 11, 14w4l3, 



1 1 


1 
14n + 9, 


1 


'^''P" p-1' /+1' 

and />« 14n + 3, 14n + 5, 


14n + ll, 


P f 


P 

V -1 


P . 


"P-- /+1' /+!' 
/ P 


p'-l' 
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The values of these products, to which the different methods 
lead, must be equivalent to each other bj virtue of the 
properties of the Gamma Function. 

§ 60. Another formula, even simpler than {BC) may be 
-derived from (^), (5), {C). For, multiplying together 

/^) and (^\ of § 56, we find 

<Un + 3, 5)P^i(14w + 9, ll)P»-i 

sinfTrrCA)!^^ 



(sinf7rsinf7r)ir(|)r(A-) r^) r(T«^)^ 

and, dividing (BC) of §57 by this formula, we obtain the 
result 

-L _-l 

<14n + 1, 9, ll)P-i (Un +3, 5, 13) -P+i 

^ siniTTsin^TT r g) r tf^) ry?) r (,^) 

^TrVsini^Trrdy r(*) 

§61. Other results of less interest may of course be 
obtained by combining in other ways the formulae (w4), (5), 

((7). Thus we find, by division from (-^j and 1-^) 9 



(Un + By'P+^ (Un + 5) P'-P+\Un + 9)P'tP+i(l4n + 1 1) P'^i^^ 

^ (sinf7r)*r(|)r(T^) 
(8inf7r)*r(A)r(^)- 

Discussion of the fundamental formulcs obtained^ §§62—64. 

§ 62. It is interesting to classify, as in § 59, all the inde- 
pendent or fundamental products which have been obtained 
m this paper by assigning special values to a in the general 
theorem of § 19. 

m 
Putting a = - , a proper fraction in its lowest terms, and 
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first considering the prime values 2, 3, 5, 7 of j, the principal 
products obtained are : 

y = 2; 

P = 4n + I , 4n + 3 , 

1 1 

exp. = 



j = 3; 



£x=3; 



p= 6n + l , 6w+5 , 

1 1 

exp. 



p-1 » p+1' 

^ = 10n+l, lOn+3, 7, lOn + 9, 

1 1 1 

exp. = 



;> = 1072 + 3, lOw + 7, 



2 = 7; 



y P . 



®^P- ^ ;;rri» -::;r^j 



^«14w+l, 9, 11, 14w4 3, 5, 13, 



exp. s 


1 


1 




p = lin + l. 


14n + 3, 6, 


Un + 9,11, 


14n+13, 


«*P"frT. 


1 


1 


1 

• 


7^' 


i>+i' 


^ = 14w + 3, 


Un + 5, 


14n + 9, 


14n+ll, 


«p- = /^v 




p'-l' 


P 

V-1' 


and 








exD. = -f— . 


P 


;> 


. />• 



Of these last four products, only three are independent. 
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§ 63. Considering now the composite values 4 and 6 of q^ 
we have the products : 

2 = 4; 

|> = 8n + 1, 3, 8n + 5, 7 , 



p 


exp. = - 
= 8m + 1, 


1 
8» + 3 


1 
p+ 1 

,5, 


• 

> 
8n+7, 


exp. 


1 1 
p= 8n + 3, 


1' ~ 

8n4 5 


1 

p + l ' 

» 



p p 

;>=12n+l, 12n + 5, 7, 12n+ll, 

I ^ 1 1 

"P-- f3T» ^^^ITi* "fTl' 

p = 12n + 5 , 12n + 7, . 

— P P 

exp. — — j^ " I — 3 ^ • 

^ p — I ' P "" 1 

§ 64. Only one of the three products corresponding to 
j' s= 4 is fundamental or independent, i,e.j from anj one of 
these three products, combined with the product for q = 2, the 
other two may be deduced. In the case of q=Q, neither of 
the products is fundamental, «.e., both may be deduced from 
the products for 3^ = 2 and q=^3. 

Thus, taking the first of the three products for j = 4, viz. 

^ = 8n + l, 8w + 3, 8w + 5, 8n + 7, 

_ 1 1 1 1 

and combining it with the product for j = 2, viz. 
1111 



p-i^ i? + l' jp-l' ^+1' 
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we obtain the prodact 

Itp 



by diviBioDy and the product 

2 2 2 2 



^-1» j?«-l» p'-l^ i>+l' 

by multiplication. 

Similarly from the products corresponding to jj'=s2 and 
2 s 3| which may be written 

^ = 12n + l, 12n + 5, 12n + 7, 12n+ll, 

1 1 11 

exp.= 



exp. 



1 1 1 1 

p-1' "p + 1* 2?-l' ^ + 1 ' 



we deduce by division and multiplication the two products 
corresponding to ; = 6. 

Values of the thirteen series^ §§ 65, 66. 

§ 65. The values of the thirteen products in §§ 62 and 63 
are given below in terms of elliptic integrals (except in the 
cases q = 5 and 7), and of Gamma functions. 

The results are expressed as series-formulae, obtained by 
taking the logarithms of the product-formuIaB. The series 
and products are convertible into each other at sight, but in 
giving a system of results for reference it seems preferable to 
select the series. 

(i) If ^=_L_,or-:^ 



^'-p-L' "^ p + 1' 
according as p = I, or 3, mod. 4, 

then 2r^,Iogp»log{^^} = log{i;a)|. 

(ii) If J^ = _!_,or-/ 



according as p = I, or 5, mod. 6, 
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then 

(Hi) If j,= _L.,or-^, 

according as p = 1, 3, or 5, 7, mod. 8, 
then 

2, A, hgp = log I ^v *\ = log \^jk^\ ' 

(iv) If J =-__,___, or -- 



'1- p_l»p«_l»"' p + i» 

according as P = !> or 3, 5, or 7, mod. 8, 

then 

v-Ji I K(V2-1)»^,^,) , f8in|7rr(l)r'(4)) 

2. j,iogp=iog I ^,j ' \ = log I \,j; ''] . 

according as P ^ 3, or 5, mod, 8, 
then 



according as P = 1) or 3, T, or 9, mod. 10^ 
then 

2« ^,iogp=iog f («i"t^''i"^^)*rGV)r(^)r(v^)r(A>) 
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(vii) If ui,= -#- , or —5^ , 

according as p = 3, or 7, mod. lO, 
then 



(viii) If ^,=r— T> :?— r> o'-; 



according as p = 1, or 5, 7, or 11, mod. 12, 
then 

(ix) If 4 =-/-., or--/--, 

according as P ^ ^) or 7^ mod« 12, 



(x) If A„ = X i or ; , 



1 1 

— ; » <>r — 
jt> — 1 ' p- 

according as p = I, 9, 11, or 3, 5, 13, mod« 14, 
then 

2, ^, logp - log [ ^^3^^ ^.^^^ ^^^^ ^,^^^ J - 

(xi) If A^ = , — -5 — - , -8 — ; I or , 

according afi p ^ 1} or 3, 5, or 9, 11^ or 13, mod. 14. 
then 
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(xu; It ^,--^.^1, ^.^j, y_i. y._i> 

according fts i> = 3, or 5, or 9, or 11, mod. 14, 

(xUi) If 

. _ p* p p p* 

^*-/Ti' "7+1' "i?^i' **'' p'-i' 

according as ^ = 3, or 5, or 9, or 11, mod. 14, 

§ 66. In all the above series p is to have as values all the 
primes of the forms specified. The primes which are not of 
the forms specified do not occur in the series (or product). 
For example, the formula (v) is 

3 log 3 _ 5 log 5 lllogll _ 13 log 13 19 log 1 9 _ - 
3«-l 5"-l ■*■ ll'*-! 13"-! "*" 19"-1 

, (2 (^/2 - 1)* K.) , (2M sin Jtt r'(i)) 

the primes of the forms 8w + 1 and 8n + 7 not occurring. 

The systems of formulae derived from the general theorem 
are rendered all the more interesting by the fact that the 
number of series, involving prime numbers only, which admit 
of summation is not very great. 

Oeneral relations between the exponents^ §§ 67, 68. 

§ 67. It will be observed that in the system of exponents 
given in § 63, those which, for the same value of a, belong to 
the primes of the forms 14w + 9, 14w-f 11, 14n+13 diflFer 
from those which belong to the primes of the forms 14« + 5, 
14n + 3, 14w + l, respectively, only by a change in the sign 
oi p, A similar relation also holds good in the corresponding 
VOL XXVIl. TT 
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0j8tem0 derived from the other yalaes of q. It is easy to 

SroTe that this law is tme generally for all the systems 
eriTed from the general theorem. 
Taking the case of ;» 7, it is eyident that the relation in 
ijnestion is a conseqaence of the fact that (i) the results in the 
Imes eooidistant from the top and bottom in the scheme in 
§ 52 differ only in sign, and (ii) the residues in the cycle for 
5 and 9, for 3 and 11, and for 1 and 13, mod. 14 are alternately 
complementary and equal. 

Now the corresponding results to these hold good generally. 

For, putting as— , a proper fraction in its lowest terms, and 

supposing r<2q and prime to it, 

and [2jn-f (2j-r)a]= 2» + 2-— = 2-— I , 

the value of which is easily seen to be equal to that of 



-[?]•. 



"Also, if the cycle of residues of r, r", r', ... with respect 
to the modulus '2q are r, a, )3, ..., then evidently the cycle of 
residues of 2q — r^ (^ff""*")'! (2? — O'l ••• ^^^ ^^ ^j' — r, a, 
2j-/8, .... 

Thus the above law holds good with respect to all formulsB 
derived directly from the general theorem, and therefore also 
with respect to all the other formulas which are obtained by 
their combination. It is observable in all the formulae of § 65. 

§ 68. If we add together the exponents corresponding to 
any given value of a and to its complementary value 1 — a in 
§ 53 (as is done in obtaining the formulae A^ £, (7 of § 55), 
we notice that all the coefficients of the powers of p in the 
numerators are equal to + 1. A proof of this law, which is 
general, is contained in § 74. 

Second form of the general theorem^ §§69-73. 

§ 69. The general theorem of § 19 may also be expressed 
in a somewhat different form as follows. 
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Putting 1 - a for a in M. EogePs general theorem (§§1 
and 18), it becomes 

tmSair sinSair anTair f i r(i f^ ~ ^M 

IcosiaTrr'l-— -11 



3 s 5 5 7 7 ,,, 

8in2air Bin4<Mr sin6air 




in which a must He between and 2.* 

In the quotient on the left-hand side, the exponent of 3, 
when the numbers are decomposed into their prime factors, is 

sin 3a7r sinGaTr ^sinOaTr sinl2a7r sinlSaTT - 

-3 6- + '-9 12-+— 15 **'•' 

the coefficient of 5 is 

. 5air sinlOaTT sinl5a7r sin20a7r ^sin25a7r ^ 
"°-5 10-+— 15 5(r-+^-25 **'•' 

and so on, the negative sign corresponding to the even 
multiples ; but the exponent of 2 in the denominator is 

sin 2a7r ^ sin 4a7r sin ^air ^ sin Sair 
-Y- + 2-^ + -g- + 3-g- + &c., 

all the signs being positive. 

§ 70. Now by proceeding as in § 16, it can be shown that, 

if 

. / V . sin2:r sin 3a; Bin4:r » 
xfj (or) = smx — + — j— + &c., 

then ^(») = |, 0(ar)w, 

, IT {a) OTTy 



2 
^ — 47r 

4~ 



, 39r (a) 47r, 



* Thifl form of the theorem was noticed in yol. zxiy. of the Messenger^ p. 3. 
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and, in general| 

'/'(«') = ^^, (2«-l)(;r)(2n4l)^, 

where, as In § 15, a (x) h means that x is intermediate in value 
to a and b. 

Thus, for all positive values of ^, 

Bin27raj sin47raj sinGTrar „ ^ t y 
Binirx — + — T g — 4 &c. = iir {a;}, 

where [x] denotes x — m^m being the nearest even integer 
to X, 

If X is an integer, \x} is supposed to be zero. 

§ 71. Substituting for the sine-series in the exponents 
their numerical values, and extracting the (-j root of both 
sides, the formula of § 69 becomes 

g J{8a)+i{9a}+5V{27a}+...^i{6a}+A{26a}+... ^ ^ ^ C^S ^aTT T' (-g^j 



(27rei')" 



r(l±^) 



, 0(a) 2, 



where {x} has the meaning assigned to it in the last sectioDy 
and [x] has the same meaning as in §§ 17—19.* 

§ 72. It can be shown by general reasoning, or by means 
of the sine-series, that [x] = (l — a;}, where, if 1 — a: is negative, 
{1 — x} is to be defined as — {a? — ij. 

Thus, the exponent of 2 in tne above formula may be 
expressed in the form ^ {1 - 2a} + i {1 — 4a} 4 4 {l - 8a} + &c. 
The form given in the last section seems, however, to be 
preferable. 



* In the definition of [a;] in § 19 (p. 281), x — niM printed instead of n— x. The 
definition in § 17 (p. 280) is correct. 
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It i^ill be noticed that the theorem may be deduced 
from that of § 19 by replacing a by 1 - a, since 

[n (1 - a)] = {nal, [m (1 - a)] = - [wa], 

if n be uneven, and m be even. 

§ 73. As an example of the application of the general 
theorem in § 71, let a = f. We find 

{(14n+l)f} = f, {(14n+ 9)|}=-f, 

{(14n + 3)|} = ^, {(Un + ll)|} = -^, 

KU« + 5)|} = f, {(14n + 13)|}=-f, 

and, by proceeding as in §§ 52 and 53 and using the cycles 
there given, we see that, if p be of the form 14n + 1, the 
exponent 

^ W +^ {/«} +^. {/«} + &c. 
is equal to ; \ip be of the form 14n 4 3, the exponent 



Ip 7 p' 7 p' 1 p'^ 1 p'^ 1 p'^ 



_ 1 3/ - 5y - 1 
"7 /+1 * 

25 
and so on. The exponent of 2 is the same as in § 54, viz. j- . 

The theorem thus gives the formula 

1 8p»-5y-l 6p»-3p-l 

(I4n + l)P-i(14n + 3) i^'+i (14w + 5) P^^ 

~5p»-3jH-l --3jp«-6;>+l _ 1 

x(14n + 9) ^^ (14n+ll) P'-i (14w+13) P+^ 

_^ 2Vs^t^7ryr^-(f) _ 2^rV») 

agreeing with the result in § 54, which was obtained by 
putting a = f in the general formula of § 19. 
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Second general theorem^ §§ 74-76. 

§ 74. By multiplying the general formalsB of §§19 and 
71, we find 



*^V ^ .^/l+« 



,„.r(l±^)r(.-|) 



a being, as before, intermediate to and 2. By the malti- 
plication, the prime number 2 has disappeared from the 
product. 

NoW| a being any positive quantity, 

[«] + {«} = n — « + X — m = n — m, 

where n and m are respectively the nearest uneven integer, 
and the nearest even integer, to a. 

If the integer next below a is even, n — wi is equal to + 1, 
and if the integer next below x is uneven, it is equal to — 1. 

Using therefore the symbol |ir| to denote +1 or - 1, 
according as the greatest integer contained in x (t'e., the 
integer next inferior to x) b even or uneven, we may express 
the theorem in the form 

gl|8a|HI9a|+...gJ|6a|+^|26a|+...^||7aH^|49a|+...^^^ 

•'-■-(I)r(^) r(|)rC-ii) 

i?? .„.r(-)r(,-|) • "«'• 

When X is an integer, the value of \x\ is supposed to be 
zero. 

§ 75. Since |j:| can only have the values ± 1 when a is 
fractional, the exponent of a prime number p must be (if not 
zero) of the form 

P P P P 

It is evident therefore that, if the denominator of a be a 
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prime number y, the exponent of a prime of the form 2qn + r, 
r being prime to 2^, must be of the form 

Of course, in this expression there may be factors common 
to the numerator and aenominator (as occur in the case of 
primes of the forms 2qn + 1 and 2qn + 9 — 1). Results of the 
same kind clearly hold good in the case when q is not a prime, 

if a = — , m being prime to j. 

§ 76. The formula obtained in § 74 may be readily deduced 
by a direct method from the original theorem of § 1. For, 
by multiplying together the first formula in § 18, and the first 
formula in § 69 (which was derived from that in § 18 by 
substituting 1 — a for a), we find 



■'(D-'CW 



Sina^r r" - 1^ l~7r" \ Mn3«ir %mbair tmUit 



4.Tr*e'^ 



=335^77 



In this product, when all the numbers are resolved into 
their prime factors, the exponent of 3 is 



sin3a7r ^8in9air 8inl5a7r „ 



that of 5 is 



sm5a7r sml5a7r ^sin25a7r ^ 

+ h 2 + &c.. 



5 15 " 25 

and so on. 

Now, proceeding as in § 18, we find that, if 

, V . sin 3a? sin 5^ sin7jr » 

X(^) = sm4? + -g— + — ^ +-y- + &c., 

then x(^)~ i'^'j ^W '''1 

«=-l7r, ir(x) 27r, 

= i^) 27r (x) Sir, 
and so on. 
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Thus 

. nnSTTx . nin dirz sinlirx - i • i 
siiiir* + — - — + — ^— +— ^; — + &c. = j7r|jr|, 

where, as in §74, |j:| denotes +1 or —1 according as the 
integer next inferior to x is even or uneven, and is equal 
to zero if ;i; is an integer. 

Thus extracting the f — j root of each side of the equation, 

we find 

sinain- (1)^(1=-^) 

as in § 74. 

Application of ike new theorem to the case J ■= 7, §§ 77-79. 

§ 77. Applying the theorem of § 74 to the cases a = ^, f , f , 
form at once the following table : — 



we 





a = f 


a = f 


a-f 


Cycles. 


|(Un+ l)a| 


+ 1 


+ 1 


+ 1 


1, 


|(Un+ 3)a| 


+ 1 


+ 1 


-1 


3,9,13,11,5,1 


|(14n+ 6)a| 


+ 1 


- 1 


+ 1 


5,11,13, 9,3,1 


|(U«+ 9)a| 


- 1 


+ 1 


-1 


9,11, 1 


|(14n + n)a| 


-1 


-1 


+ 1 


11, 9, 1 


1 (Un + 13) o| 


- 1 


-1 


-1 


13, 1 



The cycles for the powers of the primes of the forms 
14n + l, 14n + 3, &c. are shown in the last column. These 
cycles were given in § 52. 

It is interesting to notice how very easily the above table 
is formed. In order to obtain the first three columns it is 
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only necessary to determine whether the integral part of rc«, 
for the six values of r and the three values of a, is even or 
uneven. 

§ 78. By mere inspection of the above table we may write 
down at once the three products, which the general formula 
gives, corresponding to the three values of a. 

These products are :— - 



p«14n + l, exp.as 
p = 14n + 3, exp.= 
p=sl4n + 5, exp.s= 



1 1 1 



p"— p-1 p"+p— 1 -p" — p— 1 

p'+ 1 ^ p» + l ' p' + l ' 

p* ~ p — 1 — p«-p — 1 p' + p — 1 

p'+l ' p'+l ' p'+l ^ 



» = 14n49 exD ^Z^Jllll P"-P^^ -p' + p+l 

p-i4wH-y, exp.-— ^3— ^ , ps_, J , p8„i » 

x>-14n+ll exD =ZP1zP±1 ■^P' + P^^ P'-P + ^ 

p-i4n+ii,exp.- ^,_^ , p8_i , p8_j I 



p = 14n + 13, exp.= — 



1 



p4 1 ' p+ 1 * p+ 1 



These products are the same as (-4), (B), ((7) of § 55, as 
they evidently should be, since the formulae given by the new 
general theorm must be equivalent to the results obtained 
by multiplying together the pairs of formulae, given by the 
theorem of § 19, for complementary values of a (i.e. pairs 
of values of a whose sum is unity). The values of the 
products given by the theorem are exactly the same as in 
the formulae (^), (5), (C). 

§ 79. If we assume that only half of the q-l formulae 
obtained from the general theorem of § 19 for any prime 
value of q are independent (as is probably true, but requires 
proof), then the theorem of § 74 gives all the independent 
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results. The process is very simple and the i (j - 1) results 
are expressed in a very convenient form. 

Application of the new theorem to q^W^ §§ 80-89. 

§ 80. As an application of the theorem in § 74 to another 
value of q. we may take the case of g' = 11. 

We first form the following table of the values of 
I (22n + r) a ( for the different values of r and a : — 



a 


i^r 


A 


T^I 


A 


A 


1 (22n+ l)a| 


+ 1 


+ 1 


+ 1 


+ 1 


+ 1 


|(22n+ 3)a[ 


+ 1 


+ 1 


+ 1 


- 1 


-1 


1 (22n+ 5)a| 


+ 1 


+ 1 


-1 


- 1 


+ 1 


|(22«+ 7)a| 


+ 1 


-1 


-1 


+ 1 


- 1 


1 (22n+ 9)a| 


+ 1 


- 1 


+ 1 


- 1 


+ 1 


1 (22« + 13)a 1 


- 1 


+ 1 


- 1 


H- I 


-1 


1 (22m + 15) a 1 


-1 


+ 1 


+ 1 


-1 


+ 1 


1 (22/1+17) a 1 


-1 


-1 


+ 1 


+ 1 


-1 


1 (22w + 19) a 1 


-1 


-1 


-1 


+ 1 


4 1 


1 (22w + 21)a 1 


- 1 


-1 


-1 


-1 


- 1 
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The cycles of the residues, with respect to the modulus 22, 
of the first, second, third, &c. powers of numbers of the forms 
22n + 1| 22n + 3, &c., are easily found to be : — 



22n+ 1 
22w+ 3 
22n+ 5 
22n+ 7 
22n+ 9 
22n+13 
22n+15 
22n + 17 
22n + 19 
22n + 21 



3, 9, 5, 15, 1 ; 

5, 3, 15, 9, 1 ; 

7, 5, 13, 3, 21, 15, 17, 9, 19, 1 ; 

9, 15, 3, 5, 1 ; 

13, 15, 19, 5, 21, 9, 7, 3, 17, 1 ; 
15, 5, 9, 3, 1; 
17, 3, 7, 9, 21, 5, 19, 15, 13, 1 ; 
19, 9, 17,15,21, 3, 13, 5, 7,1; 
21,1. 



§81. It is evident that, for all the values of a, the 
exponent o(p is r ifp is of the form 22n + 1| and is -• 

if p is of the form . 

^ p + l 

The exponents which correspond to the five values of a, 
when p is of the other eight forms, may be conveniently 
exhibited as follows : 



Form of 
prime. 

22n + 3, 



22n + 5, 



Numerator of 
exponent. 

l>*+i?' + p'-i? + l, 

-/ + ;?• + />"+;?+ 1, 

^•+y-2>'+i>+l, 

i>*+i)' + p'-i> + l, 

-l>* + p' + p* + p + l, 

p*-/+/ + p + l, 



Denominator of 
exponent. 



j,»-i, 
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Form of 
prime. 


Nnmerator of 
exponent. 


Denominator of 
exponent. 


I2n + 7, 


/ + /-;»' +P-1, 

-p*-p'-p*-i-p-l, 
P*-p'+P*-p-h 

-P*+P'-P'-P-Iy 


/ + i, 



22w + 9, 



22n + I3y 



22n + 15, 



22n+17, 



jD*-/+y + jt? + 
-/?*+/+/?• +JP + 

• jt?*-j9" -/?•-/? + 
i^* + i^'-y + i^ + 

p^+p'-p^ + p- 
--p^+p^-p^-p- 

jo* + />"-/?" +it> + 

^ p^^p^^p^^p^ 
p^-\-p*+p^-p-{' 

- p^+p^-^p^-^p- 

- p^-^p^-p^-p- 
P^-^P^'-P^+P- 
P^-p^'+p'-p- 

-p^-p^'-p'+p- 



/-I, 



/+!, 



/-I, 



y+1, 
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Form of Numerator of Denominator of 

prime. exponent. exponent. 

22n+19, -y4jt?«-j»'-jt?-l, />*+!, 

In the above list the five values of the numerator of the 
exponent of the prime p^ which correspond to the five values 
^^^11 ^1 Aj i\» l^r respectively, are written under one 
another m this order. The denominator is the same for all 
five numerators. 

§ 82. The construction of the list is extremely simple. 
The group of numerators corresponding to each form of the 
prime p is most easily written down in columns. Thus, 
taking the case of j» = 22n + 3, the cycle of residues is 3, 9, 
5, 15, 1. The signs in the p^ column are those in the table 
of § 80 which are opposite | (22n + 3) a |, viz. +, +, +,-,—; 
the signs in the p column are those which are opposite 
to I (22n + 3)a |, viz. +, +, +, — , — , and so on. It is only 
necessary to use the first five residues in the cycle. The 
denominator is »* - 1 or /?" + 1 according as the cycle contains 
five or ten residues. 

§ 83. The values of the five products are (taking only the 
first form given by the theorem of § 74) respectively 

BiaA^r'(A)r(M) _Tr 3,_ 

8m,Vrr'(s^)r'(j's) _ 
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Thus, the first formula written at length is 

(22n + l)P-i(22n> 3) t^^ (22n + 5) P*-^ 

x(22n + 7) P*+i (22n + 9) P*-i 

X (22n +13) P*+i (22n + 15) ^^ 

X (22n + 17) P*+i (22n + 19) P*+i 

§ 84. It will he noticed that the fourth product differs from 
the others in having several exponents alike. In this respect it 
resembles the product {A) of % 55 which was derived from the 
cases a = \ ana f • The exponents in this product are 

p nnmerator. denominator. 

22n+ 1, 1, p-1, 

Z\%-f'-''-f'-''*'' '•-'. 

22w+ 7, ;?*-y + jp"-jD-.l, JD* + 1, 

22n+ 9, -;)*-y-/-jt? + l, Jt?'-1, 

22n + 13, ;?*-y+ji?«-p-i, y + 1, 

22n + 15, -/-jD'-y-jp+l, jo'-l, 
22n- 
22n- 



Itlo}' i>*-p'+/>«-i>-i, 1>» + 1, 



22n + 21, -1, jD + 1, 

and since 

-jp*-y-jp*-jp + l 1 2 

jp» - 1 ^ jt; « 1 + ^irii 1 

and p'^p'-^p'^p^l ^ JL 2_ 

jo* + 1 jp + 1 i^* + 1 ' 
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we may express the result in the form 

J_ — 1 + -?- 

(22n+l)P-i(22n+3, 5,9, 16) P-^ P*-i 

1 2_ 1^ 

X (22n + 7, 13, 17, 19)P+i l^+i(22w + 21) P+l 

^ sinA.rr'(j^)r'(/3r) 

* 47rV 

§ 85. By adding together the first, second, third and fifth 
exponents in § 81 (t.6., adding together all except the fourth), 
corresponding to each form of p^ and dividing the sums so 
formed by 2, we obtain the following product : 

p nnmerator. denominator. 

22n+ 1, 2, P-h 

22n+ 3) . o , ^ B , 

22n+ 5p^+^^^+^ + ^' P'^^ 

22n+ 7, -jc>*+/-j»'+jt?-2, / + 1, 

22w+ 9, J0*+y+yH-jt?4 2, y-l, 

22n + 13, -j9* + y-j»'+jP-2, y+1, 

22n+15, jt>*+/+Jc>'+/> + 2, /-I, 

22n + 17) 4 s • .. 6 . 

22n + 21, -2, Jo + 1. 

Since 

y+Jp'4-/+JP + 2 ^ 1 1 

j»' - 1 j» - 1 "*" y - 1 » 

and z£±£zZ±P^^^ ' ' 



/ + 1 i? + i p*+i* 

we may express the result in the form 

(22w + l>-l(22w + 3, 5, 9, 15)^^ P"'^ 

_j l__ 2 

X (22w4 7, 13, 17, 19) P"^ P*+i(22n + 21) P+^ 

r^T TT 17 17^1 (sinT^T-TT sinfr'^ s^n^^rTr sin ^^tt)* 

X r(^) r(^) r^a^) r(A) rc^^g) r(^) r(,^^) r(j§). 
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In this prodact the primes of the different forms are 
grouped together in exactly the same manner as in the 
product obtained in the preceding section. 

§ 86. By squaring the second product and dividing by the 
first, and finally extracting the cube root, we find 

1 1 

(22n + 1, 3, 5, 9, lb)P-'\22n + 7, 13, 17, 19, 21) P+i 



(''ip)'...(.). 



Also, by multiplying together the two products as they 
stand and extracting the cube root, we find 

1 1 

(22n + 1)^^^22/1 + 3, 5, 9, 15^-1 

1 1 

X (22n + 7, 13, 17, 19)*"p•+l(22;^ + 21) P+l 

§ 87. By adding together the first and fourth exponents 
in the list in § 81, and also the second and fourth, the third 
and fourth, and the fifth and fourth, we obtain four products, 
the exponents of which, when divided by 2 are as follows : 

nnmeiatoiB denominator 



V 
22«+ 1, 



1, 



1, 1, 

-p*+l, -/+1 
-f-l,-p-l 

-P +1) -2>*+l 

-p-1, f-l 

-/ + 1, -p + 1 

p*-l,-p'-l 

-1, -1, 

The values of these four products are respective! 
{VJ,)\ (F,FJ*, {VJ,)\ {VJ,)y 



22n+ 3, -/> + 1, -p'+ 1 

22n+ 5, -/ + 1, -p +1 
22n+ 7, i?*-l, /- 1 

22n+ 9, -/?'+!, -p* + l 

22W + 13, -p'-l, jp*-l 

22w+ 15, -/+1, -/?*+l 
22n+17, /-I, -p -1 

22« + 19, -J? - 1, -jp' - 1 
22W + 21, -1, -1, 



P -h 
/-I, 

P'-h 
/+!, 
/-I, 

/+1, 

P'-h 
/+1, 

p + 1. 
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§ 88. By dividing each of these four products by the 
product ()3) of § 86 we obtain the four following formulae, 
in which the primes of the forms 22n + 1 and 22w + 21 do not 
occur, and the numerators of the exponents each consist of a 
single term : 

(22n + 3) l'*-i(22w+6) i>*'-i(22n + 7>*+i 

/>» P" P* 

K (22n + 9) P*-i(22n + 13) i>*+i(22n + 15) P*-i 

X (22n + 17)p^i(22n + 19)"i^= F^*F,"* T,"* F,V."* (7)) 

-.PL _ X, ^ 

(22w + 3) i>*-i(22n + 5) P*-i(22n + iy+^ 

p* p* p* 

X (22w + 9)'"p^(22w + 13)P^(22n + 15)"^^ 

p __ y» 

X (22?e + 17)" P^i(22n +19) P^ ±± F,"^ F,* F,"* F,* F,"^(S), 

PL _-£l -^ 

(22w + 3) P*-i(227i + 5) P*-l(22w + 7) P*+i 

, P P __pL 

K (22w + 9) P*-i(22n + 13) P*+i(22n + 15) P*-i 

_Pi ^ 

X (22n + 17)P*^^l(22n+ 19)P*+1= F,"* F,"^ F.* F,^ F,"* .*.(€), 

p* P^ P 

(22n+3) P*-l(22n + 5) P*-i(22n + 7) P*+i 

__pL JEL p 

k (22w + 9) P'-i(22w + 13)P*+^(22n + 15) P*-l 

p» _pL 

k (22n + 17) P*+i(22n + 19)P*+i = F,"^ F,~* F,"* f/ F,* (0- 

The last four formulae (7), (S), (s), (f), together with 
either (a) or (/8) of § 86, contain probably the simplest group 
of products, which are derivable from the system of results 
given by the general theorem. 

§ 89. Other systems of interest presenting a certain 
amount of regularity may be deduced from the fundamental 
results of § 8L Thus, for example, by combining by addition 

TOL. XXVII. • XX 
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and Bobtrmction eTerj correspondiDg pair of exponents, for 
the different fiMins of the primeay we obtain a system of 
twenty formnlsy in ten ef whieh the numerators of the 
exponents (exclnsiTe of the exponents of the primes of the 
forms 22n 4 1 and 22ji + 23) are binomial expressions, and in^ 
ten trinomial expressioos, tie. they are of the forms 

"TIT" p'±i ' 

where m, n, r haye the yalnes 0, 1, 2, 3, 4. In the formnls^ 
obtained by subtraction the primes of the forms 22n + 1 and 
22n -h 3 do not occur, and in those obtained by addition, the 

exponents of these primes are — — and -respectively. 

Completion of the list in 5 65, §§90, ^. 

§ 90. The list of formnlse in § 65 may be completed by^ 
the addition of those obtained for the case ^=11. Expressed 
in the series form these latter may be written as follows :. 

(xiT) If ^p = -^i or-^ ^ 



^'"p^l' ^' p + 1' 

according as 

p = 1, 3, 5, », 15, or 7, 1», 17, 19, 21, mod. 2?^ 

/VVVV\ 
then Sr^, logi, = i leg [^^^-f^) • 

(xv) If ^, = ^— ^, -r-^, -p:pi7 ~^T1' 

according as 

p = l,or 3, 5, 9, 15, or 7, 13 17, 19, or 21, mod. 22^ 
then KAHP^i^og(V,V,V,V:V,). 

(xvi) If 

J- P P' P* P' 

■^p — ^-Tii p'_l' / + !' p»_l' 



.«« 



P P P P_ 

p'+l' /-I' /+1' p'+l' 
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aecording as 
p = 3, or 5, or 7, or 9, or i3, or 15, or 17, or 19, mod. 22, 

then K^MP='^^''s{'^jrv)' 

(xvii) If 

J -«-£L ^^1^ jL^ p^ 

■^i*" p*-lV p'-i' /+1* /-I' 

y* / p_ y' 

y»+l' /-1» /+1» / + 1' 

according as 
2? = 3, or 5, or 7, or 9, or 13, or 15, or 17, or 19, mod. 22, 

then s,«^^logp = Jlog(.^l). 

(xviii) If 



y* P* P' P 



p 



p*-l' /-1» p*+l* /-I' 

P_ y P* P' 

y + l> p^^-l* / + 1» /+1' 

according as 

^ = 3, or 5, or 7, or 9, or 13, or 15, or 17, or 19, mod. 22, 

then 2-^^logp = iIog(-^^j. 
(xix) If 
J - P* P* P P' 



.1 



P P' P* 



/+1* p*-l' /+1' i>"+l* 

according as 
^ = 3, or 5, or 7, or 9, or 13, or 15, or 17, or 19, mod. 22, 

then 2,^^log;, = Jlog(-j^J. 

The values of F^, F,, F„ F,^ F, were given in § 83. 
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§ 91. Of all the products for which values have been 
obtained in this paper perhaps the most interesting are those 
in which the only exponents which occur are those of the 

forms and - 



p-l ;?+ 1 

The following is the list of these products :— 

J_^ !__ 

(4n + l)p-i(4n + 3) P^^ (§21, p. 282), 

(6n + 1>-1(6m + 5) JH-l (§22, p. 283), 

1 _^ 

(8n + 1, 3)^i(8n +5,7) IH-l (§ 29, p. 289), 

JL — 

(Un + l, 9, ll)P-i(14n + 3, 5, 13) ^i^^ (§60, p. 309), 

(22n+l, 3, 5, 9, 15)P-i(22n+7, 13, 17, 19, 21) ■'p+l(§ 86, p. 330), 

The references give the sections and pages where the 
values of the products were obtained. The products 

p P 

( 8n + 3)/'*-i( 8n + 5) ^'-i (§ 30, p. 290), 

P P 

(lOn + 3)P'+i(l0n + 7) ^/'^i (§ 47, p. 300), 

P P 

(12« + 6)p"-i(12w + 7) P'-i (§ 35, p. 293), 

are also noticeable on account of their simplicity. 

The values of all the products are given in a convenient 
form for reference in the lists of §g 65 and 90. 

Prod\iCt^formul<Bfor the Oamma function^ § 92. 

§ 92. In this paper the formulae have been regarded as 
giving the values of certain products depending upon prime 
numbers, these values being expressed in terms of Gamma 
functions, and in some cases in terms of elliptic integrals also. 
But we may regard the general formulaB also as affording 
product-values for the Gamma functions. By simply writing 
Summer's series for logr(.r), via.* 

log r (:r) = ^ log TT - ^ log sin Tra? + ^ {7 + log (27r)} (1 - 2x) 
«1 il^sin47rx + ^-2fisin6^:r + &c.i,0(;r)l, 

• CrtlU'8 Journaly Yol. xxxv., p. i. 
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in the form of a product, M. Bogel obtained the formula 

sin inirx 

(26^)^-7r-- °"'^ ,0(^)1, 

by which the Gamma function is expressed as a product of 
all the natural numbers, each being raised to an exponent 
depending upon the number and involving a circular function ; 
and, by transforming this product as in § 18, we obtain the 
theorem (§ 19) 

by which the Gamma function is expressed as a product of 
prime numbers only, each prime p being raised to an exponent 
which is a rational .algebraical function of^. 

It is to be observed that in reality the products represent 
a quotient of Gamma functions, i.e,^ the formulas are 

2Bin2f2ira} 

Expression f (XT the constant A as a product, §§ 93, 94. 

§ 93. The constant A, or e% may be expressed in terms 
of a product in which only prime numbers occur by using the 
method of transformation employed in § 3. 

This constant, which occurs in the approximate formula, 
when n is very large, 

l>.2*.3'...n" = ^«*'^'^<.-*"', 

has been recently considered in two papers in the Messenger^ 
Vol. XXIII., pp. 145-175, and Vol. xxiv., pp. 1*16. It was 
gbown on p. 3 of the latter paper that 



\27r6V 
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336 Dr. OlaMer^ On products and series 

Resolving the numbers in the product into their prime 
factors as in § 3 of the present paper, we see that the exponent 
of 2 

I f. 2 I 3 ^ ) 

= 2--V+? + 3-' + 4^ + *^-| 

"2--(^-2--) (^ + 2^ + 3-' + 4- + ^J-FrT 6- 
Similarly, the exponent of 3 is equal to 



3"-l 6 ' 

and so on. 

Thus we find 

^" J- -1^ J. -i. 
-— - = 22^i38*-i55*-i77'-i . 
27re'^ '"' 

in which the product only involves prime numbers. 

By taking the logarithm, we may express the result also 
in the form 

^ ^^ = ^^ ^^S^ - 7 - log(27r) = 12a -7 - Iog(27r), 
the summation including all the prime numbers. 



§ 94. The general method of transformation employed 
in § 18, in the case of the sine series, may also be applied to 
the other trigonometrical series which occur as exponents in 
the products obtained from the other formulae in the paper 
in Vol. XXIV. of the Messenger ; but I leave the consideration 
of the results so obtained to a separate paper. 
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Errata. 

p. 280, L 10 and p. 281,1. 10. For 0(a)l read0{a)2. There is no loss of 
generality in regarding and 1 as the limits of a (for the results are unaltered by 
substituting 2 — a for a), but in the statement of the general theorems the limits 
should not be so restricted. They are given correctly as and 2 in the corres, 
ponding theorems in § 69 (p. 317), § 70 (p. 318), and § 74 (p. 820). 

p. 281, 1. 1 1. For x-n read n — x. This correction has been made in the^not© 
on p. 318. 

p. 289, 1. 6. * Will all have exponents of different forme.* It requires to be? 
proved that no two exponents can be alike. 
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THE EQUILIBRIUM OF AN ISOTROPIC ELASTIC 

SOLID ELLIPSOID UNDER THE ACTION OF NORMAL 

SURFACE FORCES OF THE SECOND DEGREE, 

AND BODILY FORCES DERIVED FROM 

A POTENTIAL OF THE SECOND 

DEGREE. 

By C. Chree, M.A. 

§ 1* TN the Quarterly Journal for 1888, pp. 16-20, 1 
-^ showed that my solution* of the elastic solid 
equations in ascending powers of the coordinates with 
arbitrary coefficients supplied the means of solving completely 
the case of an isotropic ellipsoid rotating about a principal 
axis. It was shown how each of the 9 constants in the ex- 
pressions for the displacements could be expressed in terms 
of determinants with 9 rows and columns. Even in a 
particular case when the elements of the determinants are 
numerical quantities, the evaluation of the constants would 
be troublesome, and in the general case my efforts in this 
direction met with such doubtful success that I laid aside the 
problem in hopes of a shorter method some day presenting itself, 
teventually a method of solution occuri'ed to me which solved 
much more readily, not merely the original problem, but 
the more general one presented by the isotropic elastic solid 

ellipsoid 

.,1 .,1 _« 
x y z . 

a' + P+?=^ (1) 

of uniform density p, acted on by bodily forces whose com- 
ponents along J?, y, a are respectively Par, <?y, Rz^ where 
P, Q, B are constants. This includes the case of mutual 
gravitation in the elements of the ellipsoid, and that of 
rotation about a principal axis. It is most simply regarded 
as the case of bodily forces derived from a potential V of 
the second degree given by 

V^\[Px'-vQy''\-Rz') (2). 

This is the most general form a potential of the second 
degree can have consistently with the equilibrium of an 
ellipsoid of three unequal axes. 

♦ Qua)'terly Journal for 1886, pp. 89-118. 
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A year ago I contributed to the Royal Society a paper 
containing the solution of this problem with some applications, 
and the results of the investigation without their proof are 
to appear in the * Proceedings.' As the method of proof is, 
I believe, not less novel than the results, and likely to be of 
at least as much interest to the mathematician, 1 propose to 
develope it here. 

In addition to the above case of bodily forces I incorporate 
the further problem, where there act the surface forces* 

outwards along the normal at each point of the surface. 

This is the most general system of normal forces of the 
second degree consistent with the equilibrium of an ellipsoid 
of three unequal axes. 

The problem of tliese surface forces was not considered at 
all in the paper communicated to the Royal Society. 

Notation, 

§ 2. The displacements are denoted by a, /8, 7, and the 
dilatation by A. For the strains I employ the notation and 
terminology of Todhunter and Pearson's History] viz. 
*«i *ifi ^« f"^^ *^^ three stretches^ cr^, cr^, a^ for the three slideSy 
where 

_doL _d0 dy 

*'~rfx'-' ""^^ dz '^ dy''"' 

^ In the notation of the same work we have the 6 stresses 

xxy yy, zz^ yz^ zx^ xy. The three first I shall term tractions 
or pressures according as the sign is positive or negative, the 
last three shearing stresses. 

The elastic constants of which use is principally made are 
** Young's modulus " -B, and " Poisson's ratio " r). Occasional 
use is also make of the " rigidity " «, and '' bulk modulus " A. 
The relations between these 4 constants are 

«=i^/(i+„)i 

A = J^/(l-2,)| ^^^ 

• A iurface force Uz^ is equivalent of course to a force 17c* fl — i~ xijj "o 
the system Uz- could be derived by superposing the uniform traction Ue'^ on the 
system -C7ir«^-t/b«^. 
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The method of Bolution adopted reverses the ordinary 
order of procedure, deterininiog the stresses Id the first 
instance, and deducing from their values first those of the 
strains and finally those of the displacements. 

For our present objeet the most convenient relations 
between the strains and stresses are thus of the form» 






.(4> 



Method of Solution, 



§ 3. We commence by assuming the stresses to be of the 
form 



yz = 2Lyz 
zx = 2Mzx 
xy = l^xy 



.{% 



where A^^ A^y ..,, are constants which we have to determined 
The assumption may seem wholly arbitrary; but no valid" 
exception can be taken on this ground to the solution obtained 
by means of it, for the solution satisfies completely all the 
elastic solid equations. 

The stresses have to satisfy the three "body-stress*^ 
equations 



dx dy dz 

dx dy dz "^ "^ 

dzx dyz dzz P — o 

dx dy az J 



.(6), 
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and the three surface equations 

The form of the surface equations is obvious when it is 
borne in mind that the direction cosines of the outward drawn 
normal are pxjd^^pylV and /?3/c*, where p is tbe perpen- 
dicular frona the centre on the tangent plane to the 
surface (1). 

§ 4. The- six equations (6) and (7) are insufficient to 
determine the fifteen constants appearing in (5), the reason 
being that these constants are not all independent. 

The strains in an elastic solid, as is well known, have to 
satisfy certain " equations of compatibility," and this implies 
a corresponding series of equations for the stresses. 

For the strains there are three equations of compatibility* 
of the type 

d^s^ d*s^ cPa-^ 
dy* dx* dxdy ' 



and three of the type 



2 ^ + £fjlB. _ ^^" 



d^<T^ 



= 0. 



' dydz^ dx* dxdy dxdz 

By (4) these imply for the stresses three equations of com^ 
patibility of the type 

^ {^ - 77 (^ + ^) } + — , {^ - 1, (Si + ^) } 



-2(1 + 17) 



and three of the type 



dxdy 



.(8), 



dydz 



{xx'^ri{yy'^zz)\ 






.(9). 



• See Todhunter and Pearson's History of ElatticUy, Yol. ii., Part I , p. 74 j or 
Love's Treatise on Elasticity^ Vol. I., p 122. 
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§ 5. Substituting from (5) in tlie equations of the type (8), 
we obtain the three following relations between the constants 
of our solution 

^,' + B,-,(J,+ C', + 5,'+C,')-2(l + ,)iV=0 (10), 

<'+0,-,,(^, + 5.+5," + (7,")-2(l + ,)ilf=0 (11), 

£,"+O.'-i,(^,' + 5,' + <+O.")-2(l+^)i = (12). 

The equations of the type (9j are identically satisfied. 
From the equations (6) we have 

A = -(i^p + ^ + ^) (13), 

B^^-{\Qp^N\L) (14), 

C^' [\Bp^L^M) (15). 

These equations are to be regarded as expressing -4„ B*^ 
and C," in terras of P, Q, jB, i, M and N. 

The first of the surface equations (7) will be found to 
contain a term in x^ while the other terms are of the third 
degree in the variables x^ y, z. As the equation holds over 
the surface of the ellipsoid, the simplest plan is to make it 
homogeneous bj means of (1). It then takes the form 

+ 2iyr^] + 2JI/^ - ^. (/&• + ry + Ca')"| = 0. 

All this holds for all surface values of x, y, s, the coeffi- 
cients of a;', y*, and a' inside the square bracket [] must 
separately vanish. In a similar way each of the two other 
surface equations supplies likewise three relations between 
the constants of the solution. We thus get the nine equations 

a-*^. + a-M, = a-'fi^ (16), 

a-*6-M, + a-M,' + llTN^a'T (17), 

a-c-'J, + a-'-4." + ic^M^a'U (18), 

a-'b-'B, + b-^B, + 2a-'N=b-'S (19), 

i-*5. + *-'-B,'=6-r (20), 

b-'c^B, + h-*B'' + 2c^L = b-'U (21), 

c-V'(7. + c-C;, + 2a-W=c-'/S (22), 

J-c-'C. + c-'C; + ib-'L = o-'T (23), 

c*G, + c-^C;' = c^U (24). 



X 
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re is to expi 
, if, N^ ana 



the known 



§ 6. The most convenient procedure is to express all the 
other constants in terms of the thn 
quantities P, Q, R, 8, T, V. 

Thus, from (13) and (16), from (14) and (20), and from 
(15) and (24) respectively we find 

A = ti*(iPp+«+ilf+iV^) ' 

A=«''(i«P+ T+N+L) (25). 

C^ = c'{iRp-\-U+L + M) ^ 

Then employing (25) in (17), (18), (19), (21), (22) and (23), 
we get 



c' 
V 
a* 



A;'^ J7- -.(iPp 4 fi^+ 3i/ + .V) 
c 



.(26). 



c 
C; =8--,{^Bp+U+L + 5M) 

G,' ^T-^,{^Rp+U+3L + M) 

We have thus expressed all the constants A, B, C in 
terms of 2/, M, N, and the known quantities P, Q, Jt, 8, T, U. 

§ 7. Finally substituting for the A, B, constants in (10), 
(11) and (12), we find to determine L, M, N the three simple 
equations 

(36* + 2iV + 3c*) L+[c*-ii (3a'i» + bV + cV)} M 

+ {b*-r,(a'b' + b'c' + 3cWi}N 

= va' (6' + c») (iPp + S) + b' [i Qp (vc* - b') + r{c' (1 - 1,) - J'}] 

+ c^[iBp(vb'-c*) + U{b*{l - ,) -c'}] (27), 

{c* - V (3a*6' + SV + cV)} L + (3c* + 2cV + 3a*) if 

+ {a*-tj {a'b* + 3JV + cV)} N 

^a*i\Pp ivc'-a') + 8{c'{l-v)-a'}]+vb'{c*-i- a'){^Qp+ T) 

+ c'[\Tip{fia'-<^)^V[a\\-ri)-^]] (28), 
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[b* - V (a'b' + bV + 3cVj} L + {a*-n (a'J* + 36V + cV)} M 

+ (3a* + 2a'J'+3i*J^ 
^ a" l^Pp {vV -a") + 8 {b' (1-v)- «'}] 

+ i' mp (V - b') + r {a* (1 - ,,) - J*}] 

+ Vc'{a' + b*){^Bp+ V) (29). 

Let U8 put 

n= 



ct-.|(8a»*»+«»««+«»o«), 8c«+2(!«a«+3o« , a<-t,(o«*«+3*«<!'+<!«o») 
iM|(o*i»+i»c«+3<A»«), a«-i|(o«*«+3*'<!H<!»o«), 8a«+2a««»+3M 



..(80). 



This determinant is of the well known symmetrical form 
occnrring in the discriminant of a quadric surface. 

Denoting the minors by n,„ n„, etc., we have, since 

n„ = n„, etc, 

in = a' [iPp {v (J* + c*) n„ + [vc' - a'] n„ + (i,*' - a') n,,} 

+ 8{fi [b' + c') n., + (c" (1 - 1,) - a») n„ + (b' (1 - ,) - a') nj] 

+ b'[^Qp {(t/c' - b') n,. + ,, (c* + a') n.. + (va' - 6'j H, .} 

+ T{(c' (1 - 1,) - b') n„ + 1, (c' + a') n., + (a' (1 - ,) - 6') O,.}] 

+ c' [iBp {(vb* - c') n.j + (ija' - c") n,. + 1, («• + *•) n,,} 

+ U{(b' (1 - ,) - c") n„ + (o" (1 - ,) - c') n., +v{a*■^ i') n,.}] 

(31). 

The values of M and N are obtained from those of L by 
Biniplj writing for the first suflSx in the II's 2 in the former 
case, and 3 in the latter, in place of 1. If Sa^= Tb*^ Uc*, 
then L, M and N are independent o( the surface forces. This 
is obviously correct as the surface forces then reduce to a uni- 
form traction 8a*. 

§ 8. The values of the Il's are easily calculated. Thus 

n,, = 8a' + 6a" (6* + c*) + 9 (aV + JV + cV) + 4a*J V 

+ 6a'6 V [b' 4 c«) + 2i;a* (a«i' + 3i V + c'a') 

- V' {a'V + 35V + cV/ (32), 

n„ = iV - a* (36* + 26V + 3c*j + 2176V {2a' (6* 4 c*) + 46* 

+ 36V + 4c*} + i7'(a"6'+ 6V+ 3cV) (3a»6* +6V + cV)...(33) ; 

and from these the other minors may be written down by 
symmetry. 
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The determinant 11 itself may be expressed In several 
convenient forms,* e.g. 

n = (n„ri,3 - n.^n,,) - {a* - v (aV + 3JV + cV;} \ 
= (n„n3, - n,/) -J- (36* + 26V + 3c*) 

^ (36* 4 26V + 30 (3c* 4 2cV + 3a*) (3a* + 2a*6* + 36*) 
4- 2 {c* - 17 (3a*6* + 6V + cV)) {6* - 17 (aV + 6V ^34). 

+ 3cV) j fa* - 17 (a»6* + 36V 4 cV)} 

- (3a* + 2a*6' 4- 36*) [c* - 17 (3aV 4 6V + cV)}« 
-- (36* + 26V H- 3c*) {a* - 17 [a'b' + 36V 4- cV)}' 

- (.3c* + 2cV 4- 3a*J {6* - 17 (a'6' 4- 6V 4- 3cV)}* / 
Substituting the values of fl and its minors in (31), we 

obtain the value of L explicitly, and similarly obtain the 
explicit values of if and N. 

§ 9. The values of i, Jf, N being thus determined, we 
might proceed to determine the other twelve constants of thd 
solution by means of the equations (13) to (15), (25) and (26), 
and thereafter substitute the values so determined in (5)« It 
is simpler, however, to substitute in (5) in the first instance 
from equations (13) to (15), (25) and (26), thus obtaining 
general expressions for the stresses from which all the 
constants except £, M and N have been eliminated. These 
expressions are as follows : 

yz «= 2Lyz 

zx^2Mza 

'^^2Nxy 



(35), 



* See Frost's Solid Geometry, drd edition, Art. 891. 
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The existence of these forms renders any further reference 
unnecessary to the twelve A^ B^ C constants, and all that is 
required is to substitute in (35) the values of Z/, My N 
from (31j and the two similar equations. 

From the general expressions for the stresses we deduce 
those for the strains by means of (4). Thus 






XI 



(■ 



b' 



D 






(36). 



_dd ,dy 4(1+77) 



dz 



E 



The values of the other strains can be written down from 
symmetry. 

Simple Integration suffices to determine the values of a 
from 5^, of /8 from s^^ and of 7 from s^. This cannot be 
taken for granted, because, for instance, a might have contained 
terms in y^ and «* independent of x ; and at first sight it 
might even appear incorrect, because the slides deduced from 
the displacements so found appear of a much more compli- 
cated form than a^ in (36). It is easily verified, however, 
that the numerous apparently redundant terms in the ex- 
pression for any one of the slides vanish in virtue of one of 
the surface equations (27), 28) or (29). 

It will suflSce to record the expression for one of the 
displacements; thus 

« = J [^(1 - 2,) (i&' + Ty' + W) + [a* [\Pp + 8) 

-'^ {J* (i<?P + ?*) + c (i^/* + c^))] (1 - i ^! - 1' - p) 
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+ (aW-,i»i)(l-i^.-|-:-|') 

+ (aW-,c'i)(l-^^;-|'-^!) 

-,(i'i^+c'i/)(l-J-|'-^;)] (37). 

The expressions for fi and 7 can be written down from 
symmetry. 

§ 10. The forms in which the expressions for the stresses, 
strains and displacements are presented may seem unusual. 
One of the principal reasons for grouping the terms in 
this way is that it enables the values at the surface to be 
very readily arrived at. It is thus very easily verified that 
the expressions for the stresses satisfy the surface conditions. 
We are also enabled to establish with extreme simplicity a 
very general relation between the effects of the bodily and 
surface forces in the case of incompressible material. 

By incompressible material is meant material in which, 
while the rigidity and Young's modulus are finite, the bulk 
modulus is infinite. Thus, by (3) it is material for which 

t) = 0-5. 
For such material 

1; = 1 - 17, 

and so by (31) in L^ M and N the coefficients of JP/?, ^Qp^ 
and ^Rp are the same as those of /8, 2' and U respectively. 
Again, as the coefficient 1 — 217 in (36) and (37) vanishes. 
s^ and a are functions of ^Pp + /8, ^Qp+ T^ ^Rp + U and 
of Ly M, N. Also the shearing stresses and slides depend 
only on Zr, M and N. Thus, in an incompressible material 
the strains and displacements due to the bodily forces derived 
from the potential 

r=i(Px'-f Qt/' + Ez') 

are the same as those due to the purely normal surface 
tractions 

Another way of looking at the result is that the strains 
and displacements vanish when there act simultaneously the 
bodily forces derived from the potential V and the normal 
surface pressures p V. 

VOL. XXVII. Z Z 
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The facts as regards the stresses are most easily seen from 
the latter point of view. Putting in (35) 

S=-^Pp, T=-iQp, U=-\Bp, 

we get, as L, M and N vanish, 

^ = ^= ^=- y [Px'+ Qy*+Rz*) 

= -\pV. ^ 

Thus the stresses, unlike the strains and displacements, do 
not vanish, but reduce at every point to three equal principal 
pressures \pV, 

If V — in this case a negative quantity — represents the 
variable part of the potential for the mutual gravitation of 
the incompressible ellipsoid, we see that the strains and dis- 
placements arising from the gravitational action are identical 
with those arising from the normal surface^rewwre [— pV), To 
obtain, however, the stress system in the gravitational problem, 
we must superpose on the stress system arising from the 
normal surface pressure [— pV) a second stress system in 
which the three principal tractions at every point have the 
common value (- p V), 

As a second example of the application of the results to an 
incompressible material, suppose the equi-potential surfaces of 
the bodily forces — F= constant — to be similar and similarly 
situated to the surface of the ellipsoid. Then as V\^ constant 
over the surface, the strains and displacements due to the 
bodily forces are the same as those due to uniform normal 
surface force, and so vanish as the material is incompressible. 
The stress system of course does not vanish, but consists at 
every point of three equal principal tractions, the magnitude 
of which is constant over all surfaces concentric with, and 
similar and similarly situated to, the surface of the ellipsoid. 

I shall only glance briefly at the general information the 
solution supplies relative to the action of normal surface 
forces in one or two special forms of surface. 

Very oblate ellipsoid, 

§ 11. Suppose 2c the short axis, and retain only the lowest 
powers of cja and c/6 occurring in each expression or 
coefficient. Then we get 

n,, = a' (8a* + 6a'6* + W + 2rid'V - rfb') 

n„ = b' (9a* + 6a'i' + 8J* + 27ia'V - i;V) ...(38), 

n„ = a'V [a'b' (1 H- n") + 2i7 (4a* + 3a*i' + 4^] 

033/3 = -n,3 = -n^ = 3(1 -17') aV 



/ 



Digitized by 



Google 



isotropic elastic solid ellipsoid, 349 

Substituting in (31) and the corresponding expression 
for iV, we find 

in = (1 - v') a'V [Sa'V (2a»- W + ^rjV) 

- W (8a* + 9a'6' + 65*- 2ria'b^) 

4 i7c*j8a*+7a*i'+96*-2i;6»(a*+2i'j}] (39), 

iV^n = 3 (1 - 17'j a'b' [/8a» (3i' - 2a' - 417^') 

+ Tb' (3a*- 2i''-. 417a') - Z7c* (1 - 4i;) (a'+ ,6')] ...(40). 

The value of M is got from that of L by interchanging 
8 with T and a with 6. 

Substituting their values for L, M, N in (35), (36) and 
(37), we get the corresponding values of the stresses, strains 
and displacements. The expressions do not simplify very 
much and are rather long, so it seems unnecessary to actually 
write them down. The conclusions we are about to deduce 
for the stresses will be easily followed when regard is paid to 
the form of the results for L and N. 

It appears that in xx^ yy^ zz^ and xy alike,* assuming h 
and a of the same order of magnitude, 

the principal terms in 8 are of the order 8d^y 
T Tb^ 

whereas the corresponding terms in yz and zx bear to these 
ratios of the order c : a or c : J. 

Thus, in the case whether of 8, T or U forces, yz and zx 
may for a first approximation be neglected, but zz is of the 
same order of magnitude as xx^ yy or xy* 

Difi'erentiation with respect to a variable reduces by unity 
the index of the power of that variable in any term containing 
it. Thus, in the case of the product zx^ the difi'erential coeffi- 
cient with respect to x is negligible compared to that with 

respect to z ; and consequently —r— is negligible compared to 

ax 

dzx 

w 



* A term snch as Sxy is regarded as of the order Sab or <Sa', this being the 
order of its mean value ; bat it vanishes of coarse for special points. 
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The stresses ax and jry, however, are large compared 

to zxy and their differential coefBcients -7- and —7^ are not 

negligible compared to -j- , but are precisely of the same 
order of magnitude. 

Similarly -—^ and -~ are of the same order of magnitude 

dyz 
as -^ . 
dz 

^ Even In differentiating a single stress it must be borne in 

mind that differentiation with respect to z may operate on a 

different term from differentiation with respect to or, say. If 

the terms operated on are originally of the same order of 

magnitude, then the differential coefficient of the stress with 

respect to x is relatively negligible. Thus, when the surface 

forces Uz^ alone act, the terms in a?* and «* in xx are of the 

same order of magnitude, and -j- is negligible compared 
. dxx 

''IT.' 

If, however, the terms operated on be of different orders 
of magnitude, no such conclusion necessarily follows. An 
example of this latter case arises when the surface forces 
are confined to Sx^ + Tjf. The principal terms containing x* 

in ^ are of the order fi!r* or Tx^, but the coefficients of the 
principal terms in «* — which would be of the order /SaV/c* 
or TiV/c' — vanish, and the most important terms left are at 

dxx 
most of the order Sz* or Tz*. Hence, in this case it is -7- 

-— ' dz 

dxx 
that is negligible relatively to -7- • 

Similar results apply of course for differentiation with 
respect to y. 

It is also possible for a stress to be a function of x and y, 

and yet absolutely independent of z^ as, for example, xy in 
the present problem. In such a case the differential coeffi- 
cient with respect to z is absolutely nil. 

A flat ellipsoid, however small cja and cjh may be, is not 
a plane plate, and the system of forces we are considering 
is admittedly of a very special kind. Still, the results 
obtained above will, I think, repay the study of those 
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interested in the theory of thin plates, as suggestive at least 
of possibilities.* 

Before quitting the subject of the flat ellipsoid I would 
only call attention to the fact that for a first approximation 

zz is given by the simple formula 

Very elongated ellipsoid. 

§ 12. By this is meant a form in which ajc and hjc are 
very small. Its central portion approximates closely to a 
cylinder whose section is an ellipse of semi-axes a and b. 

As the " principal " terms in certain of the coefficients in 
the expressions for the stresses cut out, it is necessary to make 
use in some cases of " secondary " terms. 1 thus give the 
terms in the second highest powers of c in the following 
expressions for the n's : 

n = ^c' (1 - TJ") (3a* + 2a'V + 36*) + 2c* (1 - rf) («' + *') ^ 

X {(3 + ri) (3a* + 2a»i* + 3 J*) + Si/a'i"} 
n„ = c* {3 (3a* + 2a'h' + 36*) - v' («' + 3 J')''} 

+ 2cV{3a*+2a'6'+3J*+i7«"(a"+36*)-i;''J*(a'+36*)} 
n,3 = 8c« + 2c' (3 + 7i) (a» + b') ^ (41), 

n„ = - c* {3a* + 2a'6' + 36* - 17" (3a' + V) (a* + 3 J*)} 

+ 4c'i7(l + i;)aV(a* + 6*) 
Dj, = SiycV + c* {a* - 36* + 217a' (3a' + 26") 

+ i7'(a' + 6')(a'-h36*){^ 

n„ and n„ may be derived from IIjj and IIj, respeatively by 
interchanging a and 6. 

Substituting these values in the expressions for L and N^ 
we find, after reduction, as first approximations, 

+ ^c'L* 2(3a«+2a'6' + 30j * ^ ^' 

(a* - b') ( Ti' - 8a') + lU{a* + b'-\--^ a'i'} 

■^" 3a* + 2aV + 3d* (*^^- 

* See TodhuBter and PMnon'f Ilutory of EUutidty, Vol. II., Part I., Ait. 886 
tt uq., also Part II., Art, lUO. 
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The value of M is got from that of L by interchanging 
a with b and 8 with T. 

The simplicity of the first approximation values of L and 
M when rj is zero is noteworthy. 

If the maximum values of the /S, T and U forces be of 
the same order of magnitude, then 8a^^ 2V, Uc* are of the 
same order. In this case the principal terms involving 5, T 
and U'ln L and M are of the same order of magnitude, while, 
excluding the spheroid a = 6, the principal terms involving U 
in ^are negligible compared to those involving S and T, 

When their values are substituted for i, M and N in the 
expressions for the stresses it will be found, according as we 
consider the 5, Tor ?7 forces, that 

XX and i/y are of the order Sa*y TV or Z7«*, 
zz 13 „ „ 5a*, TV or ?7c', 
xy „ ,> Sxy^ Txy or Uxy^ 

T« » » ^^y^) T-,ysi or Z7y«, 

«^ M M S—zx. T—.zx or Uzx. 

As regards the 8 and T forces or^r, yy and a:y are not small 
compared to zz^ but of the same order of magnitude, and they 

are large compared to yz and zx. 

As regards the U forces when z is of the same order as c, 
xy is small compared to yz and zx^ but these in turn are 
small compared to xx and yyy whose values are of the same 
order of magnitude as that of zz. Near the centre of the 
ellipsoid, however, «/c is small, and zz is large compared to 
all the other stresses. 

For the differential coefficients of the stresses it will be 
found, according as we consider /S, T or Z7, that 

-4^ and -^ are of the order /Sir, Tx or K», 
dx dy 

while -^18 „ % 8x^ -^ Tx or Ux. 

dz " c c 
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Thus in the case of the 8 and T forces -j- is negligible 

ox OR dxu 

compared to -7- and — p , but in the case of the U forces it 

is not so, ^"^ ^y 

Analo&:ous results hold for -7-^ , —■ and -~ . 
^ dx ^ dy dz 

In the case whether of 8^ Tor Enforces -7-? , -j- and — 
are of the same order of magnitude. ^^ ^^ "^ 

The resemblance of a very elongated ellipsoid to a long 
bar of uniform section is fairly close, and the above results 
certainly suggest that at least in cases where the load on a 
long bar is not confined to the ends the neglect of one set of 
stresses compared to another, or of the diflferential coeffiv^ients 
of any of the stresses in the body-stress equations, is a 
risky process.* The ordinary fundamental assumption, it will 

be remembered, in the theory of thin bars is that xx^yy and xy 
are negligible compared to the other stresses, whereas in tbe 
case of the present problem the whole three, as we have seen, 

may be large compared to yz or zx^ and not small compared 

to zz. 



NOTE ON ME. CULLOYIN'S DEMONSTRATION OF 
THE THEOEY OF PARALLELS. 

Bj A. E. H. Love. 

IN a short paper in the Quarterly Journal^ No. 106 (August, 
1894), Mr. Cullovin has attempted to give a rigorously 
Euclidean demonstration of Euclid'^s parallel axiom. The 
remaining axioms and the postulates are assumed, and all the 
propositions in the First Book up to and including the 26th, 
and it is proposed to deduce the parallel axiom without 
assuming anything else, and without an appeal to intuition. 
This is what is meant by a demonstration of the axiom, and 
it is well known to mathematicians that all attempts to give 
such a demonstration are foredoomed to failure, inasmuch as 
in the abstract logical system in which Geometry becomes a 
body of reasoning deduced from definitions and hypotheses 

♦ See Todhunter and Pearson's Hiitory, Vol. n. Part. II., pp, 189 et seq. 
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suggested by intuition, the place here indicated is precisely a 
place at which a choice can be made among various logical 
possibilities, and Euclid's axiom states the choice that is 
pointed out by ordinary intuition ; i.e* this axiom is apparently 
guaranteed by experience, but is not a logical necessity. Any 
such statement is properly an axiom. A demonstration of the 
axiom in the sense described above would show that, as an 
axiom, the statement is unnecessary. It is also well known to 
mathematicians that Euclid's statement is not the only one from 
which his theory of parallels can be obtained, but that there are 
numerous equivalent forms of statement involving practically 
the same kind of appeal to intuition as his axiom does. It is 
the purpose of this note to show that Mr. Cullovin's demon- 
stration is unsatisfactory without an appeal to intuition, Or, in 
other words, that an axiom which is not in Euclid's system 
is required to complete his demonstration. 

In Mr. Cullovin's figure (fig. 43) YZis a line at right angles 
to BDy and 6(7 is a line making an acute angle with JSD. It is 
to be shown that BC and YZ meet. Taking i, any point on 
J?C, and drawing LK at right angles to J?2>, the triangle 
BKL is half of an isosceles triangle, the other symmetrical 
half being BKF. Thus, if points ^, /, ... are taken on JSZ>, 
and lines drawn from them at right angles to BD^ some of 
these lines meet BG^ and it is clear, as proved by Mr. Cullovin, 
that, if the perpendicular to BD at / meets BC^ then all the 
perpendiculars to BDy which go from points of it between B 
and /, also meet BC. If the perpendicular YZ does not meet 
BC^ then there must be a point Q between B and Fsuch that 
all the perpendiculars which go from points between B and Q 
meet -BC, and no perpendicular which goes from a point on 
the side of Q remote from B meets BC. Mr. Cullovin 
assumes that it follows from this that the perpendicular from 
Q is the last which meets BCy and then proves easily that this 
is impossible. 

But there is no reason why there should be a last perpen- 
dicular which meets BC. It is just as possible, logically, that the 
perpendicular from Q should be the first which fails to meet BC. 
If this were the case, then the series of perpendiculars that go 
out from points K^ /, ... between B and Q would meet BC 
in points i, -ff, ..., which lie further and further from B along 
BC, in such a way that, as / approaches Q, the length BR 
increases without limit, and yet, however great BH is taken, 
the perpendicular from H on BD always falls between B 
and Q. Since there is no last point of the segment BQ 
before Q is reached, there is no last perpendicular meeting 
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Be, The assumption of a last perpendicular which meets 
BC 19 essentially different from the assumption of a first 
perpendicular which fails to meet BC. 

Mr. Cullovin has attempted to answer this objection 
to his demonstration iti a note inserted in the Quarter!?/ 
Journal^ No. 107 (March, 1895). He says "The lines which 
meet Cannot interniingle with those supposed to fail, and no 
portion or point of the bisector can remain neutral. Con- 
sequently, the last line meeting would coincide with the first 
line failing, as no portion of the bisector could possibly 
intervene. In other words there can be no first line failing." 

These words assume that the series of perpendiculars 
meeting BG cannot terminate without there being a " last 
line meeting." This assumption is not grounded in logic. 
We have in the line BD a continuous series of points having 
a certain property, viz., that the perpendiculars to BD through 
them meet BC^ and this series can be assumed to be termi- 
nated by a point Q which has not that property. As already 
remarked, there is in the series of points no last point except 
Q, i.e., the last point is one which is assumed not to have 
the property in question, not one which has it. The series 
of points terminates accordingly in a first which fails, not in 
a last which succeeds. 8o the series of lines may be assumed 
to terminate in a "first line failing," not in a "last line 
meeting." 

Mr. Cullovin must be judged to have failed to prove that 
the assumptions are identical, and to have failed to exclude 
the assumption of a " first line failing." To do this would 
require an axiom equivalent to Euclid^s. 

Some further light may be thrown on the objection here 
raised to Mr. Cullovin's demonstration by considering other 
cases of continuous series of objects or forms, some of which 
have a certain property while others have not. It will appear 
that the transition from forms which have the property to 
forms which have not may involve a first which fails or a last 
which succeeds. 

(i) A pencil of rays (fig. 44) being drawn from a point 0, 
some of the rays meet a given line AB^ while others do not. In 
the continuous series of rays of which OA^ OB, OCy OX, OK 
are members, the ray OX, which is parallel to AB, is the first 
that fails to meet AB, and there is no last ray that meets AB. 

(ii) The series 1"* + 2^* + 3"* + ... is convergent for all 
values of a?> 1, but when a: = 1 it becomes divergent. In the 
continuous series of diminishing values of a:, beginning say 
VOL. XXYII. AAA 
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from a; =a 2, there is a first value for which the series fails to 
converge, but no last value for which it converges. 

(ill) The series or— J^'+ ^a"— ... is convergent for a: < I 
and for a:=l, but divergent for x>\. In the continuous 
series of increasing values of ^, beginning say from ar = 0, 
there is a last value for which the series converges, but no 
first value for which it fails to converge* 



ON CERTAIN GENERAL PROPERTIES OF POINT 
TRANSFORMATIONS. 

By J. Brill, M.A., St. John's College. 

1. OUPPOSE a point transformation in a plane defined 
^ by the equations 

4>{x, r, X, y) = 0, ,^(z, r, X, y) = 0. 

Let P denote the point (^, y), and P' the correspondin, 
point {X, Y). Then if Q be a neighbouring point to P, an 
Q' its corresponding point, we may consider the elemental 
straight line PQ as defining a direction through P, and P' Q' 
as defining the corresponding direction through P'. We will 
take m to denote the tangent of the angle made by PQ with 
the axis of ^, and M to denote the tangent of that made by 
jp ' Q' with the axis of X. Then we have 

a r ar 

dY a.-^"8y 
^'^dX^dX^ dX' 
ox dy 

Now so long as the point P remains fixed, the quantities 

dX dX dY dY 

dx ' 3y ' 9x ' Sy 

remain unchanged in value, and the relation between M and 
m is of the homographic type. Hence if rWp wi„ m,, m refer 
to any four directions through the point P, and itf,, M^^ JIf,, M^ 
to the corresponding directions through the point P', we have 

(J/.-i>/.)(Jtf.-J/,) _ K-r«.)K->n,) 
iM, - M,) {M, -M^- (w. - m,) (m, - mj ' 
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Hence we see that the anharmonic ratio of the pencil 
formed by the four transformed directions is equal to that of 
the pencil formed by the four original ones. 

Transformations will in general involve singular points 
where this property breaks down, as for instance in the well- 
known special case of transformations with the aid of conjugate 
functions. 

2. We now proceed to discuss the similar property of a 
three-dimensional point transformation. Suppose the trans- 
formation to be defined by the equations 

yfj {X, r, Z, X, y, z) = 0, 

and let P denote the point (x, y, «), and P' the transformed 
point (^, F, Z). Further let Q be a neighbouring point 
to P, and Q' its transformed point, then PQ and P' Q' define 
two corresponding straight lines. We will take four other 
neighbouring points to P, viz. P,, P„ P,, P^, and their 
corresponding points P /, P/, P ', P/, and will consider the 
four planes P^QfR' P'Q'R,\ P'Q'R;, P'Q'R; as corre- 
sponding to PQR,^ ^QRfj PQR^y POP4, respectively. 

Now let rf^, rfy, dz denote the projections on the axes of 
PQ, rfdjp c?y„ rf«,, those of PR^, dx^^ dy^^ dz^ those of PR^^^ and 
so on. Then taking f, 1;, f for current coordinates, the 
equation of the plane PQR^^ is 

f-^, ^-y, ?-« =0, 
dx ^ dy ^ dz 
dx^ , rfy, , dz^ 

and that of PQR^ is 

f -X, 17 -y, ?-« =0. 
dx ^ dy ^ dz 

Moreover the equation of PQR^ can be written in the form 



dx ^ dy y dz 
dx^ , dy, , dz^ 



-h 



^^4 J ^^4 ) ^^4 



= 0, 
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and that of PQR^ in a similar form, A, being substituted for k^ 
in the above expresssion. 

Further kjk^ will be the value of one of the anharmonic 
ratios of the four planes. Also, since PQB^ passes through 
^,, we obtain 

dx ^ dy ^ dz 
dx^, dy^, dz. 



h^ 



dx y dy ^ dz 
dr„ dy^, dz^ 



Now 



dX^, dY^, dZ^ 
dX ^ dYy dZ 
rf-3r„ dY^^ dZ^ 



d^2^ dy,, dz^ 
dx ^ dy ^ dz 
dx^, dy^, dz. 



where 



j J(X, Y,Z) 
a (a:, y, z) ' 



and similarly for other expressions of similar form. Thus we 
have 



rfX,, dYj, dZ^ 
dX , dY ^ dZ 

dx,, rfr„ dz^ 



dX^^ dY^^ dZ^ 
dX, dY, dZ 
dX,, dY,, dZ^ 



dx^, dy^, dz^ 
dx , dy ^ dz 
d^v dy^, dz, 



dx,, dy^, dz^ 
dx ^ dy ^ dz 
dr^y dy^, dz^ 



Now, if K, and JT, perform similar offices for the planes 
P'Q'R^ and FQ'R^ that k, and k perform for P^ii, and 
PQB^j then the above equation may De written 



Similarly, we obtain 
and therefore we have 



jr. = v 



K.^k., 



^,_*. 

^-A,' 



J(. 
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or the anharmonic ratio of the four planes P'Q'R,\ P'Q'R^, 
P'Q'RJ, P'Q'B; 18 equal to that of the four planes FQE^, 
FQB„ FQB,, FQR,. 

3. A similar property also holds in the case of an 
re-dimensional point transformation. In this case we will 
take a-j, a;,, ..., a:,, for the coordinates of the point P, and 
X,, JTj, ..., X^ for those of the transformed point P'. We 
will also fix w — 2 neighbouring points to P, and denote them 
by the symbols Q^, §„ ..., Q^_^. 

We will suppose the projections on the axes of PQ^j 
PQ^^ ..., PC„_a to be denoted respectively by 



dx. 



dx^ J, dx. 



3.1 J 



•» ^^.,x 



<^«l.. . <^^.,,. <^'»^,,,» 


..., rfa:„, , 


••••• * 7 


«?*i,«-». 


7 



We will also take four other neighbouring points, viz., 
5,, -Bj, i?3, R^^ and denote the projections of PB^, PB^^ PB^j 
PB^ on the axes by the symbols 



dz^, dz^, 
dt, , dt,, 



••J ^«„7 



We will, as before, use dashed symbols to denote the 
transformed points. 

i^ow PQ,Q,... Q^_Jt^, PQ,Q,... <?,.A. PQ^Q.- Qn-A^ 
and PQ^Q^ ... v„-g^49 will define four loci of the first order, or 
w-point loci according to Buchheim's nomenclature.* We 
will consider the four w-point loci P'Q^Q^ ... Q^^B^^ &c. as 
corresponding to the former four. 

Taking f,, f, ..., f^ as current coordinates, the equation of 
the locus PQ^Q^ ... C„_a-Bi can be expressed in the form 



dx, , , 



dx.. , 






= 0, 



which for brevity we will write t7= 0. 

♦ Proc. London Mathematical Society^ Vol, ivi., p. 69. 
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Similarly we can write down the equation of the locus 
PQyQt — C,-t^4i which we will write K=0. 

JNow the equations of the loci PQyQ^ -^ Q,^R^y 
PQxQ% ••• Qft-^^gf ^^^ be written in the forms 

Hence, since the locus PQ^Q^ ... C«-j5, contains the point 
5,, we obtain 



K 












.,dx^ 
.,dt^ 



N|«-f 



Now we have 

dZ^ , rf^;, , •.., dZ^ 



rfX 



dY^ , rfF, , •.., rfF^ 



n-f1 



= •7 



rf«, , (&, , ..., dz^ 






where 



y-_ c(-^p -^H *"1 -^„) 

8 (a;,, a;,, ..., arj * 



and similarly for the other expressions of the same type. 
Thus, if jBT, and K^ perform the same offices for P'Q/C, ... 
Q\^,R,' and P'G, <?/..• G'.- A *hat k^ and k^ do for the 
loci FQ,Q,'..Qn.A and PQ^Q.-^Q^^Jt^^ then we have 



and therefore 



^, = \ and Z, = A„ 
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Consider the four w-point loci 

-^.(f.-'^.) + + ^.a-^.) -0...(l), 

(A,-kB,)(^,-x,)+ + (^„-A:5J(f,-*J=0...(2), 

(A,-k'B,)(^^-x,)+ + (A-*'^.)(f.-O=0...(3), 

-B.(f.-^,) + + ^«a-'«J =0...(4). 

Each of the loci (2) and (3) will contain all the points 
common to the loci (1) and (4). 

Further, consider the two-point locus 

IlZJ^L - l«JliL» — - f « ~ Q^n _ ,, /KN 

7 — — 7 — — — 7 — ^ W» 

where V + V+ + ^n''=l- 

Take ^, -F, (?, H to denote the points in which (1), (2), 
(3), (4) are respectively met by (5). Also let Vp v^, v,, v^ 
denote the values of v corresponding to the points JE, F, O, H. 
Then taking EF to denote the n-dimensioual distance between 
the points E and F, we have 

■gi^.gg _ (t>.-t>.)K-«.) 

EQ.FE (»,-»,)(«,- wj* 
If we write 

a;, - a, = X„ a-, - o, = \„ ..., a;, - a, = X,, 

we obtain 

_2^ _ 2 (^ - it-g) \ 

^•"S^Z' *'• ~ 2 (4 - A;5) r 

_ 2 (^ - VE) \ _2B\ 

*''~2(4-A'i()Z' *«~ 2fir 
From these values we easily deduce 

, 2 (AB^ - AB) (\l - \ n 

• ' 24^.2 (^-A^)i ' 

2 (AB - AB) (\l - \n 

* •" 2BL:^iA-k'£)l ' 

ft ^ «f » A* ^ P 9 a v^ \ p q q p/ 

*• "' * ILAL'S.i^A-k'B)! ' 

2 (AB - A^BJ (X 7 - \n 



"4 ''I 
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Hence, it follows that 

EF.GH _ k 
EG.FH" k" 

and is therefore independent of the constants involred in (&}, 
Taking this as the definition of an extension of anharmonie 
ratio, we see that the anharmonie ratio of the four transformed 
n-^point loci^ considered above, is equal to that of the four 
original loci. 



ON A THEOREM OF JACOBI IN DrNAMICS, 
By Prof. A. C. Dixon. 

IN Dr. Routh*s article under the above heading {Quarterly 
Journal^ Vol. xxiil., p. 34) it is proved that *' the motion of 
the axis of a top can be represented bj the motion of tfa6 
conjugate line of a body moving about a fixed point under no 
forces." As Jacobins theorem relates to the motion of the top, 
and not only to that of its axis, it seems desirable to examine 
whether Dr. Bouth's method will give this also. We shall 
use his notation. 

We see frofn Dr. Eouth's article that the curve of inter- 
section of the two surfaces 

a,«* + i,/ + c,2j' = 1, 

can be a polhode for two Poinsot motions, which will be real 
if certain inequalities are satisfied, and which arc to be found 
by solving the equations 

for X and /Lt. 

If A^ J5, C are the moments of inertia of a body capable of 
the one Poinsot motion under no forces, and A\ B^ C' those 
of a body capable of the other, then 

A A' B B _ G C' 

'B^Tc'^ B" C'^ O'-A^ G'^A'^ A'B'^ A'-^B' 
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■ If, again, Aq>j, ia>,, koo^j kv are the angular velocities about 
the principal axes of the body, and the velocity along the 
polhode of the end of the instantaneous axis, in the first Poinsot 
ifiotion, then in the second they will be at the same point of 
the polhode k'oD^j A;'a>„ k'oy^^ — k'v^ kj k' being quite arbitrary 
constants, dependent upon the magnitudes of the initial 
impulses^ We take A=l, A;' = — 1, so that the two instan- 
taneous axes travel together along the polhode, and suppose 
the two bodies, rigidly connected together, to execute thei^ 
respective Poinsot motions, the first relatively to a fixed space^ 
the second with respect to a space 8, 

The motion of the space 8 is then to be compared with 
that of a top. 

Now the angular velocities of 8, relatively to the moving 
principal axes common to the two bodies, are eo^, q>„ a^ about 
those axes respectively, and those of the axes about thamselves 
are cd,, 6>,, m^ also. 

Hence the space 8 has angular velocities 26>„ 2a>„ 2af^ 
about axes which are themselves moving with angular 
Velocities oij^ (u„ oi,. 

Let (ly rrij n) be the direction cosines of any axis moving 
with 8j and let 

i2 = 2 (Ito^ + Twoi, + Wft),)* 

Then Q, is the angular velocity of 8 about this axis, and 

X2 = 2 (li>^ + mi), + n'(o^ + 2 (fto^ + ma^ + w©^^ 
Butj since the axis (I, w, n) moves with 5, 
I = wa>g — *««,» 
in = Zo), — WO),, ; 

Thus 

li = 2 (Zi, + ?rti), 4 «cdJ 

= 2i —J— a),«j + 2w — ^ (»,o)^ + 2w — ^ w^ft^^* 

Hence a body moving with 5, whose moments of inertid 
about the fixed centre are all equal, say to A^^ must be acted 
on by a couple, whose components are 

oj ^-^ c>A ^-^ ..A ^-B 

The plane of this couple contains the two directions 
(AoD^^ jB(u„ (7ft)g), (^'»j, -B'o),, C'cDj) that ia, the invariable 
VOL. XXVII. BBB 
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and in fact it is easily found that they are equal, respectivelyi 
to these quantities mnltiplied bj 
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lines in the two Potnsot motions. Its components are there* 
fore proportional to 

{BC - B'C) «,«^ {CA - C'A) m.w,, {AB' - A'B) a^oi,, 

and that the; 
)lied bj 

2A,IABC„ 

in Dr. Bonth's notation. 

Bat these are the moments of a force, whose components 
are 

(X^(Oi, \Bn^^ X 009^9 

acting at a point in the invariable line of the second motioni 
whose coordinates are 

iliA'w.y fiB'w^y /*C «,), 

if \fA^-2AJAB0,. 

This relation is satisfied if we pnt 

The force is then constant (—g)^ in a fixed direction, 
namely, that of the invariable line in the first motion, and 
applied at a fised point on the invariable line in the second 
motion. 

Thus the motion of 8 is exactly that of a heavy body or 
top hung up by a point about which all the moments of 
inertia are equal, the first invariable line being the upward 
vertical, and the second passing through the centre of inertia 
of the top. 

Let us understand by associated Poinsot motions those in 
which confocal conicoids roll upon parallel planes, the com- 
ponent angular velocities about axes parallel to those planes- 
being the same for all when they reach the same positiouw 
Thus any Poinsot motion can be derived from any of it» 
associated motions by the addition of a uniform rotation about 
the invariable line. 

For the second of the two- Poinsot motions hitherto* 
discussed substitute any of its associates, that is, compound 
with the former motion of 8 a constant angular velocity^ 
say a, about the second invariable line. 

The component angular velocities of 8 are therefore now 

2», + aA'<0j G\ 2», + ^^'»,/ G\ 2»»+ aC'o>ja\ 
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while 

i = n«,(l + <7iB7(7') -mo), (I + cC'IQ\ etc., 
«nd 

12 = 2 (?«, + mw^ +,««,) + ^, (-47«j + £'ma), + O'ncw,). 
Thus 

12 = 2? . »,<»3 + 2m — -g— «,o>^ + 2n — -?p- ©,», 

As before, this expression vanishes If (7, Tit, n) coincides 
with the second invariable line. The angular velocity about 
that line has the constant value 2T' j Q' + a. Let us write n^ 
for this. 

Now let (Z, m, «), (?, m\ «') be any two directions at right 
angles in the second invariable plane, moving with S^ we 
have 

(?V = mA'(o^ — Z^'cDj, 

the rotation from (Z, wt, n) to (/', m\ n') being in the positive 
direction. 

Then the new terms in the expression for 12 are equal to 
2a(rft)j + m'fli, + » o)J, 
say 0-12', 

12' being the angular velocity of 8 about the axis (f, m\ nT). 

But now if T'l G' = C,nj2A^, 

Thus the equations of motion of 8 coincide with those of 
a top whose moment of inertia is G. about the second invariable 
line, which is its axis of figure, ana A^ about any axis perpenr 
dicular thereto, the applied force being the same as before. 

If then the two are started from the same position and 
with the same velocities, they will always be found in the 
same position. 

In order that the positions at any particular moment may 
be the same, we must have, at that moment, 

AA'a>,' + BFa>,' + CC'co^ =^ OG' cos^. 
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In order that liie yelocities may be the same, we must hav^r 

these being the components about the second inyariable line { 

-gj/^j + (^, -. (7,) n^ cos tf /-4i = 2 T/ <? + (T cosff, 

these being the components about the first invariable line \ 
lastly 

- G<?' d sin tf = ^AA'rn^m^ + %BBw^^^ + 2 GGmj^^ 

To these must be added the equations 

g\l2A,^GQ'IAB0^ 

which involye the proportions of the top. 

When these proportions and the initial circumstances of 
the top are given, the foregoing six equations become, by 
substitution of the real finite value given for <r by the last but 
one, just the system treated by Dr. Bouth and shewn by hin) 
to yield a relevant set of values for -4, By C, T, ff, » , ai„ ©,. 

The theorem of Jacobi may then be 3tated as follows :-^ 
Take any polhode and let -E, E^ be the two diflFerent Poinsot 
motions Delonging to it, the angular velocities in the two being 
opposite and equal. Let E^ be a Poinsot motion associated 
with EL Then if a body performs the motion ^ iu a fixed 
space o^, and the qiotjon E^ at the same time in a moving 
space /S, the motion that 8 must have relatively to 8^ ia 
exactly that of a top, and by proper choice of the constants of 
the Poinsot motions, it pan be made tQ represent apy motio.a 
of any top. 



CTCLIO NUMEEES, 

By Leonaud R Pigkson, M.A, 

I. Numbers with Cyclic Multiples^ 

NUMBER of D digits written to the base 
N^ {A^A^A^,..Aj^yA^^ will be said to possess cyclic 

%fiultiples when, if we multiply it by J) different integers 
^j=i, ^,, B^ ..., Bj), each product contains the digits of 
the given number and in the same cyclic order. Thus 142,85t 
to th^ base 10 j also 1463 to the base g< 



A 
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By definition we have the 2? — I symbolic equations : 

(A^ ^7>-X^i,AA) =A( „ ), 

i^K^KH^K+2 ■^jr-2'^ff-l) -^K^ " )' 

Since 

these equations become on expansion : 

A, (,B,N^^ -N) + A, iB,N^^ - 1) +... 

+ A,(B^''-'''N^''^')+...+ Aj,(Bs-N^'=0, 

A, (Bjjf^^ - N^-^) + A, (B^V^ - N^-^) +... 



A, (Bj^^^ - N^^) + A, (B^N^^ - i^^-») + ... 

+ A, {B^N^"" - N^^'') +...+ A^ (B^ - N^^) = 0. 

Let us solve for A„ A^ A^, ..., Ao in terms of ^„ N, B^ 
Bg, B^, ..., Bo. Let A, denote the determinant of the 
coefficients of ^„ ^ , ..., Aj); A„ A,, ..., Ad, the determinants 
derived from A^ by replacing in turn the coefficients of 
A^, A^ ..., Ao hj the corresponding constant terms of the 

iovmA^iBuN^-^-N^-^). 
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369 



Trom each column subtract the following column multi- 
plied by N^ except the second which is multiplied by N\ 
Therefore 



^»-J. 



N^-l , , , ,B,-N 
N^*^^N, 0,0,0, B^-N' 







,JV^-1, , , B^-N* 
, ,N^-1, , B,-J^* 

,0,0 ,N^-1, Bd-N^^ 



Therefore 



^.^-A^iN'^-l)^ 



^A,iN^-l)^\NB,-B;). 



Similarly 



D-2/ 



^=^.(j^^-i)^\iv^. -A), 



£,^=J,(N^-l)'^^(NB, -B,), 



A^^MN'^-D'^'CNB^^ Bj,J, 



/S^-A(J^^-l)^'(iVB^-l). 



Therefore 



-A) 



A.(m,-S,) ^ AANB,-B, 



"^*" H-B, >'"*^J>- N-B, ' 
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SubstitutiDg these values in the expansion 

A,.N^^ + A^.N^^ + A,.N^ +..,+ AD-1.N+ An 

A (N^ — 1) 
of the number (A^A^A^.iAj)) /it reduces to '^^ p — -. 

Hence every number of D digits written to the base If 
must be of this form if it possesses cyclic multiples. 

Let the highest common factor of A^ and N—B^ be 

cancelled out, the form becoming — ^^ — p , where A and 

P are relatively prime. A number of this form is an integci' 

only when P is prime to N^ and D is a multiple of rf, the 

exponent to which N belongs modulo P. If the number 

AIN"^ - 1) 

^ — ' be cyclic, it will be called mono-cyclic in distinction 

from the number — ^^ — p \ composed of the group of 

digits given by the former repeated m times and called 
poly-'cyclic. 

An integral number of D digits of the form ^ 7^^ 
will have its digits all alike if, and only if, P is a divisor of 

Theorem. The cyclic multipliers of any monocyclic number 

are the least residues modulo P of N^ N\ A^, .,<, 2f^. 

N^ -l written to the base N is (MMM...) to D digits, 
where M=N- 1. 

A(MM...M)=A{(lOO...O)-l] = ((A^l)MM,..(N^A)). 

Divide by P and call the quotients A^, A^, ..., Aj) and the 
corresponding remainders B^, 5,, ..., Bj), where Bd alone = 0* 

Then 



(A - 1)^+ M 
It,N +M 




Mj^_^N +M 


^A^P+B^ 


B^,N +iN- 


■A)^A^P 
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Now Bj^ is the multiplier which bringg the digit A.^ of the 

cyclic number into the first place of the product. But 
B^A(MM...M) = i(Bj^A^l)MM...(N-Bj^A)). Hence 

must J?g.^ — 1=jBj^_j, as shown by the general equation 
above. Thus the cyclic multipliers are 

A ' TZ"* '••*""!: * ^' 

Since JZp jB,, jB,, ..., are the remainders left on dividing 
(A^1)M, (A^1)MM, (A'-1)MMM, ..., respectively by 
P, they are the least residues modulo F of AN—lj -4^ — 1, 

AN'^l^ ..., -4^ —1. Hence the cyclic multipliers are 

the quotients of the least residues of -4^, -4^, AN^^ ..., AN 

modulo Pby A. If n^ is the least residue modulo FofN ^ the 

least residue of Arij^ is that of -4-^7"-^. But An^ must be < Pj 

and hence its own least residue modulo P. For, if >P, 
suppose -4w^ = ZP+n'j^. Then Z<-4, since P>n^ But 

the least residue n'^ of An^ is divisible by A^ the quotient 
being a cyclic multiplier. Hence, A being prime to P, Z is 
divisible by A^ therefore 2 = 0. Hence the cyclic multipliers 
are Wp w„ ..., n^. 

This theorem admits of direct proof. Since neither N 
nor -N^ — 1 is divisible by P, when K<D^ the greatest 

integer in — p — equals that in -p . Hence the least, 
residue modulo P of ^ is 

N^^ (A^N^-^ + A,N^'^ +...+ A^^^N+ A^ ^ • 

Now a I2 (A^aA-^i>)} =* a {(1000...0) - 1}. 
In our case 

d^A.N^'^^ +.-.+ A^_^ N-k- Aj^ = (4,4,4,...^^) ; 
hence the product is 

{(^,u4,43...^^000...0), of 2) + ^digits,-(4,J,4,...4^)). 

VOL. XXVU. CCC 
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Bat this IB to be subtracted from 

N^ iA^A^A^...Aj;) = iA^A^A^...AjpO...O\ 

of D + JT digits. 
The result is 

{(Aj^^^Aj^^^...AJ>0...0), of 2> digits, + iA,A^...A^)} 

== (A^^^A^_^^...Aj^A^A^...A^. 

The following theorem follows from the first proof of 
proof of the last theorem, if we make ^ = 1. 



Every number p — , where P is prime to N^ia mono^ 

eydic if N belongs to the exponent D modulo P. 

Hence ercry integer of the form "p^^f when written to 

the base JV, is either mono-cyclic or poly-cyclic (inclnding 
the case when all its digits are alike). 

I confine myself henceforth to cyclic numbers which are 
integers, discarding those cyclic ^^ decimals," such as 

•0588235294117647 

to the base 10, which have one or more zeros to the left of the 
significant digits. Hence must P<N and the first digit 

A^<y.. Further, the digits -4, must all be different. For 

in the products by J?, each digit must appear in the first place 
once and only once. But, these multipliers being all different, 
these first digits must also. 

As a notation for a cyclic number, I use 

r A,A,A .... AjD-i2f -, , r 1 3 XI 6 5 n 14 
Ll, 5.,53,...,5dJp- ^""^P^^ Ll,3,9,5,4jir 

The great majority of integers of the form A — p — , 
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where A> 1, and N belongs to the exponent D mod.P, will 
possess less than D cyclic multiples. Such cyclics will be 
be called impure. 

rru i^ , o [2, XI, 71 13 r 2 XX XI XV1 122 
Thus, for ^ = 2, [^' ,' Jg ; [ 1, 7, 4 J 15 * 

To find for a given base N all pure mono-cyclic numbers 
given by 4 > 1, every value of P less than N, prime to N and 
not a divisor of N— 1 is to be taken as modulus, if the least 
residue of any power (< D) of N is > PjA, such a combination 
of values for P and A must be discarded. For N < 19, 
no pure cyclic (A > 1) exists. For -N = 19 we find one, 

It IS best to start with a given modulus P, and mvestigat© 
the infinity of values of N by considering their least residues 
modulo P. Such a residue n must be prime to P and, in 



E articular, cannot be 2 ; for, P being odd, one power of 2 lies 
etween P/2 and P. Taking for n each integer, except 2, 
which is < PI A and prime to P, we discard everyone, the least 



residue of any power of which is > PjA. 

The following list of forms gives all the values of -N" for 
which pure mono-cyclics (A > 1) exist for P< dO j m being 
an integer ^ 1, ^ may be =s 

15m + 4,^ = 2; 21m + 8,-4 = 2; 33m + 10,ui«2; 

357n + 6, ^ = 2, 3, 4; 35w + n, ^ = 2; 35m+16, ^ = 2; 

38m + 7, +11, 4 = 3; 39m + 14, 4 = 2; 40m + 9, +11, 4=3; 

45m + 17, +19,4=2; 48m+7, 4=5; 51m+4, +13, +16, 4 = 2; 

55m + 21, 4 = 2; 56m+13, +15, 4 = 3; 57m+20,4 = 2. 

Hence the fallowing list of 19 pure mono-cyclics (4 > 1) 
is complete for bases < 63 ; 

r2Xii9 r2xxin29 r4xviiii34 r2Xivi4i. 

U^JlS' U 8 J2l5 U ^ Jl5' Ih 6 J35> 

r3 xxn 41 [4 xxviin 4i . ri2 xxvin 43 . 

[1, 6 J 35' U ^ J35' U X J33^ 
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r 3 XXIV xxxix 1 45 r 2 xxviu xlii i 46 

Ll, 7, XI j35»Ll, XI, XVlj35» 

r3xxxiiii49 r6xxvi"|49 r s xlii xxvii -149, 

Ih 9 J4O' Ll, 4 JlS'U 7, XI J 38' 

r4xxxivi50 rsxLinsi r2XLVixxxiii5i 

Ll, 8 J21» [l, XI J 40' [l, XI, XIU J35' 

["2 XXXVIII"] 53 ["5 XL"! 55 
Ll, XIV J 39' Ll,7 J 48' 

r 2 8 XXXIV XXVIII •] 55 [2 XLVI LII XXII "1 62 

Ll, 4, XVI, XIII J 51 ' [i, 8, XVII, XIX J 46 • 

The only pnre moncMsycIic number belonging to the base 
10 is 142857. There are 116 pure monocyclics for bases 
^ 25, all but one given by ^ = 1. 

If the number of digits of a mono-Ksyclic number (given by 
^ = 1) be even, the K'^ and (Z)/2 + Kf digits will constitute 
a pair of oppositea. 

The necessary and sufficient condition that the sum of each 

pair of opposite digits shall be N- 1 is {^ ' } = — 1, where 
\x] denotes the least residue of x modulo P. 

If {J^-P/''} = -l,then{2^-^'^+^} = P-(JV^}. 

Bat j^K^ BK-imM-RK ^ NjN'-^} ^ [N^] ^ 









Therefore A^ + -4^/2+jr = p = -W- 1. 
luTersely, let ^^4 Aj,i^^=N-l, (K= 1, 2, ..., D). 
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Now Bj^ times the cyclic number (A^A^..,A^.^) gived 

Applying the hypothesis, the snm of the two products equals 
(MM..M) or F(A,A^...Aj^). Therefore B^+Bj^j^^^^P, 

%.e. {N^} + {N^'^-^^} = P. Therefore {N^'^J = - 1. 

Whenever the sum of each pair of opposite digits ^N^ 1, 
the sum of each pair of opposite multipliers = P, and inversely. 

If P=p , where p is a prime number > 2, {^ ' } = — i, 

(JV^ ^ 1) = (N^l^ - 1) {N^'^ + 1) is divisible by p^. The 

first factor is divisible by j> ~ at most, since N belongs to the 

exponent D modulo p . Hence, N ' + 1 is divisible by p. 

Therefore N ' — 1 is prime to je> > 2, and -W ' + 1 is divisible 

bv p . The same holds when P= 2p • 

If P=4, N must be odd. But N:j/^^n-\-l, since N-l 
would be divisible by P= 4. Therefore [N] =—1. 

If ^ be a primitive root of tfee modulus P, the cyclic 
number may be called primitive. Hence, in everjr primitive 
mono-cyclic, the sum of each pair of opposite digits =^—1, 
and the sum of each pair of opposite multipliers = P. 

Such cyclic numbers (including all primitive ones) may 
be well represented by marking the points of division of a 
circumference into I) equal parts with the digits of the cyclic 
number on the outside and with the corresponding multipliers 
on the inside. Then will the sum of opposite digits = ^— 1 
and the sum of opposite multipliers =» P. (Figs. 45, 46). 

No cyclic numoer given by -4 > 1 can have this property, 
since each multiplier must be <P/-4 and hence <P/2, 

Adding the I) products of a cyclic number (A^A^A^...A)j. 

by the multipliers B^=sl^ 5,, J5„ ..., Bj)^ we derive the equation 
P(^,4A+J,+...+-4^)=^(J^-'l)(P,+ B,+P.+...+ 5> 

By Gauss, D,A., Art. 79, the sum of the D cyclic multi- 
pliers, I + {iV^} + {N'} +,„+ [N^], is divisible by P. 

II. — Numbers with Cyclic Quotients. 

A number of D digits written to the base N is said to 
possess cyclic quotients when, if we divide it by D different 
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integers 0. = 1, (7„ C^„..f, C[^i each quotient contains the 
digits of the given number and in the same cyclic order. 
Thas, 512 to the base 9. 

We have Z> - 1 symbolic equations : 

Expanding these and solving for A^y -4,^, ..., -4^_i in terms 
of -4^, -AT, (7„ (7„ ..,, (7p, we find 

Substituting these values in the expansion of the number 
(A^A^A^...Aj^_^)j it reduces to -^^—^ — . 

Let the greatest factor common to AdGo and N^ Cj) be 

cancelled out, the form becoming — ^^—^ . 

V 

Theorem. The cyclic quotients are all multiples of the 
pumber — -^ , or, ^is divisible by (7„ (7„ ..,, Gj^_^ . 

Similarly u4,$=-^-^, 

. ^ EN E J. 

Let the diTisioQ of E(MM,..M) by Q give the quotients 
A^, A^, ..., A_p_^ and the remainders B^y B^, ..., jB^^ = 0, res- 
pectively. Since E/G^ is an integer, say G^, the qaotient 
of (A^A^...Aj^ by Gg. is 

Gg. (MM...M) ((<?jj.- 1)MM...(N- G,^)) 
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Therefore 

while (7^ = 1. 

But B^y R^^ ..., J2^_i are the least residues modulo Q of 

EN^ 1, ^JV* - 1, ..., EN^'] - 1. Hence the cyclic divisors 
C',5 (7,, ..., Gj^ are the quotients of E by the least residues 

modulo Q oiEN, EIP, ..., EN^''^. 

From £/«.= ^^r-r- we find, since E= Gir-0^ where 

G^^ is an integer, {0^0 ^N^"^] = 0^^ 

Therefore { C^N^-^^] = 1 or (7^ = {J\r^^+^}. 

Hence the cyclic divisors (7p (7^, 0,, ..., C[^ are the least 

residues modulo Q of -RT^, JV^"\ J\r^"^ ...,iV^ respectively. 

The condition that there exists for a given base N and 
modulus Q a number possessing J9 cyclic quotients (D being 
the exponent to which N belongs modulo Q), is that the least 
common multiple of the least residues of the first D powers 
ofJVbe<^. 

From every number of two digits possessing cyclic 
multiples we may derive one possessing cyclic quotients^ 

Examples of numbers with cyclic quotients : 

["631"! 11 ["924116 r XI 131 16 ["9124117 
Ll,2,4j 7' U^^sJ 7' L l,9,3|l3' [l,%,i,2\\b\ 

r XII 6 3 1 1 23 r XIX 1 4 1 25 
L 1, 2, 4, 8J 15 ' L^ ^VI, 4J 21 ' 

r XXIV XII 6 3 1 1 47 

[l, 2, 4, 8, XV1J31' 

The Unitereity of Chicago, 
May 8, 1895. 
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ON A LITTLE CTBCLE SPHEMOAL TEIANGLE. 
By & C. HUDSOM, B JL, late Scholar of St. John's College, Cambridge* 

1. T £T ABO be a little-circle triangle, the latitades of 

-" whose sides are a, /9, 7 from the great circles 

parallel to them. Let DEF be the corresponding great-^circle 

triangle, so that the angles D^ E^ F are respectively equal to 

A,B,C. (Fig. 47). 

Draw BE, C (7 perpendicular to JEF; 0(7^, AA^ to FD^^ 
and AA^BB^ to DE. 

Let B(7=a, CA^b, AB^c] DA^a^, DA^ = a', EB. 
= h,, EB, = b,] FC, = c^ FO.^c,. Then BB^^CG.^a, 
CG^AA^^H^ AA^^zBB^^yi and B^C, = a^ O^A^^^b^ 
AA = c. 

Join AD. Let ADA^ « 4> : then ADA^ = A-^^ 







sin (i4 — <t) _ sin /3 sin AD sin /3 ^ 






sin 4> Bin AD ' sin 7 ^ sin 7 * 


hence 




8infl + sin7C08-4 

COt0 = ^. r-^-j , 

sm7sm-4 ' 


and 




tan0= . 

sinaj 


Hence 




sinaj — 


sin 


3+8in7COS^ . sin7 + sin)8cos^ 

^ A-j , sma = — '- — --: — 1 

cos 7 Bin ^ ' ' COS fi sm A 



(0, 



. . Bin7 + 8inaco8B ^ 

sin 0. = • -. — 5 — , ac. 

^ cosasmi) 



and cosilsa-cosBcosC+sinjBsin Ocos(a + A, + c^...(2), 

or 

coBil *: - cosBcos (7 + siu -B sin C cos ] a+sin** ( — ^ — jr — ) 

( \ cosasin/; / 

. . /sinB + 8inaco8C\) .„. 

+ BmM ^-7K — U (3). 

\ cos asm C) J) ^ ^ 
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Mr. Hudson^ On a little'drcle spherical triangle. 379 

A corresponding expression for cos a in terms of J, c, A 
and the latitudes, which may be obtained by solid geometry, 
is given after; but we will iirst make two easy applications of 
(2) and (3). 

2. From (2), putting tania = ^, cos-4 + cosjBco8 (7»a; 
sin -B sin (7 = J,*cos (b^ + c,) = A, sin (\ + c,) = X, we have 

whence 

tan ia = 2iV^- sin^sin Csin(&, + cj .^. 

cos -4 + cos -B cos (7+ sin -B sin (7 cos (ft, +c,)'*'^ '^^ 

where -AT has its ordinary meaning, namely 

i^=: V{Bin^sin(u4 - ^) Bin(5- i?) sin((7 - -E)}...(5), 

where 2J5=-4 + -B-f (7-ir. • 

3. Case 0=^7r, j3=«0, 7 = 0; or right-angled triangle, 
with one side a little circle (fig. 48). Here 

cosilBBsin5co8Ja + sin~* (- — ^ji , 

cos 5= sin -4 cos (J + a), 

cot-4 cot jB = cos jc + sin"* f -T— ^ j !• ; 

or u COB A szp f^(u' - cos'-B) - pu cosjB (6), 

cos^= ^sin^ (7), 

cot-4 cos-B = r V(m* - cos'5) - ru (8), 

where ^ = cosa, ^ = sino, 2 = cos J, j = sinJ, r = co8c, 
r = sine, « = cos (J + a), 8 = sin (6 + a) ; u = cosa, 
t/ = sina, v = cos^, t; = sini8, t^ = cos7, u> = sin7 ...(9). 
Putting tan -4 = x, we have from (6) and (7) 

pSU — 8U pSU -f 8U 

where the second value, not holding for a = 0, must be rejected, 
VOL. xxvii. D D D 
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380 Mr. Hudion^ On a little^irde spherical iriangh* 
Hence 

taD^= .^" . (10). 

Again, from (7) and (8)| neglecting a value which does 
not hold when a » O, we have 

cofl^^flZJi (II). 

From (7) and (11), 

V(U* - COB'5) « V(m" - «• -f •• COB*.!) = ± ^-^==^ , 

r 
where the npper aign must be taken, since, when a^Oj 

Binfi= ? • Fron^thia, (11), (7), and (6), 

r 

Bia^ = <"-''')".-^.^^'-''"> (12), 

Equating the value of tanud from (12) and (11), with (10), 
we have for the relation between the sides 

psu + «u — r =a 0. 

Substituting this relation in (12), we have 

sin-4 = ^, 
r 
that is, 

cos c = cos a cos (6 + a) cos a + sin ( J + a) sin a . . . (13)y 

. . sinacosa ., ,. 

Bin-4 = ; (U), 

smc ^ ^^ 

^^^^^Bm(^a)co8c-8in_a 

cos(6 + a)smc 



cos 

sine 



p _ sin a cos (h + a) cos a , v 
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JIfr, Hudson, On a Uttle-ctrcle spherical triangle. 381 

4. Let ABG be the little-circle triangle, DEF the corre- 
sponding great-circle triangle. Let OD be taken for the axis 
OXj and ODE for the plane XOY. Let ^,,y„«j be the 
coordinates of B, and a?,, ^g, z^ of (7 (fig. 49). 

Let the little-circle plane AB cut OZ in i, the plane ZOX 
in iiHf, ZO Y in LT, and circle i>i^ in K. Let plane Oi)JS:^ 
cut LT in 8, OF in jH, and circle BE in Q. Let the plane 
DO OP be drawn perpendicular to plane Oi>iri^ intersecting 
ZOY in 0(?, fi^-ff produced in (?, and circle CAQ produced 
in P, so that the points 0, (?, 5^ S, ^, L are the projections 
on the plane ZOY oi jD, P, Q, A, K^ M. Draw IT perpen- 
dicular to EQ^ OF perpendicular to plane JlOF, and join 
WV^ which is therefore parallel to OHY. 

Then L is the centre of the little-circle -4J5, and with the 
notation of (9), LA = Etc, B being the radius of the sphere; 
and O is centre of the little-circle A 0, and OA = Bvy 

OL = Bw,LON^iir^Aj ONL^A; 

therefore NL^^^k^, ON^^^. 

sin A ' Bin A 

Oa^Bv, HOG = iir-A, OHG = Ai 

therefor* HG~^^,OH=^., 

Bin A sinul' 

. ,-.- 8L HO + NL v + wcos^ ., . 

Binuiiyif = ^jT-j =3 =r-j = ; -. — •••(17), 

LA LA wsinA ^ ^^ 

• >i/7z> ^^ NO + HG w-{-vcosA .^^. 

Bin-4tfP=-77-: = TT-j = : 7-. ..(18k 

OA OA vsinA ^ "^ 

CWV^A, CW=OC.sin(CA + AP)^EO 

^BvBin(b + AP)^?^^, WCV^\'^^A, 

Hence x^ = LB co&BLM= Bw cos (c + AM)^ 
y, = LB sin BLM^ Bw sin (c + AM\ 
z^^OL- Bw^ 
x.^HW^ OCcoBCGP=BvcoB(b + APy, 
y, = FPT-f ITO =^ CW cos A + -ffCi 

= -B{i; sin (b + ^P) cos -4 + v sin -4}, 
z^ = 0F= CW Bin A = B{v sin (i + AP) Bin A - v cos>4}. 
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382 Mr, Hudson, On a Uttle-drcle spherical triangle. 

Also BmiJ50(7=cosa silica, or cosjBO(7=cos'a cosaH- sin'a, 
and JJ* cos BO = x,x, + yj/^ + z^z^. 

Hence equating the two values for cos 500, and substi- 
tuting for -4Jf and AF from (17) and (18), we obtain finally, 
with the notation of (9), 

n^j> 4 M* = (v'q + i") (w'r + w') 

+ {jr - vtt? (1 — q) (1 — r)} (cos -4 + vw), 
+ {qw(l - r) + rv(l - j)} V{vV - (cos^ + i;tr)'}...(19), 
that is, 

cos'a cos a + sln*a = (cos'/S cos J + sin'/S) (cos'y coso + sin"7) 
+ {sin J sine— sin/8 sin 7(1 — cos6)(l- cose)} 

X (cos -4 + Bin /8 sin 7) 
+ {sin 5 sin 7(1 - cose) + sine sin j3(l - cos A)} 

X V{cos*/8 cos'7 — (cos^ + sin/S sin 7)'}. •.(20), 

5. Equation (20) may also be written 

,/ /.•!'•' f -1 /cos-4 + sin/38in7\ 

cosa =coso cose + sm6 smc cos -^ cos ( — i-l 

( \ COS/SCOS7 / 

- /cos/8 8in&\ 'rr/cos7 sineX) ,^, v 

where a^BOC^ ..., or a', &', c are the sides 50, OJ, ^5 of 
the great circles through -4, 5, 0. 

6. From (19) we may obtain, with the notation (9), 
(cos^ + vw) {2* + v' (1 - 2)} {r* + ti?'( 1 - r)'} 

«={w';p + ti'-(v'j+v")(M^V + tJ?0}{2r-w(l-j)(l-r)} 

-{2t^(l-r) + rt;(l-j)}V{l-(«*> + w7-(v*?+v")' 

- («?V + wj + 2 (w«p + u") (t;«2 + v'') K»- + ti")}..-(22). 

The sign of the root in (22) may be shewn to be negative, 
by writing down the equations corresponding to (19) for 
cosO, and to (22) for cos 5, putting 0=i7r, j3 = 0, 7 = 0, 
and comparing the valtie of cosJ5 obtained from the two 
results with the value in (16). The root in (22) will be 
found to =pqu in this case. 
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Mr. Hudson J On a little- circle spherical triangle. 383 

7. In the case of a right-angled triangle, C being the 
right angle, we obtain from (19) for the relation between the 
sides 

to'r + t(>' = v*p + u*q 4 pquv + pq (uV + w'v') 

+ {^Kl"2) + 2w'(l-p)|V(wV-wV) (23). 

Also eliminating the root between (22) and the corre- 
sponding equation for cos C, we have, after some reduction, 
with the notation of (9), 

(cos-4 + vw) {r* + to' (1 - r)*} {pv (1 - j) + qu (1 —p)] 
Bs (u*p + u*) { pqrv — (1 —p) 2 (^ "" *■) ^^^ "^Pi (1 - »•) ^ 

+ (l-/?)(v*2r + v')ru} 
— (k?V + w*) {^jrv — (1 - p) J (1 — »•) uvw 

+ /? (v*2 + v') (1 - r) M? + (1 -|?) jru} 

+ t;t;j/ + w'(l-i>)'|{2ti(l-r)+rV(l-2)} (24), 

and a similar expression for cosjS. 

8. Case C^^tt, a = 0, j3 = 0: or aright-angled triangle 
with the hypotenuse a little circle of latitude 7 (fig. 50). 

We cannot in this case use (24), but from (23) and (22) 
we obtain 

w^r-\-w^^pq^ 

r'+t(?-(l-r)« 

that is, 008*7 cose + sin*7= cosa cosJ (25), 

- . cosa sin 5 sine— sin a sin 7(1 — cose) ..^v 

and cos-4 = t-z . , ., ^^-^ ^ ....(26), 

sm'c + sm 7 (1 - cose) ^ '^^ 

which results may also be obtained independently. 

9. Case (7 = i7r, 7 = 0: or a right-angled triangle with 
the sides containing the right angle little circles (fig. 51). 

(24) gives in this case 

._ 'u(l -p) {m*p 4 u' + (1 - g) 1;* - qr] +pqv (u^p -{-u*-r) 
'r{pv{l'q) + qu(i''p)} 

(27). 
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384 Mr. Hudson^ On a little'circle spherical triangle. 

10. Case (7= Jtt, /3 = 0: or a right-angled triangle with 
one side and the hypotenuse little circles (fig. 52). 
In this case, (23) and (24) give 

coB'7Cosc+sin*7=cosacos(i+a)cosa+sin(&+a)8ina...(28), 

COSul = 

sinc{cosasin(J+a)co8a— cos'(J+a)sina}— Blna(l— cosc)cosasin7 
sin'c + Bin'7 [I — cose)' 

(29), 

^_ sing COS (i+g) sin c cosa-sin7 (1— co se) {sin (J+a)+ sin «} 
"" sin'c + 8in*7 (1 - cosc)* 



.(30). 



11. Let p = the radius of the circle inscribed in a little- 
circle triangle ABG. Then with the figure of section 1, 
if I be the centre of the circle, IN the perpendicular on DE^ 
and DN=^ x^ we have 

_ sin (p + /3) -{■ sin (p + 7) cos^ 

Sm it — , r — : — ■ A • 

cos(p + 7) smJl ' 

... . , X sin(p4-a) + sin(p47) cos5 

sin(c + a, + 6- - *) = — ^ ^-. — . ;^. 1: . 

^ * * '^ cos(p + 7)sin-B 

Eliminating x we have, putting cos(c4-aj + iJ=e^ 
sin (e + flj + 6,) = e, 

tan p (!>• 4- 2e2)i^+ i^ - e'w;') = 
- DE-^ Fa-eDG-' eEF^ e*ww + e '^{(wD + wE^ 

+ ^eiwD-^ wE) (wF^ioO) + (wF-\-wGy- (DG-EF)*}, 
where 

^ v + w?cos-4 « v + iijcos^ -, u + tocoaB 

x/ = :^ -J , ^ = ; -J , jT =: : — . 

sm^ ' sin-4 ' sm-fi ' 

• • -- 

u + wcosB 



(? = . 



siuJ9 

Digitized by VjOOQIC 



Mr. Hudson^ On a little'Circle spherical triangle, 385 

Substituting for co8(c + aj+ J,) from (2), this becomes 

tan/) j2 — 2 sin"a sinM + 22 cosiS cos 7 (cos^ + cos 5 cos C) 

+ 2 cos -4 cos jB cos C] 
= — 2 sin a cos a sinM - S sin (/8 - 7) (cos^ + cos 5 cos 0) 
+ JV V[8 |cos (/3-7) + cos A]{co& (7-a) + cos jBj {cos (a-/3)+cos C\} 

(31), 

where ^has Its ordinary meaning (5). 

12. Let P=the radius of the circle circumscribing ABC, 
Let K be the centre of the circle, and let the perpendiculars 
KL, KM, EN be drawn to 5(7, GA^ AB. Then, if BKL = ^, 
CKM^ Xi AKN^ ;//, we have from (14) 



. . sin ^a cos a 
sm0 = — ^—5 — . 
smP 



Letsin*P=a?, sinjacosas:/, sInJJco8/8=^, siniccos7=Aj 
^Then since + x + ^ = '*', 

cotxcot;//+coti//cot^+ cot0 cot;^ = l. 

Hence,if ^.- 1= C^, ^,. 1= F, J-l=^t 

^/{VW)^ sf[WU)'\r ^{UV)^l, 

VW+ wv-v UV" 1 = - 2 ^j[uvw) WU+ vr+ VIT), 

(FIF+ WU+ UV^1Y=^WVW{U+ F+ Tr+2), 
(.^2^4.2.2;,+ 2)' 

( 4 y I _(^ J_\\ _ 4 

Hence 

. p sin ^a cos a . sin jh cos /9 . sin ^c cos 7 

2 Vlo"(cr- sLQiacosaj(o'— sin^6co8/:^j (cr — siniccos7)} 

(32), 

where 20- = sin Ja cos a + sin J J cos 13 + sin ^c cos 7. 
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386 Mr. Hudson^ On a ItUle-cirde spherical triangle, 

13. If ABGD be a great-circle quadrilateral, having B 
and D right angles, and BG=b^ CD =» c, its area is (fig. 53) 

i2.|^_co8-'(^2Li+il£ii!£f)| (33). 

( \ coso cose /J ^ ' 

For its area :=^B\A+ O-ir). Let AB^^a^ DA^d; 
then 

cosa cosi ss cose cos dj 
cosd cose -f sini sine cos £7= cosa cose?+ sina eindco&A 

cos*acosJ . . , - 

as hsmasinacos-4: 

cose ' 

and, as in (1), 

sine + sinicos^ . , sin & + sine cos j1 
cos 6 sin ^ ' cose Bin ^ ' 

, ^ cos -4 + sin J sin e 

whence cos (7 = j— . 

cos 6 cose 

14. The area of a spherical belt bounded by a great circle, 
and a little circle of latitude a is well known to = 2'irB,B sina. 
Hence in section 1, the area of BCC^B^ is i?*. a sin a. 

Hence the area of the little-circle tnangle ABG is 

T51 f « -i/cos^ + sin3sin7\ ^ . ) ,„,. 

B* \ S cos M ^—^ '-]- 2a sma - irY ...(34). 

( \ cospcos7 / J 



END OF VOL. XXVII. 
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